On Termination and Confluence Properties of Disjoint and Constructor-Sharing Conditional Rewrite Systems ?

Bernhard Gramlich^{1;2}

Fachbereich Informatik, Universität Kaiserslautern, Postfach 3049, D-67653 Kaiserslautern, Germany

Abstract

We investigate the modularity behaviour of termination and confluence properties of (join) conditional term rewriting systems. We give counterexamples showing that the properties weak termination, weak innermost termination and (strong) innermost termination are not preserved in general under signature extensions. Then we develop sufficient conditions for the preservation of these properties under signature extensions, and more generally, for their modularity in the disjoint union case. This leads to new criteria for modularity of termination and completeness generalizing known results for unconditional systems. Finally, combining our analysis with recent related results on the preservation of semi-completeness, we show how to cover the (non-disjoint) case of combined conditional rewrite systems with shared constructors, too.

1 Introduction, Motivation and Overview

Starting with the seminal work of Toyama [31] the investigation of preservation properties of term rewriting systems (TRSs for short) under various forms of combinations has become a very interesting and active area of research. From a practical point of view this field has a great potential in applications

? This is an extended version of the paper On Modularity of Termination and Confluence Properties of Conditional Rewrite Systems which appeared in Proc. 4th Int. Conf. on Algebraic and Logic Programming, Madrid, September 1994, eds. G. Levi and M. Rodríguez-Artalejo, Lecture Notes in Computer Science 850, pp. 186-203, 1994.

1 E-mail: gramlich@informatik.uni-kl.de 2 This research was supported by the ‘Deutsche Forschungsgemeinschaft, SFB 314 (D4-Projekt)’.

Preprint submitted to Elsevier Science 22 January 1996 of rewriting techniques since it provides the theoretical basis for a systematic construction of large systems of rewrite rules with some desired properties from smaller ones with corresponding properties. Vice versa, it is also crucial for analyzing properties of large systems by decomposing them into smaller units where corresponding properties are often easier to verify. From a theoretical point of view, the problems to be dealt with have turned out to be very fruitful, non-trivial and sometimes even challenging. Even for the simplest conceivable case of combination mechanisms, namely that of disjoint unions, the analysis of rewriting in the combined system is quite involved.

In [31] it was shown that confluence is indeed preserved under disjoint unions of (unconditional) TRSs whereas termination is not (cf. also [32]). This phenomenon was the starting point of a couple of investigations about how to obtain sufficient criteria for the preservation of termination, completeness (i.e., termination plus confluence) and of other interesting properties of TRSs under disjoint combinations (cf. e.g. [30], [19], [33], [20], [14], [7], [8], [25]). Non-disjoint unions of TRSs with common constructors have been considered e.g. in [23], [15], [7], [8], [25], [27]. More general hierarchical combinations of TRSs have recently been dealt with in [17], [2], [18], [8], [6]. Some preservation results for (disjoint and non-disjoint, but non-hierarchical) combinations of conditional TRSs (CTRSs for short) finally have been obtained in [20], [22]), [21], [9], [28].

As shown in [33] (by a very involved proof), completeness is preserved under disjoint union of left-linear (unconditional) TRSs. Instead of left-linearity one may also require a stronger confluence property. More precisely, termination (and hence also completeness) is preserved under disjoint unions of nonoverlapping TRSs as well as of locally confluent overlay systems ([8]). The crucial point is that for such TRSs (strong) innermost termination implies already (strong) termination. Recently we have been able to show that this latter property does indeed also hold for CTRSs ([10]). In the present paper we shall exploit this property and show how to obtain corresponding preservation results for disjoint and constructor-sharing unions of CTRSs. However, this generalization of [8] to the conditional case turned out to be pretty more complicated than expected, due to reasons which will be explained later on.

Before going into details let us give a summary of our main results (for join CTRSs admitting extra variables in the conditions):

• We give counterexamples showing that weak termination, weak innermost termination and (strong) innermost termination are not preserved under signature extensions in general (cf. Example 21 which contradicts Theorem 5.2 in [22]) whereas (strong) termination is indeed preserved under signature extensions (cf. Lemma 29).

• We give abstract sufficient conditions for the preservation of weak termination, weak innermost termination and (strong) innermost termination under signature extensions and more generally, for their modularity (cf. Theorem 31, Lemmas 32-39). In particular we show that these restricted termination properties are modular for confluent CTRSs and for CTRSs without extra variables (cf. Theorem 40).

• We show that (strong) termination and completeness are modular properties for non-overlapping CTRSs as well as for conditional overlay systems with joinable critical pairs (cf. Theorems 45, 46).

• We show how to extend these modularity results to the (non-disjoint) case of combined CTRSs with shared constructors by combining our analysis with recent results of [27] (cf. Theorems 62, 66–69).

The rest of the paper is structured as follows. In the next section we shall introduce some necessary terminology. Then, in Section 3, we shall summarize results of [8], [10] on restricted and general termination and confluence properties of (C)TRSs. In the main Section 4, we shall develop a couple of new preservation results for termination and confluence properties of CTRSs in the disjoint union case. In Section 5 we show how to extend these results to combined CTRSs with shared constructors. Finally we summarize known and new results and discuss some open problems and related work.

2 Preliminaries

We assume familiarity with the basic theory for term rewriting (cf. e.g. [3], [12]). For brevity we shall make use of the following abbreviations (cf. e.g. [8], [12]) which apply to TRSs (and, if sensible, also to terms; in this case we shall also use notations like WN(s, R) in order to indicate the respective rewrite system R): SN (strongly) terminating (strongly normalizing), WN weakly terminating (weakly normalizing), WIN weakly innermost terminating (weakly innermost normalizing), SIN (strongly) innermost terminating (strongly innermost normalizing), JCP (all) critical pairs are joinable, CR confluent (or equivalently, having the Church-Rosser property), WCR locally confluent, NE non-erasing (or variable-preserving), NO non-overlapping, OS overlay system, NF set of normal forms. Completeness (COMP) means termination plus confluence, semi-completeness stands for weak termination plus confluence. Innermost reduction steps s → t are denoted by s_i→t. We recall that s_i→t means that s reduces (rewrites) to t by contracting some redex in s all proper subterms of which are irreducible. In order to indicate the position p of the contracted redex in s → t, the applied rule l → r and the matching substitution σ we shall also use the notation s →_{p,σ,l→r} t. If p = λ (the root position) then we speak of a root reduction step. The domain of a substitution σ is given by dom(σ) = {x ∈ V | σ(x) ≠ x}. The identity substitution is denoted by id.

2.1 Basic Notions and Notations for Disjoint Unions

We adopt usual basic notions and notations for disjoint unions of rewrite systems as described e.g. in [31], [20], [22], but repeat some conventions here for the sake of readability. When considering a disjoint union R^F = R^{F1}_1 ⊕R^{F2}_2 we say that R^{F1}_1 (R^{F2}_2 ) is the black (white) system. Symbols from F_1 (F_2) are black (white). Variables have no colour. A black (white) term does not contain white (black) symbols. A term is top black (top white) if its top symbol is black (white). The special subterms (or aliens), principal subterms and the rank of terms in T (F, V) are defined as usual. If in a reduction step s →_RF t the contracted redex is inside some principal alien of s, we speak of an inner step and write s^i→_RF t. Otherwise it is an outer step, which is denoted by s^o→_RF t. If s is a term with rank(s) > 1 then it has the form s = C [[ s_1, . . . , s_n]] where the s_i, 1 ≤ i ≤ n are the principal aliens of s and C[, . . . , ] is a context, i.e. a term with ‘holes’ (represented by some fresh constant 2). By C[ ]_p we mean a context with one occurrence of 2 at position p. Similarly (but slightly abusing notation), if Π is some set of mutually disjoint positions of C[, . . . , ] then C[ ]_Π denotes a context with 2 at all positions from Π. A non-empty context is a context different from 2. For terms s_1, . . . , s_n, t_1, . . . , t_n we write ⟨s_1, . . . , s_n⟩ ∝ ⟨t_1, . . . , t_n⟩ if t_i = t_j whenever s_i = s_j , for all 1 ≤ i, j ≤ n. If both ⟨s_1, . . . , s_n⟩ ∝ ⟨t_1, . . . , t_n⟩ and ⟨t_1, . . . , t_n⟩ ∝ ⟨s_1, . . . , s_n⟩ hold, this is denoted by ⟨s_1, . . . , s_n⟩∞⟨t_1, . . . , t_n⟩. This notion as well as those of being black (white), top black (top white) extend in a straightforward way to substitutions. Following [20], [22] we introduce some special notations in order to enable a compact treatment of ‘degenerate’ cases of ‘t = C [[ t_1, . . . , t_n]] ’. First the notion of context is extended. We write C⟨, . . . , ⟩ for a term containing zero or more occurrences of 2 and C{, . . . , } denotes a term different from 2 itself, containing zero or more occurrences of 2. If t_1, . . . , t_n are the (possibly zero) principal subterms of some term t (from left to right), then we write t = C {{ t_1, . . . , t_n}} provided t = C{t_1, . . . , t_n}. We write t = C ⟨⟨ t_1, . . . , t_n⟩⟩ if t = C⟨t_1, . . . , t_n⟩ and either C⟨, . . . , ⟩ ≠ 2 and t_1, . . . , t_n are the principal subterms of t, or C⟨, . . . , ⟩ = 2 and t ∈ {t_1, . . . , t_n}.

2.2 Conditional Term Rewriting Systems

Moreover, we need some basic terminology about conditional term rewriting systems (CTRSs) (cf. e.g. [3], [12], [22]).

Definition 1 A CTRS is a pair (F, R) consisting of a signature F and a set R of conditional rewrite rules of the form

s_1 = t_1 ∧ . . . ∧ s_n = t_n =⇒ l → r with s_1, . . . , s_n, t_1, . . . , t_n, l, r ∈ T (F, V). Moreover, we require l /∈ V and V (r) ⊆ V (l) as for unconditional TRSs, i.e., no variable left hand sides and no extra variables on the right hand side. Extra variables in conditions are allowed if not stated otherwise. If the condition is empty, i.e., n = 0, we simply write l → r. Instead of (F, R) we also write R^F or simply R when F is clear from the context or irrelevant. If R has no extra variables (in the conditions) this is denoted by NEV(R).

Depending on the interpretation of the equality sign in the conditions of rewrite rules, different reduction relations may be associated with a given CTRS as usual (yielding a join, normal or semi-equational CTRS).

Definition 2

• In a join CTRS R the equality sign in the conditions of rewrite rules is interpreted as joinability. Formally this means: s →_R t if there exists a rewrite rule s_1 = t_1 ∧ . . . ∧ s_n = t_n =⇒ l → r ∈ R, a substitution σ and a context C[ ] such that s = C[σl], t = C[σr] and σs_i ↓_R σt_i for all i ∈ {1, . . . , n}. For rewrite rules of a join CTRS we shall also use the notation s_1 ↓ t_1 ∧ . . . ∧ s_n ↓ t_n =⇒ l → r .

• Semi-equational CTRSs are obtained by interpreting the equality sign in the conditions as convertibility, i.e., as ↔^∗.

• Normal CTRSs have rules of the form s_1 →^∗ t_1 ∧ . . . ∧ s_n →^∗ t_n =⇒ l → r such that all t_i’s are ground terms which are irreducible w.r.t. the unconditional version of the CTRS R considered (which is obtained from R by removing all conditions).

Definition 3 The reduction relation corresponding to a given (join, semiequational or normal) CTRS R can also be inductively defined as follows (2 denotes ↓, ↔^∗ or →^∗, respectively):

R_0 = ∅ , R_{i+1} = {σl → σr| s_12t_1 ∧ . . . ∧ s_n2t_n =⇒ l → r ∈ R, σs_j 2_{Ri} σt_j for j = 1, . . . , n} , s →_R t : ⇐⇒ s →_{Ri} t for some i ≥ 0, i.e., →_R= ⋃ i≥0 →_{Ri} .

Note in particular that all unconditional rules of R are contained in R_1 (because the empty conditions are vacuously satisfied) as well as all conditional rules with trivial conditions only, i.e., conditions of the form s2s. In fact, rules of the latter class can be considered to be essentially unconditional.

Definition 4 If s →_R t then the depth of s →_R t is defined to be the minimal n with s →_{Rn} t. If s →^∗_R t then the depth of s →^∗_R t is defined to be the minimal n with s →^∗_{Rn} t. If s ↓_R t, then its depth is the minimal n with s ↓_{Rn} t. If the depth of s →^∗_R t is less than or equal to n we denote this by s n−→^∗_R t.

In this paper we shall mainly deal with join CTRSs which – from a practical and operational point of view – is the most important type of CTRSs. Hence, if not stated otherwise, we shall tacitly assume in the sequel that all considered CTRSs are join ones.

