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Basic Conventions

» Set of index variables is a set of variables over natural numbers.

» Linear arithmetic expression: built on the signature 0, s, + and on
a set of index variables.

» We denote:

Linear arithmetic expressions: by a, b, . . .,
Natural numbers: by «, 3, . . .,

Bound index variables: by i,j, [, .. .,

]
]
]
o Parameters (free index variables): by k,m, n, . . ..

enoble
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Basic Conventions (ctd.)

>

Indexed proposition is an expression of the form p,, where a is a
linear arithmetic expression.

v

Propositional variable is an indexed proposition p,, where a € N.

v

Formula schema: are built as usual and denoted by A, B, . . ..

v

The notation A(k): indicate a parameter k in A. Then A(a) is
Alk < a}.




Schematic LK




Schematic LK
00000000

Basic Notions

» Sequent Schema is an expression of the form I' = A, where I" and
A are multisets of formula schemata.

> Initial Sequent Schema is an expression of the form A - A, where
A is an indexed proposition.

) (o)

» Proof Link is an expressio -

enoble



Calculus LKS

» Axioms: initial sequent schemata or proof links.

» Rules:
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Calculus LKS

» Axioms: initial sequent schemata or proof links.

» Rules: A introduction:
M 211 & -
AABTFA AABTFA
I'-AA II-A,B

T,II-A,AAANB

Equivalences: Ag = /\?:0 Ajand (A_yAi) NApt1 = /\:’;FO1 A;

M. Rukhaia
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Calculus LKS

» Axioms: initial sequent schemata or proof links.

» Rules: V introduction:
ATEHFA B, II+- A
AVB T ITFAA
'-AA I'-A,B

TFAAvE V7 TraAvE V72

Equivalences: Ag = \/?:0 Ajand (\//_yAi)) VA1 = \/:’;FO1 A;

M. Rukhaia
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Calculus LKS

» Axioms: initial sequent schemata or proof links.

» Rules: — introduction:
I'EAA ‘ ATEFA
-A,TFA LA -A

enoble
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Calculus LKS

» Axioms: initial sequent schemata or proof links.

» Rules: Weakening rules:

TFA TFA

ATFA W Traa '’

enoble
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Calculus LKS

» Axioms: initial sequent schemata or proof links.

» Rules: Contraction rules:
AATEA ‘ '-AAA
ATFA © TFAA

enoble
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Calculus LKS

» Axioms: initial sequent schemata or proof links.

» Rules: Cut rule:
'-AA AIlEA
IIIEAA

cut

enoble
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LKS-proof

» Derivation is a directed tree with nodes as sequences and edges as
rules.

» LKS-proof of the sequence S is a derivation of S with axioms as
leaf nodes.

» An LKS-proof is called ground if it does not contain parameters
and proof links.




Proof Schemata

» Let ¢,...,1, be proof symbols and Si(n), ...,S.(n) be se-
quents.

» Proof schema ¥ of a sequent S (n) is a tuple of pairs

((m1(0), 1 (k+ 1)), ..., (1a(0), va(k + 1)))

such that:
Q@ 73(0) is a ground LKS-proof of S3(0), forall 8 =1,. .., a,
@ vp(k+1)is an LKS-proof of S5 (k+1) such that vg(k+1) contains
only one parameter k and proof links of the form:

(¥5(K)) (¥+(a))

77777 and/or SSEEL

M. Rukhaia abo {v ics V 9765
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An Example

¥ = (¢(0),9(k+ 1)), where:

> ¥(0):
Po = po _
=po, po

',
P11 P1 v:l

Po,—po vV p1 Fpi

Pk+1 F prta

—-

“Pk+1,Pk+1 P42 = Prt2

P41 k1 V P2 B g2
cut

Pos /\f:o(—‘Pi V Pit1), “Pis1 V Pkt2 F prg

k
Po; /\,‘i_oI (=pi Vpiy1) F prsa2

enoble
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Evaluation of Proof Schema

» The rewrite rules for proof links:

> Lpivz P i’y-

M. Rukhaia a V 11/65
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Evaluation of Proof Schema (ctd.)

Proposition (Soundness)

For every v € Nand 1 < 8 < «, ¢¥g |y is a ground LKS-proof
with end-sequent Sg(7y). Hence ¥ |, is a ground LKS-proof with end-
sequent S(y).

By induction.
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An Example (ctd.)

