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Abstract

We give sequent calculus, analytic tableaux, natural deduction, and

clause translation systems for resolution for Shramko-Wansing logic SIXTEEN 4s.

1 Introduction

In this paper we present calculi for Shramko-Wansing logic SIXTEEN 4., [12].
SIXTEEN, ;s has sixteen truth values N, N, F, T, B,NF,NT,FT,NB, FB,
TB,NFT,NFB,NTB,FTB, A (with T, NT, TB, NTB designated), and con-
nectives -, =g, A¢, Vi, Af, V. Its syntax and semantics is detailed in section 2.

We first present a 16-sided sequent calculus in section 3. The fundamen-
tal idea for many-sided sequent calculi for finite-valued logics goes back to
Schroter [11], Rousseau [8], Takahashi [14]. We follow the method given by
Baaz, Fermiiller, and Zach [4] and Zach [15] for constructing inference rules.
This guarantees that our system automatically has soundness and completness
theorems, cut-elimination theorem and Maehara lemma (interpolation). For
proofs of these results see [4, 15].

Signed tableau systems for finite-valued logics were proposed by Surma [13]
and Carnielli [6], and generalized by Héhnle [7]. In section 4, we present a signed
tableau system for Shramko-Wansing logic.

Many-valued natural deduction systems for finite-valued logics have been in-
vestigated by Baaz, Fermiiller, and Zach [3] and Zach [15]. We give the introduc-
tion and elimination rules for the natural deduction system for SIXTEEN; 4.,
in section 5.

In addition to Hahnle’s work on tableaux-based theorem proving for finite-
valued logic, Baaz and Fermiiller [1] have studied resolution calculi for clauses
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of signed literals. In order for these calculi to be used to prove that formulas of
Shramko-Wansing logic are valid or follow from some others, it is necessary to
produce sets of signed clauses. In section 6, we present a translation calculus
that yields a set of clauses from a set of formulas.

The rules we provide are optimal in each case, and use the algorithms de-
veloped by Salzer [9, 10].

2 Syntax and semantics

Definition 1. The propositional language £ for Shramko-Wansing logic con-
sists of

1. propositional variables: xg,x1, 2o, ...

2. propositional connectives, arity given in parenthesis: - (1) , - (1),
At (2), Vi (2), Af (2), and V¢ (2)

3. auxiliary symbols: “(”, “)” and
Formulas are defined inductively:

1. Every propositional variable is a formula.
2. If A is a formula, so is —; A.

If A is a formula, so is 7 A.

If A and B are formulas, so is (4 A; B).
If A and B are formulas, so is (4 V; B).
If A and B are formulas, so is (A Ay B
(

N ook W

).
If A and B are formulas, so is (A Vy B).

As a notational convention, lowercase letters will be used to denote variables,
possibly indexed. Uppercase letters A, B, C, ... will stand for formulas, greek
letters I', A, A, . .. for sequences and sets of formulas. The symbol O stands for
general propositional connectives.

The connectives A; and V¢ of SIXTEEN; 4.s are defined as the inf and sup
of the <; ordering given in fig. 1. The connectives Ay and Vy correspond to inf
and sup of <;. For simplicity, we leave out the <; ordering and other operators
and inversions defined in [12].

Definition 2. The matriz for Shramko-Wansing logic is given by:

1. the set of truth values V.= {N,N,F,T, B,NF,NT,FT,NB, FB, TB,
NFT,NFB,NTB,FTB, A},

2. the set V* = {T,NT, TB,NTB} C V of designated truth values,



Figure 1: The <; and <; orderings

3. the truth functions for connectives —¢, —f, A¢, V¢, Ay and Vg, as given
below;

The set of undesignated values is V- =V \ VT = {N,N,F, B,NF,FT,NB,
FB,NFT,NFB,FTB,A}.