For the sake of readability we shall use in the following some compact notations for conditional rules and conjunctions of conditions. When writing P =⇒ l → r for some conditional rewrite rule then P stands for the conjunction of all conditions. Similarly, if P is s_1 ↓ t_1 ∧ . . . ∧ s_n ↓ t_n and σ is a substitution, then σ(P ) ↓ means σ(s_1) ↓_R σ(t_1) ∧ . . . ∧ σ(s_n) ↓_R σ(t_n).

Definition 5 Let R be a CTRS, and let P_1 =⇒ l_1 → r_1 and P_2 =⇒ l_2 → r_2 be two rewrite rules of R which have no variables in common (of course, this variable disjointness can always be achieved by appropriately renaming rules). Suppose l_1 = C[t]_p with t ∉ V for some (possibly empty) context C[ ]_p such that t and l_2 are unifiable with most general unifier σ. Then σ(P_1) ∧ σ(P_2) =⇒ ⟨σ(C[r_2]) = σ(r_1)⟩ is said to be a (conditional) critical pair of R. If the two rules are renamed versions of the same rule of R, we do not consider the case C[ ] = 2, i.e., we do not overlap a rule with itself at root position (since this gives only rise to improper (conditional) divergences). A (conditional) critical pair P =⇒ ⟨s = t⟩ is said to be joinable if σ(s) ↓_R σ(t) for every substitution σ with σ(P ) ↓. A substitution σ which satisfies the conditions, i.e., for which σ(P ) ↓ holds, is said to be feasible. Otherwise, σ is infeasible. Analogously, a (conditional) critical pair is said to be feasible (infeasible) if there exists some (no) feasible substitution for it.

Note that testing joinability of conditional critical pairs is in general much more difficult than in the unconditional case since one has to consider all substitutions which satisfy the correspondingly instantiated conditions. Moreover, the critical pair lemma does not hold for CTRSs in general as shown e.g. by the following example.

Example 6 ([1]) Consider the CTRS

R_1 = x ↓ f(x) =⇒ f(x) → a b → f(b)

Here we get f(b) → a due to b ↓ f(b) and hence f(f(b)) → f(a). We also have f(f(b)) → a because of f(b) ↓ f(f(b)). But a and f(a) do not have a common reduct which is easily shown. Thus R is not locally confluent despite the lack of critical pairs. Note moreover that R is even orthogonal when considered as unconditional TRS, i.e., when omitting the condition in the first rule.

Definition 7 (cf. [1], [12]) Let R be a CTRS and let R_u be its unconditional version, i.e., R_u := {l → r | P =⇒ l → r ∈ R}. Then R is said to be nonoverlapping (NO) / orthogonal / a (conditional) overlay system (OS) if R_u is non-overlapping / orthogonal / an (unconditional) overlay system.

According to this definition Example 6 above shows that orthogonal CTRSs need not be confluent. But note that the CTRS R defined in Example 6 is not (strongly) innermost terminating. This indicates that their might be some hope for generalizing (some of) our results for the unconditional case to the conditional one, in particular those involving the (strong) innermost termination property.

Remark 8 The careful reader may have observed that the definition of being non-overlapping above is somehow rather restrictive. Namely, the case that there exist conditional critical pairs all of which are infeasible (and hence should not be ‘properly critical’) is not covered. Analogously, for a CTRS to be an overlay system one might allow critical pairs which are not overlays but require that all of them are infeasible, hence not ‘properly critical’). These slightly generalized semantic versions of the properties of being nonoverlapping and being an overlay system are treated in Section 4.4.

The other basic notions for unconditional TRSs introduced above generalize in a straightforward manner to CTRSs.

In general, conditional rewriting is much more complicated than unconditional rewriting. For instance, the rewrite relation may be undecidable even for complete CTRSs without extra variables in the conditions (cf. [11]). For some positive results see e.g. [4].

3 Restricted Termination and Confluence Properties of Conditional Term Rewriting Systems

Here we shall summarize some known and recently obtained new results on restricted termination and confluence properties of unconditional and conditional TRSs.

Theorem 9 (cf. e.g. [29], [24], [12]) Let R be an orthogonal, i.e., non-over-lapping and left-linear (unconditional) TRS. Then R is confluent, and the following properties hold:

(1a) ∀t : [ WIN(t) =⇒ SIN(t) ] . (1b) WIN(R) =⇒ SIN(R) .

(2a) ∀t : [ SIN(t) =⇒ SN(t) ] . (2b) SIN(R) =⇒ SN(R) .

(3) ∀ s, t : [ s_i→t ∧ SN(t) =⇒ SN(s) ] . (4a) NE(R) =⇒ [ ∀t : [ WN(t) =⇒ SN(t) ] ]. (4b) NE(R) =⇒ [ WN(R) =⇒ SN(R) ].

For CTRSs the following technical result, which is a stronger local version of a result from [5], is crucial in order to obtain analogous relations between restricted and general termination and confluence properties of CTRSs.

Theorem 10 ([10]) Let R be a CTRS with OS(R) and JCP(R) and let s be a term with SN(s). Furthermore let C[ ]_Π be a context, and t, u, v be terms. Then we have:

u = C[s]_Π →^∗ v ∧ s →^∗ t =⇒ C[t]_Π ↓ v .

Straightforward consequences of (the proof of) Theorem 10 are the following.

Lemma 11 ([10]) Let R be a CTRS with OS(R) and JCP(R), and let s, t be terms with s →_{p,σ,P =⇒l→r} t. Furthermore let σ^′ be given with σ →^∗ σ^′, i.e., σ(x) →^∗ σ^′(x) for all x ∈ dom(σ), such that SN(σ(x)) holds for all x ∈ dom(σ). Then we have: s = C[σ(l)]_p →^∗ C[σ^′(l)]_p →_{p,σ}0_{,P =⇒l→r} C[σ^′(r)]_p (due to σ^′(P ) ↓) and t = C[σ(r)]_p →^∗ C[σ^′(r)]_p for some context C[ ]_p.

Corollary 12 ([10]) Let R be a CTRS with OS(R) and JCP(R), and let s be a term with SN(s). Then we have CR(s) and hence COMP(s), too.

The termination assumption concerning s in this result is crucial as demonstrated by the following example.

Example 13 (Example 6 continued) Here

R_1 = x ↓ f(x) =⇒ f(x) → a b → f(b)

clearly is an overlay system with joinable critical pairs (it is even non-over-lapping). Moreover we have f(f(b)) → a and f(f(b)) → f(a) but not a ↓ f(a). Obviously, SN(f(f(b))) does not hold due to the presence of the rule b → f(b) in R. Note that f(f(b)) is not even (strongly) innermost terminating (SIN(f(f(b)))) and also not weakly innermost terminating (WIN(f(f(b)))).

Under the stronger assumption of global termination we get from Corollary 12 the following known critical pair criterion for confluence of conditional overlay systems.

Theorem 14 ([5]) A terminating CTRS which is an overlay system such that all its conditional critical pairs are joinable is confluent, hence complete.

Concerning termination properties of CTRSs we have obtained the following results which generalize Theorem 9 to the conditional case and moreover, do not require left-linearity.

Theorem 15 ([10]) Let R be a non-overlapping CTRS. Then the following properties hold:

(1a) ∀t : [ WIN(t) =⇒ SIN(t) ] . (1b) WIN(R) =⇒ SIN(R) . (2a) ∀t : [ SIN(t) =⇒ SN(t) ] . (2b) SIN(R) =⇒ SN(R) .

(3) ∀ s, t : [ s_i→t ∧ SN(t) =⇒ SN(s) ] . (4a) NE(R) =⇒ [ ∀t : [ WN(t) =⇒ SN(t) ] ]. (4b) NE(R) =⇒ [ WN(R) =⇒ SN(R) ].

Moreover, it is possible to generalize Theorem 15(2) by allowing root overlaps but guaranteeing joinability of critical pairs.

Theorem 16 ([10]) For any CTRS R we have:

(a) OS(R) ∧ JCP(R) ∧ SIN(R) =⇒ SN(R) ∧ CR(R) , and (b) OS(R) ∧ JCP(R) =⇒ [ ∀s : [SIN(s) =⇒ SN(s) ∧ CR(s)] ],

i.e., any (strongly) innermost terminating overlay system with joinable critical pairs is terminating and confluent, hence complete (part (a)), which also holds in the stronger local version (b).

Theorem 16 states that any (strongly) innermost terminating (conditional) overlay system with joinable critical pairs is (strongly) terminating and confluent, hence complete, which even holds in a stronger local version. In other words, for (conditional) overlay systems it suffices to verify (strong) innermost termination and joinability of all critical pairs in order to infer general termination and confluence, i.e., completeness. The non-triviality of this result is obvious taking into account the fact that for CTRSs the critical pair lemma does not hold in general and almost all known sufficient criteria for confluence presume even stronger properties than termination plus joinability of (conditional) critical pairs.

4 Modularity Results for Disjoint Unions of CTRSs

In this section, after a brief general discussion, we shall investigate in 4.1 the preservation behaviour of the properties termination (SN), weak termination (WN), (strong) innermost termination (SIN), weak innermost termination (WIN) under signature extensions. Modularity w.r.t. disjoint unions of WN, WIN, SIN is treated in 4.2. These results will be used to establish modularity criteria w.r.t. disjoint unions for termination (SN) and completeness (SN ∧ CR) in 4.3. Finally we consider various extensions (of obtained results) and counterexamples in 4.4.

Modular properties of (C)TRSs, i.e., properties which are preserved under disjoint unions, have attracted an increasing attention within the last few years. Two (C)TRSs R_1 and R_2 over disjoint signatures F_1 and F_2, respectively, are said to be disjoint if F_1 and F_2 are disjoint, i.e. F_1 ∩ F_2 = ∅ (in that case the rule sets of R_1 and R_2 are necessarily disjoint, too). The (disjoint) union of two disjoint (C)TRSs R_1, R_2 is denoted by R_1 ⊕ R_2. We shall also speak of the disjoint union of R_1 and R_2 using the implicit convention that R_1 and R_2 are assumed to be disjoint (C)TRSs. Formally, a property P of (C)TRSs is said to be modular if the following holds for all disjoint (C)TRSs R_1, R_2: R_1 ⊕ R_2 has property P if and only if both R_1 and R_2 have property P .

Toyama [31] has shown that confluence is modular (for TRSs). The termination property, however, is in general not modular for TRSs (cf. [31], [32]) as witnessed by the following famous counterexample of [31]:

Example 17 Consider the disjoint TRSs

R_1 = { f(a, b, x) → f(x, x, x) } and R_2 = G(x, y) → x G(x, y) → y

Clearly, both R_1 and R_2 are terminating, but R_1⊕R_2 admits e.g. the following infinite derivation: f(a, b, G(a, b)) →_{R1} f(G(a, b), G(a, b), G(a, b)) →_{R2} f(a, G(a, b), G(a, b)) →_{R2} f(a, b, G(a, b)) →_{R1} · · ·

When investigating the modularity behaviour of CTRSs the situation is much more complicated than for (unconditional) TRSs. For instance, as exhibited in [20], the fundamental decomposition property of TRSs s →_{R1⊕R2} t =⇒ s →_{R1} t ∨ s →_{R2} t does not hold any more. This is due to the fact that when a rule of one of the systems is applied, rules of the other system may be needed in order to satisfy the conditions. Nevertheless, confluence has turned out to be a modular property of CTRSs, too, as shown by Middeldorp.

Theorem 18 ([20], [22]) Confluence is a modular property of CTRSs.

The more interesting direction of this modularity result for CTRSs, namely, that confluence of disjoint CTRSs R_1, R_2 implies confluence of R_1 ⊕ R_2, is proved in [22] by a non-trivial reduction to the corresponding result for the unconditional case. The other direction is trivial for CTRSs without extra variables but less trivial otherwise (see Lemma 43 below).

For some sufficient conditions for modularity of termination of CTRSs we refer to [20], [22], [21], [9], [27]. Here we shall concentrate on CTRSs satisfying some structural restrictions. In [8] we have proved that any (strongly) innermost terminating, locally confluent (unconditional) overlay system is terminating, and hence confluent and complete. Moreover – by exploiting the fact that (strong) innermost termination is modular (for TRSs) in contrast to the non-modularity of (strong) termination – we have shown there how to derive from this result new modularity results and simplified proofs of known ones. Here we would also like to follow the same line of reasoning – exploiting Theorems 15 and 16 – in order to obtain derived modularity results for CTRSs. But again the situation is much more complicated for CTRSs than for TRSs since neither weak termination, nor weak innermost termination nor strong innermost termination are modular in general for CTRSs. This can be seen e.g. from the next example.