> W | is just 1(0),

» ¥ | is the following proof:

_potpo _pkEp
—po,po ptp o ZpupiE ptp
Po, 7o V p1 F pi ’ P, P1Vp2 b p2 ’

cut
o, po vV p1,p1LVp2 - pa

0, Nieo (=i V pit1) F p2

Al

enoble
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Schematic Characteristic Clause Set
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Motivation Example

_poFpro
—popo b gilEm
Po, —po V p1 F p1 ’
» Y(k+1)
Pk+1 - P )
,,,,, wk) PP E Pit2 b Prt2
Pos Ni_o(=pi V pis1) F Pt Pi41, P41 V Pkg2 b prya

cut

X
P0s Nieo(7Pi V Pik1)s —Pk+1 V Prt2 Pt

1
po, Nito (=pi V pig1) F prga

Vil
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Motivation Example

_poFpro
—popo b gilEm
Po, —po V p1 F p1 ’
» Y(k+1)
Pit1 F prgt )
,,,,, @(,k),) o “Pr+15Pk+1 E o Pi+2 = prga
Pos Ni_o(=pi V pis1) - pig Pi41, P41 V Pkg2  prya

cut

X
P0s Nieo(7Pi V Pik1)s —Pk+1 V Prt2 Pt

1
po, Nito (=pi V pig1) F prga

Vil
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Motivation Example

_poFpro
—popo b mbp
Po, —po V p1 F pi ’
» Y(k+1)
Pit1 F prgt )
,,,,, @(,k),) o “Pr+15Pk+1 E o Pi+2 = prga
Pos Ni_o(=pi V pis1) - pig Pi41, P41 V Pkg2  prya

cut

k
P0s Nieo(7Pi V Pit1)s 7Pry1 V Prya F Pt

k+1
Po, /\,io (—pi V pit1) F prt2

Vil
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Basic Notions

» Cut-configuration 2 of ¢ is a set of formula occurrences from the
end-sequent of ).

» I is an unique indexed proposition symbol for all proof sym-
bols 2 and cut-configurations 2.

» The intended semantics of cI$*¥ will be “the characteristic clause
set of ¢(a), with the cut-configuration 2”.

enoble
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Characteristic Clause Term

©,(m, ) is defined inductively:

» if p is an axiom of the form ', 'c,I' F Aq, A¢, A, then

©,(m, Q) =T, Tc F Ag, Ac.

» if pis a proof link of the form

F97FC)F F AQ)AC7A
then
0,(m, Q) = F clf ¥

where (' is a set of formula occurrences from I'g, I'c - Ag, Ac.
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Characteristic Clause Term (ctd.)

» if p is an unary rule with immediate predecessor p’, then

O,(m, Q) = 0, (m, Q).

» if p is a binary rule with immediate predecessors p1, p, then ei-
ther
QP(W? Q) = 9P| (7T7 Q) D @Pz (ﬂ-) Q)

or
GP(Wv Q) = @Pl (777 Q) ® 902 (77-7 Q)

> O(m, Q) = O, (7, ), where py is the last inference of 7.
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An Example

¥ = (1(0),9(k+ 1)) of po, Ni_o(—pi V pis1) F Pat1, where:

> 1(0):
Po = po _
-po,po = p1 oy
Pos—po V pi = pi ’
» Pp(k+1)
Pk+1 F prta )
,,,,, W) _____ PPt E P2 Pt
k 2l
Po> Nieo(=Pi V pit1) F piy Pit15 "Pkt1 V Pry2 F Py

cut

Pos /\f:o(—‘Pi V Pit1), “Pis1 V Pkt2 F prg
k
Po; /\,‘i_oI (=pi Vpiy1) F prsa2

enoble
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An Example (ctd.)

Po = po }
-po,po p1Epi

Vil

Po,—po vV p1 Fp1
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An Example (ctd.)

Po = po }
-po,po p1Epi
Po, o V p1 k pi

Vil

O (0),))=FxF
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An Example (ctd.)

Po = po }
-po,po 1t pi

Vil

Po,—po vV p1 Fpi
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An Example (ctd.)

Po = po }
-po,po 1t pi
Po, o V p1 E pi

Vil

O%(0),{pnsr1}) =F®F p1
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An Example (ctd.)