The truth functions for connectives —;, —f, A¢, Vi, Ay and Vy are defined
by
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At N N F T B NF NT FT NB FB TB NFT NFB NTB FTB A
N N N F N N NF N F N F N NF NF N F NF
N N N NF N N NF N NF N NF N NF NF N NF NF
F F NF F F F NF NF F NF F F NF NF NF F NF
T N N F T N NF NT FT N F T NFT NF NT FT NFT
B N N F N B NF N F NB FB B NF NFB NB FB NFB
NF |[NF NF NF NF NF NF NF NF NF NF NF NF NF NF NF NF
NT | N N NF NT N NF NT NFT N NF NT NFT NF NT NFT NFT
FT F NF F FT F NF NFT FT NF F FI NFT NF NFT FT NFT
NB | N N NF N NB NF N NF NB NFB NB NF NFB NB NFB NFB
FB F NF F F FB NF NF F NFB FB FB NF NFB NFB FB NFB
TB N N F T B NF NT FT NB FB TB NFT NFB NTB FTB A
NFT |NF NF NF NFT NF NF NFT NFT NF NF NFT NFT NF NFT NFT NFT
NFB | NF NF NF NF NFB NF NF NF NFB NFB NFB NF NFB NFB NFB NFB
NTB| N N NF NT NB NF NT NFT NB NFB NTB NFT NFB NTB A A
FIB| F NF F FT FB NF NFT FT NFB FB FTB NFT NFB A FTB A
A NF NF NF NFT NFB NF NFT NFT NFB NFB A NFT NFB A A A
Vi N N F T B NF NT FT NB FB TB NFT NFB NTB FTB A
N N N N T B N T T B B TB T B TB TB TB
N N N N T B N NT T NB B TB NT NB NTB TB NTB
F N N F T B F T FT B FB TB FT FB TB FTB FTB
T T T T T TB T T T TB TB TB T TB TB TB TB
B B B B TB B B TB TB B B TB TB B TB TB TB
NF N N F T B NF NT FT NB FB TB NFT NFB NTB FTB A
NT T NT T T TB NT NT T NIB TB TB NT NTB NTB TB NTB
FT T T FT T TB FT T FT T FIB TB FT FTB TB FTB FTB
NB | B NB B TB B NB NITB TB NB B TB NTB NB NTB TB NTB
FB B B FB TB B FB TB FTB B FB TB FTB FB TB FTIB FTB
™ |[TB TB T TB TB TB TB TB TB T TB TB TB TB TB TB
NFT | T NT FT T TB NFT NT FIT NTB FTB TB NFT A NTB FTB A
NFB| B NB FB TB B NFB NTB FTB NB FB TB A NFB NTB FTB A
NTB|TB NTB TB TB TB NTB NTB TB NTB TB TB NTB NTB NTB TB NTB
FIB|TB TB FTB TB TB FIB TB FIB TB FTB TB FITB FTB TB FTB FTB
A TB NTB FTB TB TB A NTB FTB NTB FTB TB A A NTB FTB A




Definition 3. Let A be a formula and xg,z1, ..

.,z the variables

occurring
in A. Then an interpretation J of A is an assignment of truth values to the
variables.

Definition 4. Given an interpretation J, we define the valuation valy for for-

mulas A to truth values as follows:

1. If A is atomic, then valy(A) simply is the interpretation of A.

2. If A =0(Ay, ...

,Ay), where Ay, ..

., A,, are formulas, and O is the asso-
ciated truth function to O, then valy(A) = O(valz(4y),...,valz(4,)).

Definition 5. An interpretation J satisfies a formula A, in symbols: J | A,
iff valy(A4) € V.