Example 19 (cf. [22] for similar examples) Consider the CTRSs R^{F1}_1 , R^{F2}_2

R_1 = { x ↓ b ∧ x ↓ c =⇒ a → a } and R_2 = G(x, y) → x G(x, y) → y

over F_1 = {a, b, c} and F_2 = {G, A}, respectively. Here, we have a →_{R1⊕R2} a by applying the R_1-rule (x is substituted by G(b, c)), but neither a →_{R1} a nor a →_{R2} a. Hence, a is an R_i-normal form (for i = 1, 2) but not a normal form w.r.t. R_1 ⊕ R_2. Obviously, both R_1 and R_2 are strongly (hence also weakly and innermost) terminating but their disjoint union is not. For instance, a →_{R1⊕R2} a →_{R1⊕R2} a →_{R1⊕R2} . . . is an infinite innermost derivation, and a does not have a normal from w.r.t. (R_1 ⊕ R_2).

4.1 Preservation Behaviour under Signature Extensions

From the observation in Example 19 above one might be tempted to conjecture (as it is done in [22]) that the preservation of normal forms, defined by (with F = F_1 ⊎ F_2, R^F = R^{F1}_1 ⊕ R^{F2}_2 )

NFP(R_1, R_2) : NF(R^F ) = NF(R^F_1 ) ∩ NF(R^F_2 ) ,

where NF(R^F ) = {s ∈ T (F, V) | s irreducible w.r.t. R^F }, should be a sufficient condition for the modularity of weak termination. But this is also not true in general, thus contradicting Theorem 5.2 in [22] (cf. also Theorem 4.3.20 in [20]) the proof of which implicitly relies on the incorrect assumption WN(R^{F1}_1 ) ⇐⇒ WN(R^{F1⊎F2}_1 ). The situation is even worse, since – surprisingly – it may happen that a weakly terminating CTRS may become not weakly terminating under the disjoint union with another ‘empty’ CTRS, i.e., simply by extending the signature without adding new rules.

Example 20 Consider the CTRSs R^{F1}_1 , R^{F2}_2 given by

R_1 = x ↓ z ∧ z ↓ y =⇒ g(x, y) → g(x, y) g(x, x) → x g(x, a) → c g(x, b) → c g(x, g(y, z)) → c g(a, x) → c g(b, x) → c g(g(y, z), x) → c c → a c → b

over F_1 = {g, a, b, c} and R_2 = ∅ over F_2 = {G} (with G unary). It is straightforward to verify that R^{F1}_1 is weakly terminating. The only potential reason for non-existence of a normal form of some given term from T (F_1, V) is the first R_1-rule. But whenever this rule is applicable another rule is applicable, too, which may be preferred (note that without the first rule the system R_1 is even strongly terminating). Now consider the combined system R^F = R^{F1⊎{G}}_1 and the term g(G(a), G(b)). In R^F we get the following cyclic derivation: g(G(a), G(b)) →_RF g(G(a), G(b)) →_RF g(G(a), G(b)) →_RF . . .

by applying the first rule (which is indeed applicable since instantiating the extra variable z by G(c) we easily obtain G(a) ↓_RF G(c) and G(c) ↓_RF G(b) as desired). Note moreover that there is no other way of reducing g(G(a), G(b)) (all its proper subterms are in normal form w.r.t. R^F , and the second rule is clearly not applicable). Hence, R^F = R^{F1⊎{G}}_1 is not weakly terminating. Note that Example 20 also shows that WIN, the weak innermost termination property, need not be preserved under signature extensions (since we have WIN(R^{F1}_1 ) but not WIN(f(G(a), G(b)), R^{F1⊎F2}_1 ), hence not WIN(R^{F1⊎F2}_1 ). By slightly modifying Example 20 we can also show that SIN is not preserved under signature extensions in general.

Example 21 Consider the CTRSs R^{F1}_1 , R^{F2}_2 given by

R_1 = x ↓ z ∧ z ↓ y =⇒ f(g(x, y)) → f(g(x, y)) g(x, x) → x g(x, a) → c g(x, b) → c g(x, f(y)) → c g(x, g(y, z)) → c g(a, x) → c g(b, x) → c g(f(y), x) → c g(g(y, z), x) → c c → a c → b

over F_1 = {f, g, a, b, c} and R_2 = ∅ over F_2 = {G} (with G unary). It is straightforward to verify that R^{F1}_1 is weakly terminating, weakly innermost terminating and even strongly innermost terminating. The crucial point is that any arbitrary infinite R^{F1}_1 - derivation must contain rewrite steps using the first rule. But whenever this rule is applicable, the contracted redex cannot be innermost, since some proper subterm must then be reducible by the remaining rules which constitute a (strongly) terminating CTRS. Nevertheless, in the extended system R^F = R^{F1⊎{G}}_1 we get the cyclic (hence infinite) innermost R^F -derivation: f(g(G(a), G(b)))_i→_RF f(g(G(a), G(b)))_i→_RF f(g(G(a), G(b)))_i→_RF . . .

by applying the first rule (instantiating the extra variable z by G(c)). Note moreover that there is no other way of reducing f(g(G(a), G(b))) (all its proper subterms are in normal form w.r.t. R^F , and the second rule is clearly not applicable). Hence, R^F = R^{F1⊎{G}}_1 is neither strongly innermost terminating nor weakly innermost terminating nor weakly terminating.

By a thorough analysis of abstraction and innermost reduction properties which allow to project reduction sequences on mixed terms to certain reduction sequences on pure terms we shall show below how the monotonicity of WN, WIN and SIN under signature extensions can be restored. More generally, we also develop sufficient criteria for the modularity of these properties. This analysis heavily relies on some very useful terminology and technical results from [22].

Lemma 22 (cf. [22, Prop. 2.23]) Let R^{F1}_1 , R^{F2}_2 be disjoint CTRSs. Then every substitution σ can be decomposed into σ_2∘σ_1 such that σ_1 is black (white), σ_2 is top white (top black), and σ_2 ∝ ϵ.

Definition 23 (cf. [22, Definition 3.2]) Let R^{F1}_1 , R^{F2}_2 be disjoint CTRSs with R = R_1 ⊕ R_2. Then the rewrite relation →_1 is defined as follows: s →_1 t if there exists a rule s_1 ↓ t_1∧ . . . ∧s_n ↓ t_n =⇒ l → r in R_1, a context C[ ] and a substitution σ such that s = C[σ(l)], t = C[σ(r)] and σ(s_i) ↓^o_1 σ(t_i) for i = 1, . . . , n, where σ(s_i) ↓^o_1 σ(t_i) means that s_i and t_i are joinable using only o→_1-reduction steps. The relation →_2 is defined analogously. The union of →_1 and →_2 is denoted by →_{1,2}.

Lemma 24 (cf. [22], Prop. 3.5) (‘injective abstraction’ is possible for^o→_1- steps) Let R_1, R_2 be disjoint CTRSs, s, t be black terms and σ be a top white substitution with σ(s)^o→_1 σ(t). Then, for any substitution τ with σ ∝ τ , we have τ (s)^o→_1 τ (t).

Note that this result implies in particular that a step σ(s)^o→_1 σ(t) on mixed terms can be injectively abstracted into a ‘pure’ step τ (s) →_{R1} τ (t) by injectively replacing the maximal top white aliens of σ(s) and σ(t) by fresh variables. One may wonder whether such an injective abstraction is also possible for an arbitrary outer step σ(s)^o→_{R1} σ(t), where for verifying the conditions of applied R_1-rules also inner R_1-steps are allowed. This is not the case as shown next.

Example 25 Consider the CTRSs R^{F1}_1 , R^{F2}_2 given by

R_1 = x ↓ y =⇒ f(x, y) → x a → b over F_1 = {f, a, b} and R_2 = ∅ over F_2 = {G} (with G unary). Here we have f(G(a), G(b))^o→_{R1} G(a) (due to G(a) ↓_{R1} G(b)), but not f(G(a), G(b))^o→_1 G(a) since for satisfying G(a) ↓_{R1} G(b) we need an inner R_1-step. Note that after injective abstraction of s = f(G(a), G(b)) and t = G(a) into f(x, y) and x, respectively, the reduction f(x, y) →_{R1} x is not possible any more.

The above example somehow suggests that by forbidding the possibility of inner reduction steps injective abstraction of reduction steps might still be possible. But even if all maximal top white aliens are irreducible, this is not possible in general.

Example 26 Consider the CTRSs R^{F1}_1 , R^{F2}_2 given by

R_1 = x ↓ z ∧ z ↓ y =⇒ f(x, y) → x c → a c → b

with F_1 = {f, a, b, c}, R_2 = ∅, F_2 = {G} (with G unary). Here all proper subterms of f(G(a), G(b)) are (R^F -) irreducible and f(G(a), G(b))^o→_{R1} G(a) but not f(G(a), G(b))^o→_1 G(a) since for satisfying G(a) ↓_{R1} z ∧ z ↓_{R1} G(b) we have to instantiate the extra variable z in the condition of the first rule by a mixed term of the form G(u), e.g. G(c), and to use inner R_1-steps for establishing G(a) ↓_{R1} G(u), G(u) ↓_{R1} G(b). Note again that after injective abstraction of s = f(G(a), G(b)) and t = G(a) into f(x, y) and x, respectively, the reduction f(x, y) →_{R1} x is not possible any more.

Whereas in the above examples an injective abstraction of certain reduction steps on mixed terms to a corresponding reduction step on pure terms is not possible, a non-injective ‘identifying’ one, which replaces all maximal top white aliens by the same fresh variable, is indeed possible. This is shown next.

Lemma 27 (‘identifying abstraction’ is always possible) Let R^{F1}_1 , R^{F2}_2 be disjoint CTRSs, s and t be black terms, σ be a top white substitution, and ~σ be defined by ~σ(x) := z for all x ∈ dom(σ) where z is a ‘fresh’ variable, i.e., not occurring in s. Then we have:

(a) σ(s)^o→_{R1} σ(t) =⇒ ~σ(s)^o→_{R1} ~σ(t) , and (b) σ(s)^i→_{R1} σ(t) =⇒ ~σ(s) = ~σ(t) .

Proof. (b) is trivially satisfied by definition of^i→ and of ~σ. We show (a) by induction on n, the depth of rewriting (using the same proof structure as in [22] for Prop. 3.5, see Lemma 24 above). In the base case, i.e., for n ≤ 1, (a) is trivially satisfied. For the induction step, assume σ(s)^o→_{R1} σ(t) is of depth n+1. Hence we have σ(s) = C[ρ(l)]^o→_{R1} C[ρ(r)] for some context C[ ], some substitution ρ and some rule s_1 ↓ t_1 ∧ . . . ∧ s_m ↓ t_n =⇒ l → r from R_1 such that ρ(s_i) ↓_{R1} ρ(t_i) for i = 1, . . . , m with depth less than or equal to n (note that ρ may also instantiate extra variables in the conditions of the applied R_1-rule). Lemma 22 yields a decomposition ρ_1 ∘ρ_2 of ρ such that ρ_1 is black, ρ_2 top white and ρ_2 ∝ id. We observe that whenever ρ_2(u_1) →_{R1} u_2 for some black term u_1, then there is some black term u_3 with u_2 = ρ_2(u_3). Hence, for any i, 1 ≤ i ≤ m, the conversion ρ(s_i) ↓_{R1} ρ(t_i) has the form ρ_2(u_{i,1}) →_{R1} ρ_2(u_{i,2}) →_{R1} . . . →_{R1} ρ_2(u_{i,ki} ) = ρ_2(v_{i,li}) ←_{R1} . . . ←_{R1} ρ_2(v_{i,2}) ←_{R1} ρ_2(v_{i,1}) (with u_{i,1} = ρ_1(s_1), v_{i,1} = ρ_1(t_1)) for black terms u_{i,1} . . . u_{i,ki} , v_{i,1}, . . . , v_{li}. Thus, by using the induction hypothesis and (b) for any single step in ρ_2(ρ_1(s_i)) ↓_{R1} ρ_2(ρ_1(t_i)) it is straightforward to show ~ρ_2(ρ_1(s_i)) ↓_{R1} ~ρ_2(ρ_1(t_i)) by an additional induction on the length of the conversion ρ_2(ρ_1(s_i)) ↓_{R1} ρ_2(ρ_1(t_i)), for i = 1, . . . , m. 2

A straightforward consequence of this ‘identifying abstraction’ lemma is the fact that for rewriting some black term with a black CTRS, considered as CTRS (with the same set of rules) over an extended black-white signature, it is not necessary to instantiate extra variables in the conditions of the (black) rules with non-black terms.

Corollary 28 Let R^F be a CTRS, F^′ be a signature with F ⊆ F^′, and s ∈ T (F, V). Then we have: s →_RF0 t =⇒ s →_RF t .

Subsequently, we shall sometimes tacitly make use of this basic property.

Using Lemma 27 we are now able to show that at least termination (SN) is preserved under signature extensions.