» Ppk+1)
Pi+1 F Pt )
,,,,, @®) PPl E Pit2 b prg2
Po, /\Lo(ﬁp,‘ Vpig1) F pig D415 7Pk+1 V Pkt2 & pryo

cut
3
P0s Ni—o(ZPi V Pit1)s 7Pit1 V Piya = Prta

1
Po, Ny (=pi V pit1) F it
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An Example (ctd.)

» Ppk+1)
Pi+1 F Pt )
,,,,, @®) PPl E Pit2 b prg2
Po, /\Lo(ﬁp,‘ Vpig1) F pig D415 7Pk+1 V Pkt2 & pryo

cut
3
P0s Ni—o(ZPi V Pit1)s 7Pit1 V Piya = Prta

1
Po, Ny (=pi V pit1) F it

Ok +1),0) = F ™ & (g F @ F)
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An Example (ctd.)

» Ppk+1)
Pi+1 F Pt )
,,,,, @®) PPl E Pit2 b prgo
Po, /\Lo(ﬁp,‘ Vpig1) F pig D415 7Pk+1 V Pkt2 & pryo

cut
3
P0s Ni—o(ZPi V Pit1)s 7Pit1 V Py = prta

1
Po, Ny (=pi V pit1) F piso
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An Example (ctd.)

» Ppk+1)
Pi+1 F Pt )
,,,,, @®) PPl E Pit2 b prgo
Po, /\Lo(ﬁp,‘ Vpig1) F pig D415 7Pk+1 V Pkt2 & pryo

cut
3
P0s Ni—o(ZPi V Pit1)s 7Pit1 V Py = prta

1
Po, Ny (=pi V pit1) F piso

OW Kk + 1), {pnr1}) = F " @ (i1 F & F piga)

enoble
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Evaluation of Clause Term

» The rewrite rules for clause term symbols:
o kg™ = ©(m3(0), ), and

o FclY = O(s(k +1),Q), forall f= 1,..., .

» O, Q) =06(¢,Q), and
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Evaluation of Clause Term (ctd.)

Proposition (Soundness)

Let vy € N and Q) be a cut-configuration, then © (13, ) | is a ground
clause term for all 1 < B < a. Hence O(¥) 1~ is a ground clause
term.

By induction.

enoble
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Evaluation of Clause Term (ctd.)

Proposition (Commutativity)

Let Q) be a cut-configuration and v € N. Then
OW |,,Q)=0,9Q) |,

By double induction.

enoble
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Term to Set Transformation

» LetI' - A and II - A be sequents, then I' - A x II - A =
F,Hl—A,AandPXQ:{SPXSQ|SPGP,SQEQ}.

» Let © be a clause term, then we define |©| as:

o | Cl,?/’w| = Co(yp,0)(a), where Cg(y ) is a clause set symbol
assigned to O (¢, Q'),

o THA|={CF A},
e |0 ® 6, =10| x |02,

° |@1 @@2| = ‘@1| U |®2|

M. Rukhaia
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Characteristic Clause Set Schemata

» Let¥ = ((m1(0),v1(k+1)),...,(7a(0), vo(k+1))), then assign
each pair of terms, ©(7g,(2) and ©(v3, ), a unique symbol C,
and define:

o C,(0) = [O(ms, )],
o C(k+1) = [O(,Q).
» The characteristic clause set schema

where C is assigned to the pair of terms O (7, () and O (v, ().

M. Rukhaia a 012 25/65
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An Example (ctd.)

> CL(Z) = ((C(0),C(k + 1)), (D(0), D(k + 1))), where:
o C(0) = [O0(x(0),0)] = {-}
o C(k+1)=10((k+1),0)] = D(k) U {ps1 -}
o D(0) = [0(¥(0), {pu+1})| = {Fp1}

o D(k+1) = |0()(k+1),{pas1})| = D(k) U {prs1 F prs2}

CERES for Proof Schemata M. Rukhaia a nformatics
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An Example (ctd.)

> CL(¥) Jo: » CL(¥) |5

() F () Fpi
2) prEp

» CL(¥) |1 3) p2+ps
(1) =p1 4) ps k-
@ pi F

> CL(W) da:

> CL(¥) |2 () Fpr
1) Fp (2) p1tp2
2) piEps (3) p2Fps3
3) p2 - 4) pstps

) pat

M. Rukhaia



Schematic Projections

Schematic Projections




Scl tic Projections
@000000000000000

Basic Notions

» pri®¥ is an unique proof symbol, called projection symbol.

» The intended semantics of pr‘»¥(a) will be “the set of character-
istic projections of ¢(a), with the cut-configuration Q2”.

enoble
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Characteristic Projection Term

=, (m, Q) is defined inductively:
» if pis an axiom S, then =,(m,Q2) = S.