N N F T B NF NT FT NB FB TB NFT NFB NTB FTB A
N N N T N N NT T N N T NT N NT T NT
N N N NT N N NT NT N N NT NT N NT NT NT
N N F T N NF NT FT N F T NFT NF NT FT NFT
T NT T T T NT NT T NT T T NT NT NT T NT
N N N T B N NT T NB B TB NT NB NITB TB NTB
N N NF NT N NF NT NFT N NF NT NFT NF NT NFT NFT
NT NT NT NT NT NT NT NT NT NT NT NT NT NT NT NT
T NT FT T T NFT NT FT NT FT T NFT NFT NT FT NFT
N N N NT NB N NT NT NB NB NTB NT NB NTB NTB NTB
N N F T B NF NT FT NB FB TB NFT NFB NTB FTB A
T T T TB NT NT T NTB TB TB NT NTB NTB TB NTB
NT NFT NT NT NFT NT NFT NT NFT NT NFT NFT NT NFT NFT
N NF NT NB NF NT NFT NB NFB NTB NFT NFB NTB A A
NT NT NT NTB NT NT NT NTB NTB NTB NT NTB NTB NTB NTB
T FT T TB NFT NT FT NTB FITB TB NFT A NTB FTB A
NT NFT NT NTB NFT NT NFT NTB A NTB NFT A NTB A A
N N F T B NF NT FIT NB FB TB NFT NFB NTB FTB A
N N F N B F N F B FB B F FB B FB FB
N N F N B NF N F NB FB B NF NFB NB FB NFB
F F F F FB F F F FB FB FB F FB FB FB FB
N N F T B F T FT B FB TB FT FB TB FTB FTB
B B FB B B FB B FB B FB B FB FB B FB FB
F NF F F FB NF NF F NFB FB FB NF NFB NFB FB NFB
N N F T B NF NT FI NB FB TB NFT NFB NTB FTB A
F F F FT FB F FT FT FB FB FTB FT FB FTB FTB FTB
B NB FB B B NFB NB FB NB FB B NFB NFB NB FB NFB
FB FB FB FB FB FB FB FB FB FB FB FB FB FB FB FB
B B FB TB B FB TB FTB B FB TB FTB FB TB FTB FTB
F NF F FT FB NF NFT FT NFB FB FITB NFT NFB A FTB A
FB FB FB FB NFB NFB FB NFB FB FB NFB NFB NFB FB NFB
B FB TB B NFB NTB FTB NB FB TB A NFB NTB FTB A
FB FB FITB FB FB FTB FIB FB FB FIB FTB FB FTB FTB FTB
FB FB FTB FB NFB A FIB NFB FB FTB A NFB A FTB A



Definition 6. A entails A iff 3 = A for every interpretation J such that J = B
for all B € A. A is a tautology iff it is satisfied by every interpretation J.

3 Sequent calculus for Shramko-Wansing logic
Definition 7 (Syntax of Sequents). A sequent I' is a 16-tuple

I'v [ TN | Tr | Tr | T | I'ne | Int [ Ter | InB | TeB | 't | I'nFr | I'nveB | I'nTB | T'rrB | TA

of finite sequences I',, of formulas, where v € V. The I',, are called the compo-
nents of T'.

For a sequence of formulas A, and W C V, let [W:A] denote the sequent
whose component I', is A if v € W and empty otherwise. For [{wy, ..., wg}: A]
we also write [wq,...,wi: A]l. If T and IV are sequents, then I', TV denotes the
component-wise union, i.e., the v-component of I', T is T',,, I,

Definition 8. Let J be an interpretation. J satisfies a sequent I iff there is a
v € V so that for some formula A € T, valz(F) = v. J is called a model of T,
in symbols J =T

I is called satisfiable iff there is an interpretation J so that J = I" and valid
iff for every interpretation J, J =T

Proposition 9. A = A iff the sequent [N, N, F, B,NF,FT,NB,FB,NFT,
NFB,FTB, A: A],[T,NT, TB,NTB: 4] is valid.

Definition 10. The sequent calculus for Shramko-Wansing logic is given by:
1. axiom schemas of the form [V: A],

2. weakening rules for every truth value v:

T, [v: A]

3. exchange rules for every truth value v:

T, [v: A, B], A

T, [v: B, A], A X

4. contraction rules for every truth value v:

T, [v: A, Al

T4 O

5. cut rules for every two truth values v # w:

T, [v: Al A, [w: 4]
A

CUT:vw



6. an introduction rule O: v for every connective O and every truth value v,
as specified below.

(2)—(5) are called structural rules. (6) are called logical rules.