Lemma 29 Let R^F be a CTRS and F^′ be a signature with F ⊆ F^′. Then the following holds: SN(R^F ) ⇐⇒ SN(R^F 0 ).

Proof. It clearly suffices to show: SN(R^F ) =⇒ SN(R^F 0 ). Hence, assuming SN(R^F ), we prove SN(s) for all s ∈ T (F^′, V) by induction on n = rank(s) (note that we may consider here R^F0 as disjoint union R^{F1}_1 ⊕ R^{F2}_2 with R^{F1}_1 = R^F , R_2 = ∅ and F_2 = F^′ \ F). For rank(s) = 1 we get SN(s) by assumption and Corollary 28. Let rank(s) > 1. If the root symbol of s is a new one, i.e. from (F^′ \ F), then SN(s) follows by induction hypothesis, since rewrite steps in the top layer of s are impossible. If root(s) ∈ F then – again by induction hypothesis and the fact that (F^′ \ F)-layers cannot collapse – any infinite R^F 0 -derivation starting with s would have to contain infinitely many outer R^F 0 -steps. But then identifying abstraction using Lemma 27 would yield an infinite R^F -derivation contradicting the assumption SN(R^F ). 2

In order to present sufficient criteria for the preservation of restricted termination properties under signature extensions and – more generally – under disjoint unions, we will introduce now some more notations, in particular for certain innermost reductions steps.

Definition 30 Let R^{F1}_1 , R^{F2}_2 be disjoint CTRSs and R^F = R^{F1}_1 ⊕ R^{F2}_2 = (R_1 ⊎ R_2)^{F1⊎F2} be their disjoint union. If (for s ∈ T (F, V)) s →_RF t by applying some R_1-rule (where for satisfying the conditions also R_2-rules are allowed) we denote this by s →_RF_{1 /R}F t or simply s →_{R1/R} t. Furthermore, for j = 1, 2 we define the innermost reduction properties IRP_1(R_j , R), IRP_2(R_j , R) and IRP_3(R_j , R) by

IRP_1(R_j , R) : ∀s ∈ T (F, V) : s_i→_{Rj} t =⇒ s_i→_j t , IRP_2(R_j , R) : ∀s ∈ T (F, V) : s_i→_{Rj /R}t =⇒ ∃t^′ ∈ T (F, V) : s_i→_{Rj} t^′ IRP_3(R_j , R) : ∀s ∈ T (F, V) : s_i→_{Rj /R}t =⇒ s_i→_{Rj} t .

We observe that the notations used here for innermost reduction are slightly ambiguous (for the sake of readability). When writing s_i→_{Rj/R}t, s_i→_{Rj} t or s_i→_j t, we always mean that the contracted subterm is an innermost redex of s w.r.t. →_R (then it is also an innermost redex of s w.r.t. →_{Rj /R}, →_{Rj} or →_j , respectively, since →_{Rj/R}, →_{Rj} and →_j are subsets of →_R).

Note that IRP_1 enables injective abstraction (via Lemma 24) which will be useful for establishing preservation results under signature extensions. Combined with IRP_2 or the stronger property IRP_3 it will turn out to capture the essence for obtaining modularity results later on.

Using the first innermost reduction property IRP_1 defined above we obtain a sufficient criterion for the preservation of WN, WIN and SIN under signature extensions as follows.

Theorem 31 Let R^{F1}_1 , R^{F2}_2 be disjoint CTRSs with R_2 = ∅ (and R^F = R^{F1}_1 ⊕ R^{F2}_2 = R^{F1⊎F2}_1 ) such that IRP_1(R^{F1}_1 , R^F_1 ) holds. Then we have the following equivalences:

(a) WN(R^{F1}_1 ) ⇐⇒ WN(R^{F1∪F2}_1 ). (b) WIN(R^{F1}_1 ) ⇐⇒ WIN(R^{F1∪F2}_1 ). (c) SIN(R^{F1}_1 ) ⇐⇒ SIN(R^{F1∪F2}_1 ).

Proof. Let R^{F1}_1 , R^{F2}_2 , R^F be given as above satisfying IRP_1(R^{F1}_1 , R^F_1 ). The ‘⇐=’-directions of (a), (b) and (c) are easy by Corollary 28.

(a) For proving WN(R^{F1}_1 ) =⇒ WN(R^F_1 ) we proceed by contradiction assuming WN(R^{F1}_1 ). Let s be counterexample of minimal rank, i.e., s ∈

T (F, V) such that WN(s, R^F_1 ) does not hold, with rank(s) minimal. The case rank(s) = 1 is impossible by the assumption WN(R^{F1}_1 ), Corollary 28 and the fact that R_2 = ∅. If rank(s) > 1 then s has the form s = C [[ s_1, . . . , s_m]] . If the top layer C[, . . . , ] is white then by the minimality assumption and R_2 = ∅ we get WN(s, R^F_1 ), hence a contradiction. Otherwise, in the interesting case where C[, . . . , ] is black, we know by the minimality assumption that every s_i (1 ≤ i ≤ m) has a normal form w.r.t. R^F_1 , let’s say t_i. Hence, we get

s = C [[ s_1, . . . , s_m]] →^∗_RF_1 C[t_1, . . . , t_m] = C^′ {{ u_1, . . . , u_n}}

for some black context C^′{, . . . , } and top white normal forms u_j w.r.t. R^F_1 . Choosing fresh variables x_1, . . . , x_n injectively, i.e., with ⟨u_1, . . . , u_n⟩∞⟨x_1, . . . , x_n⟩, we have rank(C^′{x_1, . . . , x_n}) = 1, hence again by the minimality assumption C^′{x_1, . . . , x_n} can be reduced in R^F_1 to a normal form C^{′′}⟨x_{i1} , . . . , x_{ip}⟩. Thus we get s →^∗_RF_1 C^′ {{ u_1, . . . , u_n}} →^∗_RF_1 C^{′′} ⟨⟨ u_{i1} , . . . , u_{ip} ⟩⟩

with u_{i1} , . . . , u_{ip} ∈ NF(R^F_1 ). Now, denoting u_{ij} by v_j, it suffices to show C^{′′} ⟨⟨ v_1, . . . , v_p⟩⟩ ∈ NF(R^F_1 ). If this were not the case then there would exist an (outer) innermost R^F_1 -reduction step of the form C^{′′} ⟨⟨ v_1, . . . , v_p⟩⟩^o_i→_RF_1 C^{′′′} ⟨⟨ v_{k1} , . . . , v_{kq} ⟩⟩

with 1 ≤ k_l ≤ p, 1 ≤ l ≤ q. But then, due to the assumption IRP_1(R^{F1}_1 , R^F_1 ), we could apply Lemma 24 which would yield (denoting x_{ij} by y_j , 1 ≤ j ≤ p) C^{′′}⟨y_1, . . . , y_p⟩ →_RF_1 C^{′′′}⟨y_{k1} , . . . , y_{kq} ⟩ .

But this is a contradiction to C^{′′}⟨y_1, . . . , y_p⟩ ∈ NF(R^F_1 ). Hence in all cases we have a contradiction.

(b) For proving WIN(R^{F1}_1 ) =⇒ WIN(R^F_1 ) we use the same proof structure as for (a), but the argumentation is slightly different. Namely, (using the notations from above) in the interesting case we get

s = C [[ s_1, . . . , s_m]]_i→^∗_RF_1 C[t_1, . . . , t_m] = C^′ {{ u_1, . . . , u_n}}

by innermost normalizing the s_i to t_i, 1 ≤ i ≤ n. Furthermore, from

C^′{x_1, . . . , x_n}_i→^∗_RF_1 C^{′′}⟨x_{i1} , . . . , x_{ip} ⟩ ∈ NF(R^F_1 )

(which we get by the minimality assumption) we obtain, using for any step the same rule at the same position, C^′ {{ u_1, . . . , u_n}} →^∗_RF_1 C^{′′} ⟨⟨ u_{i1} , . . . , u_{ip} ⟩⟩ .

Note that all R^F_1 -reductions here are innermost steps, because otherwise we could conclude, using Lemma 24 (which is applicable due to the assumption IRP_1(R^{F1}_1 , R^F_1 )), that the corresponding step in C^′{x_1, . . . , x_n}_i→^∗_RF_1 C^{′′}⟨x_{i1} , . . . , x_{ip} ⟩

is a non-innermost R^F_1 -step. Hence we have s_i→^∗_RF_1 C^′ {{ u_1, . . . , u_n}}_i→^∗_RF_1 C^{′′} ⟨⟨ u_{i1} , . . . , u_{ip} ⟩⟩ .

Now C^{′′} ⟨⟨ u_{i1} , . . . , u_{ip}⟩⟩ must be R^F_1 -irreducible by the same argument as in (a) (exploiting again the assumption IRP_1(R^{F1}_1 , R^F_1 )).

(c) For proving SIN(R^{F1}_1 ) =⇒ SIN(R^F_1 ) we assume SIN(R^{F1}_1 ) and show by contradiction that for every term s ∈ T (F, V) we have SIN(s, R^F_1 ). Consider a counterexample which is minimal w.r.t. the subterm relation, i.e., a term s which has an infinite innermost R^F_1 -derivation

(D) s =: s_{0 i}→_RF_1 s_{1 i}→_RF_1 s_{2 i}→_RF_1 . . .

such that all proper subterms of s are strongly innermost terminating (w.r.t. R^F_1 ). Then, necessarily s is a top black term with rank(s) > 1. By the minimality assumption we know that there is some (first) innermost R^F_1 -step

s_k = C_k [[ t_1, . . . , t_n]]_i→_RF_1 C^′ ⟨⟨ t_{i1} , . . . , t_{ip} ⟩⟩ = s_{k+1}

in (D) which is a root reduction step. This implies in particular that all maximal top white aliens of s_k (as well as of all s_k0, k^′ > k) are R^F_1 -irreducible. Hence all steps in

s_{k i}→_RF_1 s_{k+1 i}→_RF_1 s_{k+2 i}→_RF_1 . . .

are outer steps. Due to the assumption IRP_1(R^{F1}_1 , R^F_1 )) we may apply now Lemma 24 and Corollary 28 which yields an infinite innermost R^{F1}_1 derivation

^s_{k i}→_RF_{11} ^s_{k+1 i}→_RF_{11} ^s_{k+2 i}→_RF_{11} . . .

by injectively abstracting the maximal top white aliens by fresh variables. But this is a contradiction to SIN(R^{F1}_1 ). 2

4.2 Modularity Results for WN, WIN and SIN

Using the second innermost reduction property from Definition 30, we get the following modularity result for weak and weak innermost termination.

Lemma 32 Let R^{F1}_1 , R^{F2}_2 be disjoint CTRSs and R^F = (R^{F1}_1 ⊕ R^{F2}_2 ). Then we have:

(a) IRP_2(R_1, R) ∧ IRP_2(R_2, R)

=⇒ [ WN(R^F_1 ) ∧ WN(R^F_2 ) ⇐⇒ WN(R^F ) ]. (b) IRP_2(R_1, R) ∧ IRP_2(R_2, R)

=⇒ [ WIN(R^F_1 ) ∧ WIN(R^F_2 ) ⇐⇒ WIN(R^F ) ].

Proof. Let R^{F1}_1 , R^{F2}_2 , R^F satisfy IRP_2(R^{F1}_1 , R^F ). The ‘⇐=’-directions of the equivalences in (a) and (b) are easy by Corollary 28.

(a) For proving WN(R^F_1 ) ∧ WN(R^F_2 ) =⇒ WN(R^F ) we proceed by contradiction assuming WN(R^F_1 ), WN(R^F_2 ). Let s be a counterexample of minimal rank, i.e., s ∈ T (F, V) such that WN(s, R^F ) does not hold, with rank(s) minimal. The case rank(s) = 1 is impossible, due to the assumptions WN(R^F_j ), IRP_2(R_j , R) (for j = 1, 2). If rank(s) > 1 then s has the form s = C [[ s_1, . . . , s_m]] with s top black w.l.o.g., and we know by the minimality assumption that every s_i (1 ≤ i ≤ m) has a normal form w.r.t. R^F , let’s say t_i. Hence, we get s = C [[ s_1, . . . , s_m]] →^∗_RF C[t_1, . . . , t_m] = C^′ {{ u_1, . . . , u_n}}

for some black context C^′{, . . . , } and top white normal forms u_j w.r.t. R^F . By assumption, we can reduce C^′ {{ u_1, . . . , u_n}} to some normal form w.r.t. R^F_1 , i.e. s →^∗_RF C^′ {{ u_1, . . . , u_n}} →^∗_RF_1 C^{′′} ⟨⟨ u_{i1} , . . . , u_{ip} ⟩⟩

with C^{′′} ⟨⟨ u_{i1} , . . . , u_{ip} ⟩⟩ irreducible w.r.t. →_{R2/R}. Now, to obtain a contradiction, it suffices to show C^{′′} ⟨⟨ u_{i1} , . . . , u_{ip}⟩⟩ ∈ NF(R^F ). If this were not the case then C^{′′} ⟨⟨ u_{i1} , . . . , u_{ip} ⟩⟩ would be innermost →_RF_{1 /R}F -reducible, hence by the assumption IRP_2(R^{F1}_1 , R^F ) it would also be (innermost) →_RF_1 -reducible, contradicting C^{′′} ⟨⟨ u_{i1} , . . . , u_{ip} ⟩⟩ ∈ NF(R^F_1 ). Hence we are done.