» if p is a proof link of the form

Lo, Te,T'F Aq,Ac, A
then
Ey(m, Q) = pr¥'¥(a)

where (V' is a set of formula occurrences from I'g, I'c - Aq, Ac.
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Characteristic Projection Term (ctd.)

» If p is an unary inference with immediate predecessor p/, then
either
B, W) = B, @)

or
EP(Wa Q) = p(Ep’ (ﬂ-? Q))

enoble
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Characteristic Projection Term (ctd.)

» If p is a binary inference with immediate predecessors p; and p»,
then either

Ep(ﬂ-a Q) = WFZFAZ (Epl (7T7 Q)) ® WPIFA] (Epz (7‘(‘, Q))

Ep(m, Q) = By, (m,Q) ®p Epy (,§2)

> 2(m, Q) = E,,(m,Q), where py is the last inference of 7.
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An Example

¥ = ((0),%(k + 1)) of po, Ai_o(=pi V pis1) F Puy1, where:

> (0):

Po = po »
-po,po = p1Epi Vel
Po, o V p1 E pi ’
» Pp(k+1)
Pk+1 F prta )
,,,,, W) _____ Pyl o Pit2 F Prg2
k Vil

Po, Nizo(Pi V pit1) F P Pit15 "Pkt1 V Pry2 F Py

cut

Pos /\f:o(—‘Pi V Pit1), “Pis1 V Pkt2 F prg
k
Po; /\,‘i_oI (=pi Vpiy1) F prsa2

enoble
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An Example (ctd.)

Po = po .
-po,po p1Epi

Vil

Po,—po vV p1 Fp1
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An Example (ctd.)

—_
—
—

Po = po }
-po,po p1Epi
Po, o V p1 k pi

Vil

(4(0),0) = —i(po F po) ®v, p1 - p1
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An Example (ctd.)

Po = po .
-po,po 1t pi

Vil

Po,—po vV p1 Fpi
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An Example (ctd.)

Po = po }
-po,po 1t pi
Po, o V p1 E pi

Vil

E((0), {Pns1}) = ~ulpo F po) ®v, p1 F p1
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An Example (ctd.)

» Ppk+1)
Pk+1 = Pt )
,,,,, k) “Pkt1, Pkl E Pit2 F Pt
X Vil
P05 Nieo(Pi V Pit1) F Prs D415 7Pk+1 V Pkt2 & pryo

cut
3
P0s Ni—o(ZPi V Pit1)s 7Pit1 V Piya = Prta

1
Po, Ny (=pi V pit1) F it




Scl tic Projections
00000@0000000000

An Example (ctd.)

» Ppk+1)
Pi+1 F Pt )
,,,,, @®) PPl E Pit2 b prg2
Po, /\Lo(ﬁp,‘ Vpig1) F pig D415 7Pk+1 V Pkt2 & pryo

cut
3
P0s Ni—o(ZPi V Pit1)s 7Pit1 V Piya = Prta

1
Po, Ny (=pi V pit1) F it

Bk +1),0) = Ay(w Pkt VP2l Pes2 (p,,{p,ﬁ.},w(k)) D
wPoNizo CPVPHOE (—y(prst b prgt) ®v, P F Pi2)

enoble
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An Example (ctd.)

» Ppk+1)
Pk+1 = Pt )
,,,,, k) “Pkt1, Pkl E Pit2 F Py
X Vil
P05 Nieo(Pi V Pit1) F Prs D415 7Pk+1 V Pkt2 & pryo

cut
3
P0s Ni—o(ZPi V Pit1)s 7Pit1 V Py = prta

1
Po, Ny (=pi V pit1) F piso
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An Example (ctd.)

» Ppk+1)
Pi+1 F Pt )
,,,,, @®) PPl E Pit2 b prgo
Po, /\Lo(ﬁp,‘ Vpig1) F pig D415 7Pk+1 V Pkt2 & pryo

cut
3
P0s Ni—o(ZPi V Pit1)s 7Pit1 V Py = prta

1
Po, Ny (=pi V pit1) F piso

E(plk + 1), {pps1}) = A(w Pt VP (prireni b¥ (1)) @
k
wPo:Nimo(CPVPOF (—y(py 1 b prqt) ®v, pira b pit2))

enoble
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Evaluation of Clause Term

» The rewrite rules for clause term symbols:
o priv¥s(0) — Z(m5(0),9), and

o pri¥¥e(k+1) = Z(vg(k+1),Q),forall = 1,...,a.