The introduction rules for connective —; are given by

I, [N: 4] . T, [T: A] ' I, [B: 4]

- a1 't T e a1 't - = 5 :F

I, [N:—~A] * T, [N:—A] ° T, [F: A °

T, [N: 4] T, [F: 4] T, [TB: A]
— ! — ————— uNF
F, [T _|tA] F, [B _|tA] F, [NF _‘tA]

T, [NT: A] _ I, [NB: A] _ T, [FT: A] NB

T, [NT:~ 4] I, [FT: A © I, [NB:~A4] "

T, [FB: 4] — T, [NF: A] TR T, [NTB: A] NFT
T,[FB:~A] © T,[TB: A © T,[NFT: ~A] *

T, [FTB: 4] NFB I, [NFT: A] NTE
I, [NFB: 4] * [, [NTB:~A] *
I, [NFB: 4] FTB T, [A: A] A
T,[FTB: A T, [A:—A]
The introduction rules for connective =y are given by
I'[N: A I[F:A I'[N: A
NAL 0 DA DN
F, [N —|fA] F, [NZ—‘fA] F, [F: —\fA]
LB DAL DINEAL
T, [T: ﬁfA] ’ T, [BZﬁfA] T, [NFZﬁfA]

I'[FB: A I',[NB: A I[FT: A
# —\f:NT Q - FT g —\f:NB
[, [NT: - A] T, [FT:—;A] I, [NB:—;A]
I[INT: A I [TB: A T',[NFB: A

77[ ] -+ FB 77[ ) - TB —’[ ) —-7:NFT
F, [FB —|fA} F, [TB —|fA} F, [NFT —|fA]
I, [NFT: A ~;NFB T, [FTB: 4] - NTB
I', [NFB: - 4] I', [NTB: - A]
I',[NTB: A I'[A: A
M -+ FTB # ﬁf:A
F, [FTB: —\fA} F, [A —\fA]

The introduction rules for connective A; are given by

N,T,B,TB: 5] T,[N.T:A,B] T\[N,B:A4,B] I'[NT,B,TB:4]
T,[N: A A, B] v




I,[N,N,T,B,NT,NB, TB,NTB: B] I,[N,N,T,NT:A,B] T,[N,N,B,NB:4,B] T,[N,NT,NB,NTB: A4, B] F,[N,N,T,B,NT,NB,TB.NTB:A]/\'N
T,[N: AN, B] t

I',[N,F,T,B,FT,FB,TB,FTB: 5] T,[N,F,T,FT:A, B] T,[N,F,B,FB:A B] T,[F,FT,FB FTB:4,B] I,[N,F,T, B FT FB, TB,FTB: 4]

T,[F: AN B AiF
L,[T,TB: 5] T,[T:AB] T[T, TB:4]
T,[T: AN B] v
I[B,TB:B] T,[B:A,B] T,[B,TB:A] B
T,[B: AA, B] v
I,[N,N,F,T,NF,NT,FT,NFT: A, B] I,[N,N,F,B,NF,NB,FB,NFB:4,B] I,[N,NF,NT,NB,NFT,NFB,NTB,A:4,B| T,[F,NF,FT,FB,NFT,NFB,FTB,A:A, B NF
I, [NF: A A, B] "
I,[T,NT,TB,NTB: B] T[T,NT:A,B] T,[NT,NTB:4,B] T,[T,NT,TB,NTB:4]
I, [NT: A A, B] "
I,[T,FT,TB,FTB: B] T,[T.FT:A,B] T,[FT,FTB:4,B] I,[T.FT,TB,FTB:4]
T,[FT: A A, B] v
I,[B,NB,TB,NTB: B] TI[B,NB:4 B] I'[NB,NTB:4 5] I[B,NB,TB,NTB:4]
T,[NB: A A, B] v
I\[B,FB,TB,FTB:B] I[B,FB:4,5] T,[FB,FTB:4,5] I,[B,FB TB FTB:4]
T,[FB: A A, B v
I,[TB:B] T,[TB:4] o
T,[TB: A A, B] v
I,[T,NT,FT,TB,NFT,NTB,FTB,A: B] T,[T,NT,FT,NFT:4,B| T,[NT,NFT,NTB,A:4,B| T,[FT,NFT,FTB,A:4,B| T,[T,NT,FT,TB,NFT,NTB,FTB, A: 4] o NFT
T, [NFT: A\, B] i
I,[B,NB,FB, TB,NFB,NTB,FTB,A: B] TI',[B,NB,FB,NFB:4,B] I [NB,NFB,NTB,A:A,B] I,[FB,NFB,FTB,A:4,B| T, [B NB,FB, TB,NFB,NTB,FTB,A: 4] A NFB