(b) For proving WIN(R^{F1}_1 ) =⇒ WIN(R^F_1 ) we use the same proof structure as for (a), but the argumentation is slightly different. Namely, (using the notations from above) in the interesting case we get

s = C [[ s_1, . . . , s_m]]_i→^∗_RF_1 C[t_1, . . . , t_m] = C^′ {{ u_1, . . . , u_n}}

by innermost normalizing the s_i to t_i, 1 ≤ i ≤ n. Furthermore, from the assumption WIN(R^{F1}_1 ) we obtain C^′ {{ u_1, . . . , u_n}}_i→^∗_RF_{11} C^{′′} ⟨⟨ u_{i1} , . . . , u_{ip}⟩⟩ =: t

with t in R^F_1 normal form. Moreover, t is also R^F -irreducible since otherwise, by the assumption IRP_2(R^{F1}_1 , R^F ) we would get a contradiction to t ∈ NF(R^F_1 ). 2

An equivalent characterization of the precondition in Lemma 32 is given by the normal form property NFP defined above. More precisely, we obtain the following result.

Lemma 33 Let R^{F1}_1 , R^{F2}_2 be disjoint CTRSs and R^F = (R^{F1}_1 ⊕ R^{F2}_2 ). Then we have:

NF(R^F ) = NF(R^F_1 ) ∩ NF(R^F_2 ) ⇐⇒ IRP_2(R_1, R) ∧ IRP_2(R_2, R) .

Proof.

“=⇒”: Assuming NF(R^F ) = NF(R^F_1 ) ∩ NF(R^F_2 ) we have to show IRP_2(R_1, R) ∧ IRP_2(R_2, R) . Now, w.l.o.g. it suffices to show: s_i→_{R1/R}t =⇒ ∃t^′ : s_i→_{R1} t^′. Focussing on the contracted redex in s, let’s say at position p, we get s/p = C {{ s_1, . . . , s_n}}_i→_{λ,R1/R} C^′ ⟨⟨ s_{i1} , . . . , s_{ip} ⟩⟩ = t/p with s/p irreducible w.r.t. R^F_2 . Hence, by →_{R1/R}-reducibility of s and the assumption NFP(R_1, R_2) we know that s/p (and thus also s) must be R^F_1 -reducible, too, as desired.

“⇐=”: Assuming IRP_2(R_1, R) ∧ IRP_2(R_2, R) it suffices to show NF(R^F_1 ) ∩ NF(R^F_2 ) ⊆ NF(R^F ). Suppose there exists a term s ∈ ( NF(R^F_1 ) ∩ NF(R^F_2 ) ) \ NF(R^F ). Hence s is R^F -reducible and also R^F -innermost reducible, let’s say with an R_1-rule. Thus we have s_i→_{R1/R}t which by IRP_2(R_1, R) implies s_i→_{R1} t^′ for some t^′. But this is a contradiction to s ∈ NF(R^F_1 ), hence we are done. 2

Now, considering Lemma 32 above, the property IRP_2(R_1, R) ∧ IRP_2(R_2, R) does not yet suffice for the equivalence SIN(R^F_1 ) ∧ SIN(R^F_2 ) ⇐⇒ SIN(R^F ) . To see this, consider the following slightly modified version of Example 19.

Example 34 Consider the disjoint CTRSs R^{F1}_1 , R^{F2}_2 given by

R_1 = x ↓ b ∧ x ↓ c =⇒ a → a a → d R_2 = G(x, y) → x G(x, y) → y

over F_1 = {a, b, c, d} and F_2 = {G, A}, respectively. Here, both R^{F1⊎F2}_1 and R^{F1⊎F2} 2 are (strongly) innermost terminating – and even (strongly) terminating (it is easily shown that the first R_1-rule is never applicable) – but their disjoint union R^F = (R_1 ⊎ R_2)^{F1⊎F2} is not (strongly) innermost terminating due to a_i→_{R1⊕R2} a_i→_{R1⊕R2} a_i→_{R1⊕R2} . . .. Nevertheless R_1 and R_2 satisfy the normal form property NFP(R_1, R_2): NF(R^F ) = NF(R^F_1 ) ∩ NF(R^F_2 ) or equivalently IRP_2(R_1, R) ∧ IRP_2(R_2, R) (since a is now both R^F_1 - and R^F - reducible due the presence of the rule a → d in R_1).

Requiring instead of IRP_2(R_1, R) ∧ IRP_2(R_2, R) the stronger property IRP_3(R_1, R) ∧ IRP_3(R_2, R) accounts for this fact.

Lemma 35 Let R^{F1}_1 , R^{F2}_2 be disjoint CTRSs and R^F = (R^{F1}_1 ⊕ R^{F2}_2 ). Then we have:

IRP_3(R_1, R) ∧ IRP_3(R_2, R) =⇒ [ SIN(R^F_1 ) ∧ SIN(R^F_2 ) ⇐⇒ SIN(R^F ) ].

Proof. Let R^{F1}_1 , R^{F2}_2 and R^F satisfy IRP_3(R_1, R) ∧ IRP_3(R_2, R). Now, the ”⇐=”-direction is straightforward using Corollary 28. Vice versa, for proving SIN(R^F_1 ) ∧ SIN(R^F_2 ) =⇒ SIN(R^F ) we proceed by contradiction assuming SIN(R^F_1 ) and SIN(R^F_2 ). Consider a minimal counterexample, i.e., an infinite innermost R^F -derivation s_{0 i}→_RF s_{1 i}→_RF s_{2 i}→_RF . . . such that no proper subterm of s_0 admits infinite innermost R^F -derivations. By the minimality assumption some step s_{k i}→_RF s_{k+1} in the above derivation must be a root reduction step, let’s say using a rule from R_1. But then we know that all subsequent steps must also be →_{R1/R}-steps. Thus, by the assumption IRP_3(R_1, R) we can conclude that s_{k i}→_RF_1 s_{k+1 i}→_RF_1 s_{k+2 i}→_RF_1 . . . is an infinite innermost R^F_1 -derivation contradicting SIN(R^F_1 ). 2

Next we shall provide sufficient conditions for the innermost reduction properties IRP_1, IRP_2 and IRP_3. Having again a look at Example 21 we see that the system R_1 there is non-confluent and has a rule with extra variables which seems to be essential. And indeed, forbidding extra variables or requiring confluence turns out to be crucial as will be shown next.

Lemma 36 Let R^{F1}_1 , R^{F2}_2 be disjoint CTRSs without extra variables, with R^F = (R^{F1}_1 ⊕ R^{F2}_2 ). Then the innermost reduction properties IRP_k(R_j , R) hold for j = 1, 2 and k = 1, 2, 3.

Proof. It suffices to show the following for j = 1, 2: ∀s ∈ T (F, V) : s_i→_{Rj/R}t =⇒ s_i→_{Rj} t =⇒ s_i→_j t .

This is straightforward by induction on the depth of rewriting, and exploiting the absence of extra variables (since the step s_i→_{Rj/R}t is innermost and due to the absence of extra variables we know that for verifying the conditions of the applied R_j -rule only outer →_j -steps are possible). 2

For the case of confluent CTRSs we need two more technical lemmas from [22].

Lemma 37 (cf. Propositions 3.6 and 3.8 in [22]) Let R_1, R_2 be two disjoint confluent CTRSs and R = R_1 ⊕R_2. Then →_{1,2} is confluent and ↓_{1,2} coincides with ↔^∗_R.

Lemma 38 (cf. Prop. 3.13 in [22]) Let R_1, R_2 be two disjoint, confluent CTRSs, R = R_1 ⊕R_2 and s_1, . . . , s_n, t_1, . . . , t_n be black terms. Then, for every substitution σ with σ(s_i) ↓_{1,2} σ(t_i) for i = 1, . . . , n there exists a substitution τ such that σ →^∗_{1,2} τ and τ (s_i) ↓^o_1 τ (t_i) for i = 1, . . . , n.

Lemma 39 Let R^{F1}_1 , R^{F2}_2 be disjoint confluent CTRSs, with R^F = (R^{F1}_1 ⊕ R^{F2}_2 ). Then the innermost reduction properties IRP_k(R_j , R) hold for j = 1, 2 and k = 1, 2, 3.

Proof. It suffices to show the following for j = 1, 2: ∀s ∈ T (F, V) : s_i→_{Rj/R}t =⇒ s_i→_{Rj} t =⇒ s_i→_j t

Now consider a step s_i→_{Rj/R}t using some R_j -rule P =⇒ l → r with matching substitution σ (which may also instantiate the extra variables in the conditions P ). Hence, we have σ(u) ↓_R σ(v) for all conditions u ↓ v in P . By Lemma 37 and Lemma 38 we obtain the existence of some substitution τ with σ →^∗_{1,2} τ and τ (u) ↓^o_j τ (v) for all u ↓ v in P . Since the step s_i→_{Rj/R}t is innermost we know that σ(x) is irreducible for all x ∈ dom(σ) ∩ V(l), hence σ and τ coincide on V(l). Thus we get σ(l) = τ (l), σ(r) = τ (r) which implies s_i→_j t as desired. 2

Note in particular that Theorem 31 together with Lemmas 32, 35, 36 and 39 shows that WN, WIN and SIN are preserved under signature extensions for confluent CTRSs as well as for CTRSs without extra variables.

By combining Theorem 31 and the Lemmas 32, 35, 36 and 39 we now obtain the following modularity results.

Theorem 40 Weak termination, weak innermost termination and (strong) innermost termination are modular properties for CTRSs without extra variables (in the conditions) and for confluent CTRSs.

Together with Theorem 18 this implies in particular the following.

Corollary 41 Semi-completeness is modular for CTRSs.

4.3 Modularity Results for Termination and Completeness

Before turning to further modularity results concerning termination and completeness let us now have a look upon the fact that for disjoint CTRSs R_1, R_2 confluence of R_1 ⊕ R_2 implies confluence of both R_1 and R_2. As already mentioned this is straightforward for systems without extra variables but less obvious if extra variables are allowed. The problem is the following. Let the disjoint union R = R_1 ⊕ R_2 of R_1 and R_2 be confluent. Then we would like to show that for any black term s, whenever we have s →^∗_{R1} t_1 and s →^∗_{R1} t_2 (with t_1, t_2 necessarily black, too) then t_1 →^∗_{R1} u, t_2 →^∗_{R1} u for some black term u. By confluence of R_1 ⊕ R_2 we know that there exists (a black term) u with t_1 →^∗_R u, t_2 →^∗_R u. Now we would like to conclude that all the steps in t_1 →^∗_R u, t_2 →^∗_R u are R_1-steps. So, in a sense we would like to be sure that it is not necessary to substitute non-black terms for the extra variables of the black rules (in order to verify their associated, correspondingly instantiated conditions) applied in t_1 →^∗_R u, t_2 →^∗_R u. This can indeed be proved as will be sketched now. First we need another technical result adapted from [22].

Lemma 42 Let R_1, R_2 be disjoint CTRSs such that R = R_1 ⊕ R_2 is confluent, and let s_1, . . . , s_n, t_1, . . . , t_n be black terms. Then, for every substitution σ with σ(s_i) ↓_R σ(t_i) for i = 1, . . . , n there exists a substitution τ such that σ →^∗_R τ and τ (s_i) ↓^o_1 τ (t_i) for i = 1, . . . , n.

Proof. We omit a detailed proof here, because it is quite lengthy and completely analogous to the proof of [22, Proposition 3.13], cf. Lemma 38 above (more precisely, Lemma 42 is obtained from [22, Proposition 3.13] by replacing →_{1,2} by →_R and accordingly, ↓_{1,2} by ↓_R, and assuming confluence of R instead of confluence of →_{1,2}). 2

Lemma 43 Let R_1, R_2 be disjoint CTRSs such that R = R_1 ⊕ R_2 is confluent, and let s be a black term with s →_{R1/R} t. Then s →_{R1} t holds, too (by applying the same R_1-rule).