> Z(7,0)

E(¢n,Q), and
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Evaluation of Clause Term (ctd.)

Proposition (Soundness)

Let v € N and 2 be a cut-configuration, then Z(v3,) 1., is a ground
projection term for all 1 < [ < «a. Hence Z(¥) |, is a ground

projection term.

By induction.

enoble
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Evaluation of Clause Term (ctd.)

Proposition (Commutativity)

Let Q) be a cut-configuration and v € N. Then
EW1,,0)=2,Q) |,

By double induction.

enoble
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Term to Set Transformation

» Let p be an unary and ¢ a binary rule. Let ¢, be LKS-proofs,
then p(¢) is the LKS-proof obtained from the ¢ by applying p,
and o (¢, 1) is the proof obtained from the proofs ¢ and 1) by ap-

plying o.
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Term to Set Transformation

» Let p be an unary and ¢ a binary rule. Let ¢, be LKS-proofs,
then p(¢) is the LKS-proof obtained from the ¢ by applying p,
and o (¢, 1) is the proof obtained from the proofs ¢ and 1) by ap-

plying o.

¢ =pot po

M. Rukhaia
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Term to Set Transformation

» Let p be an unary and ¢ a binary rule. Let ¢, be LKS-proofs,
then p(¢) is the LKS-proof obtained from the ¢ by applying p,
and o (¢, 1) is the proof obtained from the proofs ¢ and 1) by ap-

plying o.
po - po

—(¢) =Py
l(¢) —P0, Po H

M. Rukhaia
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Term to Set Transformation

» Let p be an unary and ¢ a binary rule. Let ¢, be LKS-proofs,
then p(¢) is the LKS-proof obtained from the ¢ by applying p,
and o (¢, 1) is the proof obtained from the proofs ¢ and 1) by ap-

plying o.
po - po

(¢) =B y=pikpy
I(d)) _‘POaPOF

M. Rukhaia
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Term to Set Transformation

» Let p be an unary and ¢ a binary rule. Let ¢, be LKS-proofs,
then p(¢) is the LKS-proof obtained from the ¢ by applying p,
and o (¢, 1) is the proof obtained from the proofs ¢ and 1) by ap-

plying o.

Po = po

_wert L mrn
\/l(ﬁ/(gb)?w) - Po, 7Po \/pl FP] \/l

M. Rukhaia abo {v ics V 2012
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Term to Set Transformation (ctd.)

» PITA — [yI"A | o) € P}, where o)TF2 is ¢ followed by weak-
enings adding T - A.

enoble
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Term to Set Transformation (ctd.)

» PITA — [yI"A | o) € P}, where o)TF2 is ¢ followed by weak-
enings adding T - A.

polpo
Y= —po,poF p1Epi
Po,po V p1 E p

Vil

M. Rukh:
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Term to Set Transformation (ctd.)

» PITA — [yI"A | o) € P}, where o)TF2 is ¢ followed by weak-
enings adding T - A.

pot-po
—po,pot " pibp
Pre = po,poVpibp lv !
po,poVp,I'-p1 :*r*

Po,poVp1,I'=A p

M. Rukh:
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Term to Set Transformation (ctd.)

» P, Q: sets of LKS-proofs.

» Px, Q0 ={o(¢,)|¢ecPye 0}
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Term to Set Transformation (ctd.)

> P, Q: sets of LKS-proofs.

» PxoQ={o(s,9)|¢€PyeQ}

P

{ Po = po y q0 = qo W'l}
=po,po 7 —po,gobq0

a1 q
Q:{PIFPI y 7w:l}

rLL,q1 a1

enoble
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Term to Set Transformation (ctd.)

_pbtpm
» Pxy, Q=14 -popot p1Fpi vil
Po,—po vV p1 Fpi ’
Bt
—Po,do g0 p1p vig
q0,Po V p1 F qo,p1 '
Po = po q1 - q
=03 wi
—po,Po = rLq1 Eaq 5
Vil
Po,q1,PoVp1Eqi
q0 - qo a1t q
—_—w: —_— W
=0, 40 = qo PLGL Q1 Y

q0, 491,70 V 1 g0, 91

enoble
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Term to Set Transformation (ctd.)

» Let = be a ground projection term, then we define |=| as:

o THFA|=TFA,

e |p(E)| = p(|E]) for unary rule symbols p,

o [WHAE)| =[BT,

° |21 @5y =Ei|U|[E],

e |E| ®, Ez2] = |Z1| X4 |E2] for binary rule symbols o.
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Term to Set Transformation (ctd.)