I, [NFB: A A, B

I,[TB,NTB:B] T,[NTB:A,B] T,[TB,NTB:A]
T,[NTB: A A, B

/\tINTB

I',[TB,FTB:B] I,[FTB:A4,B] T,[TB,FTB:A]
I,[FTB: A A B]

/\tZFTB

I, [TB,NTB,FTB,A: B] I',[NTB,A:A,B] I,[FTB,A:A4,B] T,[TB,NTB,FTB,A:A]
F7[AA/\,§B]

/\tZA

The introduction rules for connective V; are given by
I[N,N,F,NF:B] I',[NN:A,B] T,[N,F:A B] I,[N,N,F,NF:A] ..
T,[N: AV, B] v
I''[N,NF:B] T,[N:A,B] T,[N,NF:A]

F, [N A \/t B]

\/ti



I,[F,NF:B] TI,[F:A,B] T,[F,NF:A]

\/tl
I,[F: AV, B]
[,[N,N,F,T,NF,NT, FT,NFT: 5] I'[N.N,T,NT:4,5] T,[N,F,T.,FT:4,5] T,[T,NT,FT,NFT:4,5] T\[N,N,F,T,NF,NT,FT,NFT:4]
T, [T: AV, B] v

I\[N.N,F,B,NF,NB FB,NFB: 5| I'[N.N,B,NB:4,B] I'[N.F,B,FB:4,B] I'[BNBFBNFB:AB| TNNF BNFNBFBNFBA
s

T,[B:AV;: B
I',[NF:B] TI,[NF:A] V.:NF
T,[NF: AV, B] "
I,[N,NF,NT,NFT: 5] I'[N,NT:4,B] I[NT,NFT:4,B] T,[N,NF,NT,NFT:4]
I,[NT: AV, B] v
I,[F,NF,FT,NFT:5] T[F.FT:A B] T,[FT,NFT:4,B] T,[F,NF,FT,NFT:4]
T,[FT: AV, B] "
I,[N,NF,NB,NFB: 5] T,[N,NB:4,5] T,[NB,NFB:4 B] I'[N,NF,NB,NFB:4]
I,[NB: AV, B] v
I,[F,NF,FB,NFB:B] T[F,FB:A,5] T,[FB,NFB:4 B] T[F,NF.FB NFB:4]
T,[FB: AV, B v
I',[N,N,T,B,NT,NB,TB,NTB: A, B] I',[N,F,T,B,FT,FB,TB,FTB: 4, B] I',[T,NT,FT,TB,NFT,NTB,FTB,A: A, B] I',[B,NB,FB,TB,NFB,NTB,FTB, A: A, B] Vo:TB

T,[TB: AV, B]

I, [NF,NFT:B] T,[NFT:A,B] T,[NF,NFT: A

Vi:NFT
T,[NFT: AV, B] !
I,[NF,NFB: B] TI,[NFB:A,B|] T,[NF,NFB: 4]
V:NFB
I, [NFB: AV, B]
I,[N,NF,NT,NB,NFT,NFB,NTB,A: B] T,[N,NT,NB,NTB:4,B] T,[NT,NFT,NTB,A:4,B] TI,[NB,NFB,NTB,A:4,B] T,[N,NF,NT,NB,NFT,NFB,NTB, A: 4] NTB

I,[NTB: AV, B|

I\[F,NF,FT,FB,NFT,NFB,FTB, A: B T\[F,FT.FB,FTB:A B| T,[FT,NFT,FTB,A:4,B] T,[FB,NFB FTB, A:4,B] T\[F,NF,FT,FB,NFT NFB,FTB A:4] o
i

T, [FTB: AV, B]

I, [NF,NFT,NFB,A:B] T,[NFT,A:A,B] T,[NFB,A:A,B] T,[NF,NFT,NFB,A:A]
F, [A A \/t B]