Proof. Let R_1, R_2, R = R_1 ⊕ R_2, s and t as above. Moreover assume that s_1,...,s_n, t_1,...,t_n are the (black) condition terms of the applied R_1-rule P =⇒ l → r with matching substitution σ and σ(s_i) ↓_R σ(t_i) for i = 1, ..., n. Note that – due to the possibility of extra variables in P – we have to take into account that σ may substitute non-black terms for some extra variables. Using Lemma 22 we can decompose σ into σ_1 ∘ σ_2 with σ_1 black, σ_2 top white, dom(σ_1) ⊇ V (l) and such that σ_2 does not affect the σ_1-instances of the left hand side variables, i.e. σ_2(σ_1(x)) = σ_1(x) for all x ∈ V (l). Then we would like to conclude that there exists a black substitution σ^′ with σ^′(s_i) ↓_{R1} σ^′(t_i) and σ^′(x) = σ(x) = σ_1(x) for all x ∈ V (l), i.e. the substitutions σ and σ^′ may differ but only on the extra variables. Now, from σ_2(σ_1(s_i)) ↓_R σ_2(σ_1(t_i)) we know that σ_1(s_i), σ_1(t_i) are black, hence Lemma 42 yields a substitution τ with σ_2 →^∗_R τ and τ (σ_1(s_i)) ↓^o_1 τ (σ_1(t_i)) for i = 1, . . . , n such that by applying again Lemma 22 we obtain a decomposition of σ_1 ∘ τ into σ^′_1 ∘ τ^′ with σ^′_1 black and τ^′ top white and moreover σ(x) = σ_1(x) = σ^′_1(x) = τ^′(σ^′_1(x)) for all x ∈ V (l). Applying Lemma 24 now yields τ^{′′}(σ^′_1(s_i)) ↓^o_1 τ^{′′}(σ^′_1(t_i)) for every τ^{′′} with τ^′ ∝ τ^{′′}. We choose τ^{′′} to be defined by τ^{′′}(x) = z for all x ∈ dom(τ^′) with z some new variable. Hence we get τ^{′′}(σ^′_1(s_i)) ↓^o_1 τ^{′′}(σ^′_1(t_i)) with (σ^′_1 ∘ τ^{′′}) a black substitution satisfying σ(x) = σ_1(x) = σ^′_1(x) = τ^{′′}(σ^′_1(x)) for all x ∈ V (l). Since^o→_1 is a subset of →_{R1} we are done. This means that there exists a black substitution satisfying the conditions w.r.t. R_1 which coincides with the original (possibly mixed) substitution σ on V (l). 2

As straightforward consequence of Lemma 43 we obtain the following.

Corollary 44 Let R^{F1}_1 , R^{F2}_2 be disjoint CTRSs (with extra variables in the conditions allowed) such that R^F = R^{F1}_1 ⊕ R^{F2}_2 is confluent. Then both R^{F1}_1 and R^{F2}_2 are confluent, too.

Let us come back now to the question under which conditions termination and completeness are modular for CTRSs. Combining different results enables us to prove the following.

Theorem 45 Termination and completeness are modular for non-overlapping CTRSs.

Proof. Let R_1, R_2 be two disjoint non-overlapping and terminating CTRSs. Applying Theorem 14 yields confluence of R_i for i = 1, 2. By assumption we know in particular that both systems are (strongly) innermost terminating. Hence, by Theorem 40 we get that R_1 ⊕ R_2 is (strongly) innermost terminating, too. The property of being non-overlapping is obviously modular for CTRSs. Hence R_1 ⊕ R_2 is (strongly) innermost terminating and non-overlapping. Finally, applying Theorem 15 yields (strong) termination of R_1 ⊕ R_2 which – again by Theorem 14 – implies confluence of R_1 ⊕ R_2. Hence, R_1 ⊕ R_2 is a confluent, (strongly) terminating and non-overlapping CTRS. Vice versa, assume that R_1 ⊕ R_2 is non-overlapping and terminating, hence complete. Then we know that both R_1 and R_2 are non-overlapping and terminating, hence complete (by Theorem 14). 2

Note that in the above proof we did not make use of the modularity of confluence (Theorem 18). However, this is necessary for the case of conditional overlay systems.

Theorem 46 Termination and completeness are modular for conditional overlay systems with joinable critical pairs.

Proof. Let R_1, R_2 be two disjoint terminating, conditional overlay systems with joinable critical pairs. Applying Theorem 14 yields confluence of R_i for i = 1, 2. By assumption we know in particular that both systems are (strongly) innermost terminating. Hence, by Theorem 40 we get that R_1 ⊕R_2 is (strongly) innermost terminating, too. The property of being a conditional overlay system is obviously modular for CTRSs. Hence R_1 ⊕R_2 is a (strongly) innermost terminating, conditional overlay system. Now, in order to be able to apply Theorem 16 for inferring (strong) termination of R_1 ⊕ R_2 we need to establish joinability of all (conditional) critical pairs of R_1 ⊕ R_2. Since both R_1 and R_2 are confluent we know by Theorem 18 that R_1 ⊕ R_2 is confluent, too. Hence, in particular, all critical pairs of R_1 ⊕ R_2 must be joinable. Applying Theorem 16 now yields that R_1 ⊕ R_2 is a (strongly) terminating and confluent conditional overlay system (with joinable critical pairs, of course). Vice versa, assume that R_1 ⊕ R_2 is a conditional overlay system with joinable critical pairs which is terminating, hence confluent and complete. Then we know that both R_1 and R_2 are terminating conditional overlay systems. By Corollary 44 confluence of R_1 ⊕ R_2 implies confluence of both R_1 and R_2 (hence in particular also joinability of critical pairs). 2

4.4 Further Extensions and Counterexamples

Note that – compared to the unconditional case – the proofs of Theorem 45 and Theorem 46 are more complicated. As pointed out above, one additional complication is due to the fact that some basic properties which are trivial for unconditional TRSs become non-trivial for CTRSs.

4.4.1 On Non-Modularity of WCR and JCP

Another reason consists in the fact that, in contrast to the unconditional case, both local confluence and joinability of all critical pairs are not modular for CTRSs in general.

Example 47 ([22]) Consider the disjoint CTRSs

R_1 = x ↓ z ∧ z ↓ y =⇒ f(x, y) → x x ↓ z ∧ z ↓ y =⇒ f(x, y) → y R_2 = b → a b → c c → b c → d

It is easy to show that both R_1 and R_2 are locally confluent (cf. [22]) – R_1 is even confluent – and hence have joinable critical pairs. But the only (conditional) critical pair of R_1, namely x ↓ z ∧ z ↓ y =⇒ ⟨x, y⟩

is not joinable in R = R_1 ⊕ R_2 since we have f(a, d) →_R a and f(a, d) →_R d, due to a ↓_R b ↓_R d (the extra variable z here is substituted by b), but not a ↓_R d. This means that R is neither locally confluent nor has joinable critical pairs.

Note that extra variables are not essential for the existence of such counterexamples. To see this consider the following modified version of Example 47. Example 48 Let R_2 be as above and R_1 be given by

R_1 = x ↓ z ∧ z ↓ y =⇒ f(x, z, y) → x x ↓ z ∧ z ↓ y =⇒ f(x, z, y) → y .

Again it is easy to show that both R_1 and R_2 are locally confluent and hence have joinable critical pairs. But the only (conditional) critical pair of R_1, namely x ↓ z ∧ z ↓ y =⇒ ⟨x, y⟩ is not joinable in R := R_1⊕R_2 since we have f(a, b, d) →_R a and f(a, b, d) →_R d, due to a ↓_R b ↓_R d, but not a ↓_R d.

Note that in Examples 47 and 48 above the CTRS R_2 is not (strongly) innermost terminating. But requiring SIN is still not sufficient for guaranteeing modularity of JCP as can be seen from the following example.

Example 49 Let R^{F1}_1 , R^{F2}_2 be given by

R_1 = x ↓ z ∧ z ↓ y =⇒ f(x, z, y) → x x ↓ z ∧ z ↓ y =⇒ f(x, z, y) → y R_2 = g(b) → g(c) g(c) → g(b) g(b) → a g(c) → d b → e c → e^′ g(e) → a g(e^′) → d

over F_1 = {f} and F_2 = {g, a, b, c, d, e, e^′}, respectively. Here, both R^{F1}_1 and R^{F2}_2 are locally confluent, have joinable critical pairs, no extra variables and are (strongly) innermost terminating (note that the critical steps in R_2, namely g(b) → g(c) and g(c) → g(b), are non-innermost). But their disjoint union R^F = R^{F1}_1 ⊕ R^{F2}_2 does neither satisfy JCP(R^F ) nor WCR(R^F ), since we have e.g. a ←_RF f(a, g(b), d) →_RF d (due to a ↓_RF g(b) ↓_RF d) but not a ↓_RF d. These counterexamples indicate that it is not easy to find reasonable sufficient conditions for the modularity of JCP and WCR (which do not imply modularity of CR). This corresponds somehow to the well-known fact that – in contrast to the situation for unconditional TRSs – joinability of (all) critical pairs, local confluence and confluence cannot be neatly disentangled from each other in the conditional case (cf. [5]).

4.4.2 Semantic Versions of Non-Overlapping and Overlay CTRSs

An obvious question arising from Theorems 45 and 46 is whether these results do also hold for the more general semantic versions of the properties of being non-overlapping and being an overlay system (see Remark 8). This is indeed the case as we will show below.

Definition 50 A CTRS R is said to be semantically non-overlapping (SEM-NO) if all its critical pairs are infeasible. R is said to be a (conditional) semantic overlay system (SEM-OS) if all its feasible critical pairs are critical overlays, i.e., are obtained by overlapping rules at root position.

Clearly, a (syntactically) non-overlapping CTRS is semantically non-over-lapping, too, but not vice versa in general. Analogously, a (syntactical) overlay CTRS is a semantic overlay system but not vice versa in general.

Note that the syntactical versions of the properties of being non-overlapping and of being an overlay system can be easily tested (for finite systems) whereas establishing their semantic versions may be very difficult. The reason is that e.g. for proving SEM-NO for some CTRS R one has to show that all (conditional) critical pairs of R are infeasible. But this is undecidable in general.

Furthermore note that, considering single CTRSs, it is fairly obvious to see that most results which depend on the property of being non-overlapping or being an overlay system do not only hold for the usual syntactical but also for the more general semantic versions of these properties. In particular, this applies to Theorems 15 and 16.

But concerning preservation properties of combined systems the situation is quite different and considerably more complicated as we shall see.

First let us note that – in contrast to OS – the property SEM-OS is not modular as witnessed by the following example.

Example 51 Consider the disjoint CTRSs

R_1 = x ↓ b ∧ x ↓ c =⇒ a → a x ↓ b ∧ x ↓ c =⇒ f(a) → a R_2 = G(x, y) → x G(x, y) → y .

Here we have SEM-OS(R_j ) for j = 1, 2 as is easily shown (note that R_1 has no feasible critical pair). But the disjoint union R_1 ⊕ R_2 has the critical pair x ↓ b ∧ x ↓ c =⇒ ⟨f(a) = a⟩ (between the first and the second R_1-rule) which is feasible (by replacing the extra variable x by G(b, c)) but not an overlay. Hence, SEM-OS(R_1 ⊕ R_2) does not hold.

Note that Example 48 above shows that SEM-OS ∧ JCP is also not modular for CTRSs (even without extra variables). The corresponding problem for the non-overlapping property remains open. Actually, we do don’t know whether SEM-NO and SEM-NO ∧ JCP are modular or not. But SEM-OS ∧ CR turns out to be modular as well as SEM-NO ∧ CR.

Lemma 52 SEM-OS ∧ CR is a modular property of CTRSs.

Proof. Let R^{F1}_1 , R^{F2}_2 be disjoint CTRSs with SEM-OS(R^{Fj}_j ) and CR(R^{Fj}_j ) for j = 1, 2. Let R^F = R^{F1}_1 ⊕ R^{F2}_2 . By Theorem 18 we know CR(R^F ). Now, for a proof by contradiction assume that SEM-OS(R^F ) does not hold. Thus there exists a critical pair P =⇒ ⟨s = t⟩ in R^F which is not an overlay and feasible w.r.t. R^F . Assume further w.l.o.g. that P =⇒ ⟨s = t⟩ is a critical pair between two R_1-rules. By SEM-OS(R^{F1}_1 ) we know that P =⇒ ⟨s = t⟩ is infeasible w.r.t. R^{F1}_1 . Hence, for all F_1-substitutionsσ (i.e., with σ(x) ∈ T (F_1, V) for every x ∈ dom(σ)) we have ¬(σ(P ) ↓_{R1} ). But there exists some mixed (F_1 ⊎ F_2)-substitution σ with σ(P ) ↓_R. Applying Lemma 37 yields σ(u) ↓_{1,2} σ(v) for all u ↓ v in P . Since u and v are black terms we conclude by Lemma 42 that there exists some substitution τ with σ →^∗_{1,2} τ such that τ (u) ↓^o_1 τ (v) holds for all u ↓ v in P . Lemma 22 yields a decomposition of τ into τ_2 ∘ τ_1 with τ_1 black, τ_2 top white and τ_2(τ_1(u)) ↓^o_1 τ_2(τ_1(v)) for all u ↓ v in P . From Lemma 24 we get τ^′(τ_1(u)) ↓^o_1 τ^′(τ_1(v)) for every τ^′ satisfying τ_2 ∝ τ^′ and every u ↓ v in P . We choose now τ^′ to be defined by τ^′(x) = z for every x ∈ dom(τ_2) with z some new variable. Thus τ^{′′} = τ^′ ∘τ_1 is a black substitution with τ^{′′}(u) ↓^o_1 τ^{′′}(v) for all u ↓ v in P . But this means that the critical pair P =⇒ ⟨s = t⟩ is feasible w.r.t. R^{F1}_1 . Hence we have a contradiction.