» For ground LKS-proofs 7 and cut-configurations €2, define
PR(7,Q) = |Z(m, Q)| and PR(7) = PR(7, ().

> PR(V) o= [2(7) |, |

enoble
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An Example (ctd.)

> PR(EP) io:

_poFpo
—po,po = p1Fpi

Vil

Po, —po V p1 ki
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An Example (ctd.)

> PR(Y) |i:
Po = po )
-po,po = p1Fpi -
Po,—po vV p1 Fpi ’
w:lr
Po; —po V p1, —p1 V p2 F pa,pi e
P0s Ni—o =Pi V Pis1 & p2,pi
p1Ep )
-pi,pm P2 p2 .
P, P1Vp2 b p2 '
3 w:l

P1,00, Nieo(—Pi V pig1), “p1 V2 F p2

1
P1,00s Nieo(7Pi V piy1) F 2

enoble
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An Example (ctd.)

polpo
-po,po = P1 = pi
Po, Po vV p1 bk pi
Po, —Po V p1,—p1 V pa - pi
P0s Nio =Pi V Pig1 F 1

w:lr

P, Nio =i V i1, P2 V p3 - p3,pi

Nl

2
Po> Ni—o —Pi V Pit1 F p3,p1




Schematic Projections
0000000000000 0e0

An Example (ctd.)

> PR(W) da:

p1Ep }
L, E P2t p2
Vil
PPNV P2t po
w:l

P1,P0s Ao (=Pi V pit1), ~p1 V p2 F pa

P1,P0s Ni—o(2Pi V pig1) F p2

w:lr
1
P1,00, N\i=o(=Pi V Pit1), 7p2 V p3 = p3, p2

2

P15P0s Ni—o(=Pi V pi1) = p3, p2
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An Example (ctd.)

P2t p2
—_—
—p2,p2 - 3 ps
P2, P2V p3tp3

w:l

2,90, Ni—o (i V pis1), =p2 V p3 F p3

2
2,05 Ni—o(—Pi V pix1) & p3
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Term to Set Transformation (ctd.)

Proposition (Soundness)

Let w be a ground LKS-proof with end-sequent S, then for all clauses
C € CL(n), there exists a ground LKS-proof m € PR(7) with
end-sequent S o C.

Proposition (Commutativity)
Lety € N, then PR(¥ |,) = PR(¥) |,.

Proposition (Correctness)

Let vy € N, then for every clause C € CL(¥) |, there exists a ground
LKS-proof m € PR(¥) |, with end-sequent C o S().

M. Rukhaia
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Clause Schemata

» We define s-clause as:
o clause variables, denoted with X, Y, .. ., are s-clauses,
e clauses are s-clauses,
e if 51,5, are s-clauses, then s; o s; is an s-clause.

» A clause schema is a term #(a, X1, ..., X,) W.I.t a rewrite system
R:
o t(O,Xl, ce ,Xa) — S0,
o tlk+ 1,Xy,...,X,) — t(k,s1,...,54), for sg,...,s, being s-
clauses with clause variables in {Xi, ..., X4}

» Example: consider #(n, X) w.r.t
e 1(0,X) = (Fpo)oX,
o t(k+1,X) — t(k, (- pry1) 0 X),
then t(«, - qo) | are b qo, po, - - ., po for all a > 0.

M. Rukh:
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Resolution Term

» We define resolution terms inductively:

o s-clauses are resolution terms,

o clause schemata are resolution terms,

o if ry, ry are resolution terms w.r.t. R and R,, then r(ry; r2; p,) is
aresolution term w.r.t. R = R; U'R,.

» A resolution term r based on a set of clause schemata C is a reso-
lution term s.t. all s-clauses and clause schemata in r are also in C.

» Example: r(r(t(n,X); pn b5 pn); qo F; qo) is a resolution term.

enoble
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Resolution Deduction

» LetI' = A and IT - A be clauses. If p, occurs in A and II, then
resT’E A TIE A, p,) =T, 11\ p, = A\pg, A is called resolvent.
» We define resolution deduction inductively:
e if Cis a clause, then C is a resolution deduction and ES(C) = C,
e if 0y and 9, are resolution deductions, ES(d;) = Cy, ES(6,) = C>
and res(Cy, Cy,p,) = D, then r(01,02,p,) is a resolution deduc-
tion and ES(r(d1,92,p,4)) = D.
» J is called resolution refutation, if ES(0) = F.
» Examples:

o r(r(F go,po,p1; P1 F5 p1); go b5 qo) is a resolution deduction.
o r(r(F qo,po; pot; po); go b5 qo) is a resolution refutation.