\/ti

The introduction rules for connective Ay are given by

I\[N.F,B,FB:B] I'[N,F:A,B] I'[N.B:AB I[N.F.BFB:4]
T, [N:AA; B i

T,[N,N,F,B,NF,NB,FB,NFB:B| T,[N,N,F,NF:A B| T,[N,N,B,NB:A, B] T,[N,NF,NB,NFB:4,B] T,[N,N,F,B,NF,NB,FB,NFB: 4]

T,[N: AAf B

I'[F,FB:B] T,[F:A, B P,[F,FB:A]/\
F7[F:A/\fB]

Ap:IN

fZF




I,[N.F,T,B,FT,FB TB,FTB: 5| T [N.F.T.FT:A,B] I'\[N.T,B,TB:A,B| I[T.FT.TB,FTIB:A,B] I'[N.F,T.B.FT FB,TB FIB:4]

T
T,[T:AA; B /

I\[B.FB:B] I.[B:AB] I[BFB:4]

:B
T,[B:AA; B !
I,[F,NF.,FB,NFB: 5] T,[F,NF:A,B] T\[NF,NFB:4,B] T,[F.NF,FB,NFB:4] o
T,[NF: AA; B T
I',[N,N,F,T,NF,NT,FT,NFT: A, B] T,[N,N,T,B,NT,NB,TB,NTB:A,B] I, [N,NF,NT,NB,NFT,NFB,NTB,A:4,B| I,[T,NT,FT,TB,NFT NTB,FTB, A:A, B| ANT
TI,[NT: A A; B] ’
I,[F,FT,FB,FTB:B| I[F,FT:A,B] I\[FT,FTB:AB] I\[F.FT.FBFTB:4]
T,[FT:AA; B a
I,[B,NB,FB,NFB: B] TI'[B,NB:4,B] I[NB,NFB:4,B] T,[B,NB,FBNFB:4]
T, [NB: A A; B a
I,[FB:B] T,[FB:A
1 ] I ] A FB
I,[FB: A\ B
I,[B.FB,TB,FTB:B| I\[B,TB:A,B] I,[TB,FTB:A,B] T,[B,FB,TB,FTB:4]
T,[TB:A A, B r
T,[F,NF,FT,FB,NFT,NFB,FTB,A: B] TI,[F,NF,FT,NFT:A,B| I, [NF,NFT,NFB,A:A,B] I, [FT,NFT,FTB,A:4,B] T,[F,NF,FT,FB,NFT,NFB,FTB, A: 4] A+NFT
T, [NFT: A A; B] f
I,[FB,NFB:B| TI,[NFB:A,B] T,[FB,NFB:A
[FB,NFB: 5] I'[NFB:A,B) I[FBNFBA] oo
T, [NFB: A A B
I'[B,NB,FB, TB,NFB,NTB, FTB, A: 5| I\[B,NB,TB,NTB: A, 5| I'[NB,NFBNTB,A:4,5] I\[TB,NTB,FTB,A:A 5] I'[B,NB,FB,TB,NFB NTB,FIB A:4] |\

T,[NTB: A/, B

I, [FB,FTB:B| T,[FTB:4,B] T,[FB FTB:A]
I,[FTB:A A B

Ap:FTB

I',[FB,NFB,FTB,A:B] T,[NFB,A:A,B] T,[FTB,A:A,B] T,[FB,NFB,FTB,A: 4]
T, [A A Ay B]

/\f:A

The introduction rules for connective V¢ are given by

I,[N,N,T,NT:B] T,[N,N:4,B] I,[N,T:4,B] T,[N,N,T,NT: 4]
T, [N:AV; B]

\/f:N

I[N,NT:B] T,[N:A,B] T,[N,NT:A]
T, [N:A\/f B

\/f:N

I,[N,N.F,T.NF,NT FT.NFT:B] T\[N.N.F NF:AB] T[N.F.T.FT:A B] T,[F.NF.FT.NFT:A,B] I\ [N,N F,T.NF NT FT NFT:4]
T,[F:AV; B

fZF

[T NT:B] T,[T:AB] T[TNT:4]

T
T,[T: AV, B] !