Vice versa, for R^F = R^{F1}_1 ⊕ R^{F2}_2 with SEM-OS(R^F ) and CR(R^F ) we obtain CR(R^{Fj}_j ) for j = 1, 2 by Corollary 44. Finally, SEM-OS(R^{Fj}_j ) for j = 1, 2 follows from SEM-OS(R) (since feasibility is monotonic w.r.t. signature extensions). 2

Similarly we obtain the following result.

Lemma 53 SEM-NO ∧ CR is a modular property of CTRSs.

Proof. The proof is analogous to the proof of Lemma 52. 2

Combining Lemmas 53 and 52 with (the generalized semantic version of) Theorem 16 we obtain the following results.

Theorem 54 Both SEM-NO ∧ SIN and SEM-OS ∧ CR ∧ SIN are modular properties of CTRSs.

Theorem 55 Completeness is modular for semantically non-overlapping CTRSs as well as for semantic (conditional) overlay systems.

The following tables summarize the preservation behaviour of the discussed properties of CTRSs under signature extensions and under disjoint unions. We recall that the abbreviation NEV stands for the property of CTRSs to have no extra variables in the conditions (remember that extra variables in right-hand sides are forbidden by definition).

Preservation Properties of CTRSs under Signature Extensions Property is preserved reason/reference SN + Lemma 29 CR + [22] WN − Example 20 WN ∧ NEV + Theorem 40 WN ∧ CR + Theorem 40 WIN − Example 20 WIN ∧ NEV + Theorem 40 WIN ∧ CR + Theorem 40 SIN − Example 21 SIN ∧ NEV + Theorem 40 SIN ∧ CR + Theorem 40

Modularity Properties of CTRSs Property is modular reason/reference SN − [31] CR + [22] WN ∧ NEV + Theorem 40 WN ∧ CR + Theorem 40 WIN ∧ NEV + Theorem 40 WIN ∧ CR + Theorem 40 SIN ∧ NEV + Theorem 40 SIN ∧ CR + Theorem 40 WCR − Example 47 ([22]) WCR ∧ OS − Example 47 ([22]) JCP − Example 47 ([22]) JCP ∧ OS − Example 47 ([22]) JCP ∧ OS ∧ NEV − Example 48 JCP ∧ SIN − Example 49 JCP ∧ SIN ∧ NEV − Example 49 SN ∧ CR − [32] SN ∧ CR ∧ NO + Theorem 45 SN ∧ CR ∧ OS + Theorem 46 NO + trivial OS + trivial SEM-NO ? SEM-NO ∧ JCP ?

SEM-OS − Example 51 SEM-NO ∧ CR + Lemma 53 SEM-OS ∧ CR + Lemma 52 SN ∧ CR ∧ SEM-NO + Theorem 55 SN ∧ CR ∧ SEM-OS + Theorem 55

5 Combined CTRSs with Shared Constructors

Let us now investigate whether the obtained results can be generalized to nondisjoint unions of CTRSs which is important from a practical point of view. More precisely, we consider constructor sharing combinations (combined systems which share at most constructors), i.e., CTRSs where the respective sets of left-hand side root symbols (the defined symbols) are disjoint. Such combinations have been introduced by Kurihara & Ohuchi [15] and studied subsequently by many authors. Slightly less general are combinations of constructor systems (with disjoint sets of defined symbols) considered in Middeldorp & Toyama [23] (for unconditional TRSs) and Middeldorp [21] (for CTRSs).

Since the proofs of many modularity results for the disjoint union case mainly rely on the layered structure of terms and on the rank decreasingness property of reduction in the combined system, most of these results also carry over to constructor sharing combinations when taking into account the additional phenomenon that layer collapses are not only caused by collapsing rules (i.e., rules with a variable as right-hand side) but also by constructor-lifting rules (i.e., rules with a constructor as right-hand side root symbol).

We show now that the main results of the previous section indeed carry over to constructor sharing combinations. For the preservation results under signature extensions there is nothing to do. The abstract criteria for the preservation of the restricted termination properties WN, WIN and SIN (cf. Theorem 31) also easily carry over. Modularity of WN, WIN and SIN for constructor sharing combinations without extra variables is easy, too. But, unfortunately, the other modularity results in the disjoint union case, in particular for termination and completeness, make essential use of the preservation of confluence. And it is well-known that for constructor sharing combinations confluence may get lost, even in the unconditional case.

Example 56 ([15]) Consider the disjoint TRSs

R_1 = f(x, x) → a f(x, c(x)) → b and R_2 = { d → c(d) }

which share the constructor c. Both systems are clearly confluent but their combination is not, since e.g. the term f(d, d) has two distinct normal forms a and b.

This problem is due to the fact that in the combined system a term need not have a preserved reduct, i.e., a reduct with a stable layer structure. This property turned out to be crucial (and was easily verified) in the simplified proof of

Toyama’s theorem ([13]) stating that confluence is modular for disjoint unions of (unconditional) TRSs. By guaranteeing the existence of preserved reducts, the proof of [13] essentially carries over to constructor sharing combinations of TRSs as recognized by Ohlebusch ([26]). One straightforward criterion to ensure the crucial preservation property property is to require weak normalization of the involved TRSs which implies the modularity of semi-completeness for constructor sharing TRSs ([26]). The preservation property was already implicitly used by Middeldorp ([20], [22]) for proving modularity of confluence for disjoint unions of CTRSs. By combining this proof structure of [20] with [26] Ohlebusch recently succeeded in proving the modularity of semi-completeness for constructor sharing CTRSs ([27]). The latter result now enables us to extend our modularity criteria for termination and completeness of CTRSs from disjoint unions to constructor sharing combinations, too. This will be exhibited now. First let us fix the extended setting.

Definition 57 Let R^F , R^{F1}_1 , R^{F2}_2 be CTRSs.

(1) The set D of defined function symbols of R^F is given by D = {root(l) | s_1 ↓ t_1 ∧ . . . ∧ s_n ↓ t_n =⇒ l → r ∈ R^F }, the set C of constructors (or constructor function symbols) by C = F \ D. Terms containing no defined function symbols are constructor terms.

(2) R^{F1}_1 , R^{F2}_2 are called constructor-sharing if they share at most constructors, i.e., if D_1 ∩ F_2 = D_2 ∩ F_1 = ∅. In this case, their union R^F = (R_1 ∪ R_2)^{F1∪F2} is called the combined CTRS with shared constructors (C_1 ∩ C_2). A property P of CTRSs is called modular for constructorsharing CTRSs if for all constructor-sharing CTRSs R_1, R_2 their union R_1 ∪ R_2 has the property P if and only if both R_1 and R_2 have the property P.

(3) R^F is a conditional constructor system if all arguments of left-hand sides of rules in R are constructor terms.

Subsequently, we tacitly assume that R^{Fi}_i , i = 1, 2, are constructor-sharing CTRSs with corresponding sets C_i and D_i of constructors and defined function symbols, respectively. Reduction in the combined system R^F = (R_1∪R_2)^{F1∪F2} is denoted by →_R or simply →.

The following colour scheme has turned out to be useful for enhancing readability of statements about the combined system.

Definition 58 Function symbols from F_1 \ (C_1 ∩ C_2) are called black , those from F_2 \ (C_1 ∩ C_2). Shared constructors (i.e., the function symbols of C_1 ∩ C_2) and variables are considered to be transparent. A black (white) term does not contain white (black) symbols. A transparent term contains only shared constructors and variables. A term is called top black (top white, top-transparent) if its root symbol is black (white, transparent).

Note that according to this colour scheme black (white) terms are pure T (F_1, V)-terms (T (F_2, V)-terms), i.e., without function symbols from F_2 (F_1). This is only slightly different from defining a function symbol to be black (white, transparent) if it is from D_1 = F_1 \ C_1 (D_2 = F_2 \ D_2, C_1 ∪ C_2) but has some subtle advantages when generalizing constructor sharing systems to composable ones where a common rule part is allowed, too (cf. [28]).

For representing terms in the combined system we adapt the notations from the disjoint union case.

Definition 59 Let s = C[s_1, . . . , s_n] for some (non-empty) context C[, . . . , ]. If s is top transparent, and s_i top black or top white, for i = 1, . . . , n, we write s = C^t [[ s_1, . . . , s_n]] . If s is top black (top white), and s_i top white (top black), for i = 1, . . . , n, we write s = C^b [[ s_1, . . . , s_n]] (s = C^w [[ s_1, . . . , s_n]] ). These notations generalize in a straightforward way to ‘degenerate’ cases of context representations (cf. Section 2.1).

Definition 60 The rank of a top black term s is defined by

rank(s) = 1 if s is black 1 + max{rank(s_i) | 1 ≤ i ≤ n} if s = C^b [[ s_1, . . . , s_n]]

(and analogously for s top white). If s is top transparent then its rank is defined by

rank(s) = 0 if s is transparent max{rank(s_i) | 1 ≤ i ≤ n} if s = C^t [[ s_1, . . . , s_n]] Definition 61 For a top black term s = C^b [[ s_1, . . . , s_n]] , if s → t by reducing one of the s_j ’s then this step is called an inner step which is denoted by s^i→ t (analogously for s top white). For a top transparent term s = C^t [[ s_1, . . . , s_n]] , if s → t then t must be of the form t = C^t[s_1, . . . , s_{j−1}, t_j, s_{j+1}, . . . , s_n] for some t_j . In this case the step s → t is inner (again denoted by s^i→ t) if s_j^i→ t_j , and outer (denoted by s^o→ t) if s_j^o→ t_j. Using these conventions the relations →_1, →_2 and →_{1,2} of Definition 23 extend to the constructor-sharing case in the obvious way.

After these preliminary considerations and adaptations of the terminology for constructor-sharing combinations we are prepared to carry over the main results from the disjoint union case. As already mentioned, for the preservation results under signature extensions there is nothing to do. First we observe that Lemmas 22, 24 and 27 carry over easily using the same proof structure as formerly. Concerning the abstract modularity criteria for weak normalization

(WN), weak innermost normalization (WIN) and strong innermost normalization (SIN) we remark that Definition 30 carries over to constructor-sharing CTRSs directly. Now it is straightforward to verify that the Lemmas 32, 33, 35 and 36 extend to the constructor-sharing case, too, using the same proof structures and essentially the same arguments, respectively. In particular we note that for the additional case of a top transparent term s = C^t [[ s_1, . . . , s_n]] , s is WN (WIN, SIN) w.r.t. the combined system if and only if all its maximal aliens s_1, . . . , s_n are so. This is simply due to the fact there are no rules applicable in s in the topmost transparent layer (which consists of constructors and variables, only). And moreover, any innermost step in some s_i is also innermost in s. Hence, as for disjoint unions, combining these extended results we obtain the following first modularity result for constructor-sharing CTRSs.

Theorem 62 Weak termination, weak innermost termination and strong innermost termination are modular for constructor-sharing CTRS without extra variables (in the conditions of the rules).

For extending the other results, however, which rely on the modularity of confluence for disjoint unions of CTRSs, we need the following recent results of Ohlebusch ([27]).

Lemma 63 (extended version of Lemma 37, [27]) If R^{F1}_1 , R^{F2}_2 are semicomplete constructor-sharing CTRSs then →_{1,2} is semi-complete and ↓_{1,2} coincides with ↔^∗_R.

Lemma 64 (extended version of Lemma 38, [27]) Let R^{F1}_1 , R^{F2}_2 be constructorsharing CTRSs such that →_{1,2} is semi-complete. Let s_1, . . . , s_n, t_1, . . . , t_n be black terms. If σ is a substitution with σ with σ(s_i) ↓_{1,2} σ(t_i) for i = 1, . . . , n then σ^→(s_i) →^o_1 σ^→(t_i) for i = 1, . . . , n (where σ^→ denotes the corresponding normalized substitution w.r.t. →_{1,2}, i.e., for all x ∈ dom(σ), σ^→(x) is the unique normal form of x w.r.t. →_{1,2} which exists due to semi-completeness of →_{1,2}).

This enables us to prove the following adapted version of Lemma 39.