M. Rukhaia
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Tree Transformation

» Let ¢ be a resolution deduction. If:
e 0=C,thenT(d) = C,
o 0 =r(01;02;p4), ES(01) = C1, ES(0;) = Cyand res(Cy, Ca, p,) =
C, then T(0) =
(T(61)) (T(62))
C &)
C

» Example: T(r(r(F qo,po,p1; P15 p1); o b5 qo)) is:

= qo, po, p1 piF
= g0, po qo F
= po

M. Rukhaia
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Resolution Refutation Schema

» A resolution proof schema with clause variables Xi,...,X3 is a
structure R = ((01,---,0a), R, D, R’) where the p; denote res-
olution terms, D is a finite set of clause schemata w.r.t. R’ and
R =RiU...URg, where the R; (for 0 < i < «) are defined as
follows:

° Qi(07X1; 500 ,XB) — i,
o oi(k+1,X,...,Xg5) — tiloi(k,55), 01, (ai,5), - -5 04 (@), Sjii) )]s
where

@ s; is a resolution term containing some of Xi, ..., X3,
dy, ..., d;; are arithmetic terms,

)

@ 50, .- -, 8; are vectors of clause schemata over X, ..., X3,

o the ti[oi(k,50), 01, (a1,51), - - -, 01, (@(s), Sj())] are resolution terms
based on D after replacement of some clause schemata by the terms
0i(k,5h), o, (@},5)), ..., o1, (a;(i>,3;(i)) where i < min{li, ..., L}
and max{li,...,[u} < o
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Resolution Refutation Schema (ctd.)

» A resolution proof schema is called a resolution refutation schema
of a clause schema C(n) if there exist clauses Cj,...,C, s.t.
01(B,C1,...,Cq)l is a resolution refutation of C(53) .

» Example: We define the resolution refutation schema

R=((0,0),R,0,0)

where R is:

M. Rukhaia
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Atomic Cut Normal Form

Theorem (ACNF)

Let ¥ be a proof schema with end-sequent S(n), and let R be a reso-
lution refutation schema of CL(¥). Then for all o € N there exists a
ground LKS-proof 7 of S(«v) with at most atomic cuts such that its size
() is polynomial in [(R ) - [(PR(¥) a).
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Formula Definitions

» We introduce the following “shortcuts” for formulas:
A®B =45 (AN-B)V(-AAB)
A& B =45 (FAVB)A(-BVA)
S,’ =def S & (Ai @D B,’) ® C;
; =def Sg =4 (B,' @Al‘) ©® C;
i =def CH-I & (A,' AN Bi) V (Ci /\Ai) V (Ci AN B,’)
i = Cip1 = (BiNA)V (CiABi)V(CAA)
Adder, =def /\?:O §,‘ VAN /\?:0 (;,' A —Cy
Adder, =g N\i—oSi N Nizo Ci A Co
EqCy =a Ni—o(Ci & C})
EqSw =ar Nimo(Si & S})

M. Rukhaia a 012 54765
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The Adder Proof

» The proof schema ¥ is:

((©(0), ¥ (k+1)), ((0), p(k+1)), (4(0), p(k+1)), (x(0), x(k+1))),

=Co, =C, Ni—o Ci, Nz €/ - EqCy EqCi, Ni— Sis Ni—o 8] - EqSi
K &~ Ak M Ak & AE &
=Co, 7Co> Nizo Cis Nico €5 Aizo Sis Nico Si F EqSk
Addery, Adder; = EqSy

cut

A Ik

M. Rukhaia
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The Adder Proof (ctd.)

» p(k+1)is:

W) b
=Cp, ﬁcév /\f:() éh /\,:o é,’ = EqCy —Cp, ﬁc(l)v /\{":o én /\:‘(=0 é,/ = CH»] = C/:+]
Az rye: lx
=Co, ~Ch, NS Ciy AEg €] - EqCry
o o N =
=Co, =gy ity €y A2y € + EqCiy
> o(k+1)is:
e :
/ k ¢ k &/ - </ - </ & &/ - /
=Co, ~Chy NS €is Ao €] F g1 & Gy i1 © Chy1r Cog1, €y F Crpa & Cipy
cut

—Co, ~Cgr NS €is Ao €, €1, Clgy + Crgr & Chyy

Az lx

k41 2 k41 2
—Co, ~Ch Aty €, Ny € F gz & Cliy
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The Adder Proof (ctd.)

» Finally, x(k+ 1) is:

EqCi, Ni_oSi, Ny 8! - EgSy Cir1 € Co 5 Sea1, 8 F Sepr & Sp

= = = = N:r
EqCi, Nizo Si, Aizo 8!, Crpt Cip1> Skt 155411 F EqSitn

A Ix

EqCii1, N2y 8is Aty 8!+ EqSiy
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Characteristic Clause Set

» We get the following schema:

CL(¥) = ((€1(0),Ci(k+ 1)), ., (C4(0),Calk + 1)))

where:
° Cl(k) = Cz(k) U C4(k),

e (5(0) = {
Col;
Cy -

},

° Cz(k+ ]) = Cz(k) UCg(k)

2012

58765

M. Rukhaia
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Characteristic Clause Set (ctd.)

C1 |_C;,
C'F ¢y

I

» C3(k+1) =C3(k) U {
Ciy1 F Crpy, G
Cl/c—i-l = Ck-Ha Cllc ;
Cl/mckﬂ = C1/<+1 5
Cit; 1 b Cieyr

enoble
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Characteristic Clause Set (ctd.)

F Co, Cj ;
Co, Cy =

2

> Ca(k+ 1) = Ca(k) o {F Ciey1, Cpy 1} UCalk) 0 {Cy1, Cpyy F}-

M. Rukh:
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Characteristic Clause Set (ctd.)

> CL(EP) da:
» CL(¥) lo: (1) Cob
() Gyt @ cr
2 GF 3) G FC
PR @ kG
@) Co, Gy 5) G+ C,C
6) C\+ Gy, C!
» CL(Y) |1: (7) C,C = C
(1) CoF ®) C1,C,F G
@) )+ ©) F G, Co,C,, C1, C,, C,
@) G+ C, (10) C,C, F Cy,C}, Co, Ch
@ C+ (1) C|,Ci - Gy, Ch, Co, C
5) F Co, Cl,Cy1,C (12) C,C5,C,Cy F Co, C
6) C),CoCy,C (13) Ch,Co - Ca, Ch, €y, C
(7) C;,Cyi F Cy, C) (14) C3,C5,Cy, Co - Cy, Cy
8) Co,Cl,C1,C F (15) C|,C1,Cl,Co F G, C)

(]6) C27 C()a C(/)7 C17 Ci7 Cé F

M. Rukhaia abo {v ics / 0 61/65
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Refutation Schema

» A resolution refutation schema of CL(¥) is

R = ((Qu 6777)7R’ Q)’ @)

0(0,X) — r(r((- Co, Cp) o X; Co k5 Co); CyF; Cp)s
olk+1,X) — r(

r(o(k, (F Ciq1, CI/H-I) o X); n(k); CI/H—I);

r(é(k), Q(k7 (Ck+17cli+l F) OX); Cllc+l);

Cr+1)
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Refutation Schema (ctd.)

» and

(5(0) —C Ci,

d(k+1) — r(
Cit2 = Ciya, Cit1;
r(6(k); Cipy, Cra b Ciias Cig)s
Ck+1).

n(0) — C{ F Cy,

nk+1) — r(
C1l<+2 F Cito, C1£+1§
r(n(k); Cey1, Ciga b Crya; Crpr)s
Cit1)-

» Finally, refutation of CL(¥) |, is defined by o(a, ) |.
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Refutation Schema (ctd.)

F Co, C} Cot
) c

» T(o(1,F) ) is:

(e(0,F G, € ) (e(0,C1,C1 ) )
F ey, C C)F G G FC G, ClF
F e CF

M. Rukh:
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Refutation Schema (ctd.)

Lo T(Q(07 - Cl'Cll) \L) is:

F Co, Ch, C1,C} Cot
FCp, C1,C| Ch+-
FCi,C)

» T(o(1,F) ) is:

Soe/ ara  Grc 1, ¢k
= C C
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Refutation Schema (ctd.)

Lo T(Q(07 Clvcll - ) \L) is:

C1,C} F Co, C) Co+
¢, C|FC) ch+
C1,Cl -

» T(o(1,F) ) is:

e/ ara  Grc 1, ¢k
= C C




Questions?
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