Lemma 65 Let R^{F1}_1 , R^{F2}_2 be semi-complete constructor-sharing CTRSs. Then the (adapted) innermost reduction properties IRP_k(R_j , R) hold for j = 1, 2 and k = 1, 2, 3.

Proof. The proof is analogous to the proof of Lemma 39 using Lemmas 63, 64 instead of Lemmas 37, 38. 2

Now the adapted second part of Theorem 40 reads as follows.

Theorem 66 Weak termination, weak innermost termination and (strong) innermost termination are modular for constructor-sharing semi-complete CTRSs.

Proof. Straightforward by combining the adapted versions of Theorem 31 and of the Lemmas 32, 35 with Lemma 65 above (note that for the less interesting direction of these modularity results we also tacitly make use of Corollary 28). 2 The ‘semi-completeness part’ of Theorem 66 is already subsumed by the following main result of Ohlebusch [27].

Theorem 67 ([27]) Semi-completeness is modular for constructor-sharing CTRSs.

This latter result now permits to generalize our modularity criteria for termination and completeness in Section 4 from the disjoint union case to constructorsharing combinations.

Theorem 68 (generalized version of Theorem 45) Termination and completeness are modular for constructor-sharing non-overlapping CTRSs.

Proof. Straightforward by combining Theorems 14, 15, 66 and 67 (as well as Corollary 28). 2

Theorem 69 Termination and completeness are modular for constructorsharing conditional overlay systems with joinable critical pairs.

Proof. Straightforward by combining Theorems 14, 16, 66 and 67. 2

By a similar reasoning as in the proof of Lemma 52 (which itself does not extend to the constructor-sharing case, cf. Example 56 above), but exploiting additionally the modularity of semi-completeness and the mentioned related technical results, it is easy to show that Theorems 68 and 69 also hold for the semantic versions of the properties of being non-overlapping and being an overlay system.

6 Discussion, Related Work and Open Problems

Our results above and the counterexamples falsifying a couple of quite obvious and tempting conjectures demonstrate once more the inherent complexity and intricacy of CTRSs. Allowing extra variables in the conditions gives rise to some additional complications and phenomena. We have also seen that termination and confluence properties of CTRSs depend on each other in a very subtle manner. Compared to unconditional TRSs the compositional behaviour of CTRSs under disjoint unions and even under signature extensions has turned out to be much more complicated (cf. e.g. Example 21). In particular, the properties of having (only) joinable critical pairs (JCP), being locally confluent (WCR) and being weakly, weakly innermost and (strongly) innermost terminating (WN, WIN and SIN, respectively) are in general not preserved under disjoint unions, in contrast to the unconditional case. An additional complication for the constructor-sharing case is the well-known fact that confluence is no longer modular in general, but fortunately semi-completeness. The latter result enabled us to generalize our main results, namely modularity of completeness for non-overlapping and overlay CTRSs, to the constructorsharing case, too.

In the presentation we have focussed on join CTRSs which – from an operational point of view – is the most interesting type. It needs some further investigations (but should not be too difficult) to find out which of our results do also hold for semi-equational CTRSs. Note for instance, that the counterexample 21 does not work anymore for the semi-equational case.

Finally we would like to mention that Middeldorp [21] has obtained some closely related results. He showed in [21] that semi-completeness and completeness are preserved under combinations of conditional constructor systems (with disjoint sets of defined function symbols) without extra variables, and conjectured that this should also hold for systems with extra variables allowed. Theorems 67 and 69 above show that this is indeed the case, even in a slightly more general form (the systems need not be constructor systems). But, in order to be more precise, the main results of [21] do even hold for composable conditional constructor systems where the rules for some defined symbols may be shared. Hence, it still remains to be investigated whether semi-completeness and completeness are modular for the corresponding slightly more general case of composable CTRSs which may share constructors and must share all defining rules for some defined function symbol whenever that symbol is shared (cf. [28] and [16] for some recent results on composable (C)TRSs). This seems to be plausible but may be technically tedious to achieve. From a practical applicability point of view it seems to be more useful to investigate which properties are preserved under certain hierarchical combinations of CTRSs where one system may refer to defined symbols of the other one but not vice versa. Various results in this direction have been obtained in [17], [2], [18], [8], [6], but mainly for unconditional TRSs.

Acknowledgements: We thank the anonymous referees for some useful comments.

References

[1] J.A. Bergstra and J.W. Klop, Conditional rewrite rules: confluence and termination, Journal of Computer and System Sciences 32 (1986) 323–362.

[2] N. Dershowitz, Hierarchical termination, in: N. Dershowitz and N.

Lindenstrauss, eds., Proc. 4th Int. Workshop on Conditional and Typed Rewriting Systems, (CTRS’1994), Jerusalem, Israel, Lecture Notes in Computer Science, Vol. 968, (Springer, Berlin, 1995) 89–105

[3] N. Dershowitz and J.-P. Jouannaud, Rewrite systems, in: J. van Leeuwen, ed., Formal models and semantics, Handbook of Theoretical Computer Science, Vol. B: Formal Methods and Semantics, Ch. 6, (North-Holland, Amsterdam, 1990) 243–320.

[4] N. Dershowitz, M. Okada, and G. Sivakumar, Canonical conditional rewrite systems, in: E. Lusk and R. Overbeek, eds., Proc. 9th Int. Conf. on Automated Deduction (CADE’88), Lecture Notes in Computer Science, Vol. 310, (Springer, Berlin, 1988) 538–549.

[5] N. Dershowitz, M. Okada, and G. Sivakumar. Confluence of conditional rewrite systems, in: S. Kaplan and J.-P. Jouannaud, eds., Proc. 1st Int. Workshop on Conditional Term Rewriting Systems (CTRS’87), Lecture Notes in Computer Science, Vol. 308, (Springer, Berlin, 1988) 31–44.

[6] M. Fernández and J.-P. Jouannaud, Modular termination of term rewriting systems revisited, in: E. Astesiano and G. Reggio and A. Tarlecki, eds., Proc. 10th Workshop on Specification of Abstract Data Types (ADT’94), Santa Margherita de Ligura, Italy, Lecture Notes in Computer Science, Vol. 906, (Springer, Berlin, 1995) 255–272.

[7] B. Gramlich, Generalized sufficient conditions for modular termination of rewriting, in: H. Kirchner and G. Levi, eds., Proc. 3rd Int. Conf. on Algebraic and Logic Programming (ALP’92), Volterra, Italy, Lecture Notes in Computer Science, Vol. 632, (Springer, Berlin, 1992) 53–68, revised and extended version in: Applicable Algebra in Engineering, Communication and Computing 5:131– 158, 1994.

[8] B. Gramlich, Relating innermost, weak, uniform and modular termination of term rewriting systems, in: A. Voronkov, ed., Proc. Int. Conf. on Logic Programming and Automated Reasoning (LPAR’92), St. Petersburg, Russia, Lecture Notes in Artificial Intelligence, Vol. 624, (Springer, Berlin,

1992) 285–296, (see also SEKI-Report SR-93-09, FB Informatik, Universität Kaiserslautern), revised version “Abstract relations between restricted termination and confluence properties of rewrite systems” in: Fundamenta Informaticae 24:3–23, 1995.

[9] B. Gramlich, Sufficient conditions for modular termination of conditional term rewriting systems, in: M. Rusinowitch and J.-L. Rémy, eds., Proc. 3rd Int. Workshop on Conditional Term Rewriting Systems (CTRS’92), Pont-à- Mousson, France, Lecture Notes in Computer Science, Vol. 656, (Springer, Berlin, 1993) 228–142.

[10] B. Gramlich, On termination and confluence of conditional rewrite systems, in: N. Dershowitz and N. Lindenstrauss, eds., Proc. 4th Int. Workshop on Conditional and Typed Rewriting Systems (CTRS’94), Jerusalem, Israel, Lecture Notes in Computer Science, Vol. 968, (Springer, Berlin, 1995) 166–185.

[11] S. Kaplan, Conditional rewrite rules, Theoretical Computer Science 33 (1984) 175–193.

[12] J.W. Klop, Term rewriting systems, in S. Abramsky, D.M. Gabbay, and T.S.E.

Maibaum, eds., Handbook of Logic in Computer Science, Vol. 2, Ch. 1, (Oxford University Press, Oxford, 1992) 1–117.

[13] J.W. Klop, A. Middeldorp, Y. Toyama and R. de Vrijer, Modularity of confluence: A simplified proof, Information Processing Letters, 49(2) (1994) 101–109.

[14] M. Kurihara and A. Ohuchi, Modularity of simple termination of term rewriting systems, Journal of Information Processing Society, Japan, 34 (1990) 632–642.

[15] M. Kurihara and A. Ohuchi, Modularity of simple termination of term rewriting systems with shared constructors, Theoretical Computer Science, 103 (1992) 273–282.

[16] M. Kurihara and A. Ohuchi, Termination of combination of composable term rewriting systems, IEICE Transactions on Information and Systems E78–D(4) (1995) 314–320.

[17] M.R.K. Krishna Rao. Completeness of hierarchical combinations of term rewriting systems. In R.K. Shyamasundar, ed., Proc. 13th Conf. on Foundations of Software Technology and Theoretical Computer Science (FSTTCS’93), Lecture Notes in Computer Science, Vol. 761, (Springer, Berlin, 1993) 125–138.

[18] M.R.K. Krishna Rao, Simple termination of hierarchical combinations of term rewriting systems, Proc. Int. Symp. on Theoretical Aspects of Computer Software (TACS’94), Lecture Notes in Computer Science, Vol. 789, (Springer, Berlin, 1994) 203–223.

[19] A. Middeldorp, A sufficient condition for the termination of the direct sum of term rewriting systems, in: Proc. 4th IEEE Symp. on Logic in Computer Science, (IEEE, Pacific Grove, 1989) 396–401.

[20] A. Middeldorp, Modular Properties of Term Rewriting Systems, PhD thesis, Vrije Universiteit, Amsterdam, 1990.

[21] A. Middeldorp, Completeness of combinations of conditional constructor systems, in: M. Rusinowitch and J.-L. Rémy, eds., Proc. 3rd Int. Workshop on Conditional Term Rewriting Systems (CTRS’92), Pont-à-Mousson, France, Lecture Notes in Computer Science, Vol. 656, (Springer, Berlin, 1993) 82–96, revised version in Journal of Symbolic Computation 17:3–21, 1994.

[22] A. Middeldorp, Modular properties of conditional term rewriting systems, Information and Computation, 104(1) (1993) 110–158.

[23] A. Middeldorp and Y. Toyama, Completeness of combinations of constructor systems, in: R.V. Book, ed., Proc. 4th Int. Conf. on Rewriting Techniques and Applications (RTA’91), Como, Italy, Lecture Notes in Computer Science, Vol. 488, (Springer, Berlin, 1991) 174–187, revised version in Journal of Symbolic Computation 15:331–348, 1994.

[24] M.J. O’Donnell, Computing in Systems Described by Equations, Lecture Notes in Computer Science, Vol. 58, (Springer, Berlin, 1977).

[25] E. Ohlebusch, On the modularity of termination of term rewriting systems, Theoretical Computer Science, 136 (1994) 333–360.

[26] E. Ohlebusch, On the modularity of confluence of constructor-sharing term rewriting systems, in: S. Tison, ed., Proc. 19th Coll. on Trees in Algebra and Programming (CAAP’94), Lecture Notes in Computer Science, Vol. 787, (Springer, Berlin, 1994) 261–275.

[27] E. Ohlebusch, Modular properties of constructor-sharing conditional term rewriting systems, in: N. Dershowitz and N. Lindenstrauss, eds., Proc. 4th Int. Workshop on Conditional and Typed Rewriting Systems (CTRS’94), Jerusalem, Israel, Lecture Notes in Computer Science, Vol. 968, (Springer, Berlin, 1995) 296–315.

[28] E. Ohlebusch, Modular properties of composable term rewriting systems, PhD thesis, Universität Bielefeld, 1994.

[29] B.K. Rosen, Tree-manipulating systems and Church-Rosser theorems, Journal of the ACM, 20 (1973) 160–187.

[30] M. Rusinowitch, On termination of the direct sum of term rewriting systems, Information Processing Letters, 26 (1987) 65–70.

[31] Y. Toyama, On the Church-Rosser property for the direct sum of term rewriting systems, Journal of the ACM, 34(1) (1987) 128–143.

[32] Y. Toyama, Counterexamples to termination for the direct sum of term rewriting systems, Information Processing Letters, 25 (1987) 141–143.

[33] Y. Toyama, J.W. Klop, and H.P. Barendregt, Termination for the direct sum of left-linear term rewriting systems, in: N. Dershowitz, ed., Proc. 3rd Int. Conf. on Rewriting Techniques and Applications (RTA’89), Lecture Notes in Computer Science, Vol. 355, (Springer, Berlin, 1989) 477–491.