10



I[N.N.T,B,NT,NB,TB,NTB: 5] I'[N.N.B.NB:A B I'[N,T.B,TB:A,B| I'[B,NB,TB,NTB:4,B] I'[N.N.T.B,NT.NB,TB,NTB:4]

I,[B:AV, B s-B
I,[N,NF,NT,NFT: B] T,[N,NF:4,B] T'\[NF,NFT:A,B] I\[N,NF,NT,NFT:4]
T,[NF: AV, B r
I,[NT:B] T,[NT:A
1 | L ] V:NT
[, [NT: AV, B]
I,[T,NT,FT,NFT: B] T[T.FT:A,B] T,[FT,NFT:A,B] T.[T,NT,FT,NFT:4]
I,[FT: AV, B] T
I,[N,NT,NB,NTB: B] T,[N,NB:4,B] I'[NB,NTB:4,B] I'\[N,NT,NB,NTB:4]
T,[NB: AV, B I
T,[N,N,F,B,NF,NB,FB,NFB: 4,B] I',[N,F,T,B,FT,FB,TB,FTB: A, B] I,[F,NF,FT,FB,NFT,NFB,FTB,A: A, B] I,[B,NB,FB,TB,NFB,NTB,FTB, A: A, B| VFB
I, [FB: AV, B] “
I,[T,NT,TB,NTB: B] TI'[T,TB:A,B] T,[TB,NTB:4,B] I'[T,NT,TB,NTB:4]
T,[TB: AV, B] r

I,[NT,NFT:B] T,[NFT:A,B] T,[NT,NFT:A]
T,[NFT: AV, B]

\/fINFT
I',[N,NF,NT,NB,NFT,NFB,NTB,A: B] I',[N,NF,NB.,NFB:A,B|] I [NF,NFT,NFB,A:4 B] T',[NB,NFB,NTB.A:A B| I [N,NF,NT,NB NFT,NFB,NTB, A: 4|
T,[NFB: AV, B]

I,[NT,NTB:B] T,[NTB:4,B] T,[NT,NTB:4]
I,[NTB: AV, B]

v;:NFB

V;:NTB

T,[T,NT,FT, TB,NFT,NTB,FTB,A: B] T,[T,FT,TB,FTB:4,B] T,[FT,NFT,FTB,A:A,B] T,[TB,NTB,FTB,A:A,B| T,[T,NT,FT,TB,NFT,NTB,FTB,A: 4]
I,[FTB: AV, B

v FTB

I [NT,NFT,NTB,A:B] T,[NFT,A:A,B] T,[NTB,A:4,B] T,[NT,NFT,NTB, A: 4]
I[A: A Vg B]

\/f:A

Definition 11. An upward tree of sequents is called a proof in the sequent
calculus iff every leaf is an axiom, and all other sequents in it are obtained
from the ones standing immediately above it by applying one of the rules. The
sequent at the root of P is called its end-sequent. A sequent I is called provable
iff it is the end-sequent of some proof.

Theorem 12 (Soundness and Completeness). A sequent is provable if and only
if it is valid.

Proof. See Theorems 3.1 and 3.2 of Baaz et al. [4] or Theorems 3.3.8 and 3.3.10
of Zach [15]. O

Corollary 13. In Shramko-Wansing logic, = A iff [T,NT, TB,NTB: A] has
a sequent proof, and A = A iff [N, N, F,B,NF,FT,NB,FB, NFT, NFB,
FTB,A: A}, [T,NT, TB,NTB: A] has a proof.

11



Theorem 14 (Cut-elimination). The cut rule is eliminable in the sequent cal-
culus for Shramko- Wansing logic.

Proof. See Theorem 4.1 of Baaz et al. [4] or Theorem 3.5.3 of Zach [15]. O

Theorem 15 (Maehara lemma). The Maehara lemma holds for the sequent
calculus for Shramko-Wansing logic.

Proof. See Theorem 3.8.1 of Zach [15]. O

4 Tableaux for Shramko-Wansing logic

Although the method of Surma [13] and Carnielli [6] for obtaining signed ana-
lytic tableaux systems applies to Shramko-Wansing logic, it has a drawback. As
Héhnle [7] pointed out, to show that a formula is valid, it is required to provide
as many closed tableaux as there are non-designated values. This is usually not
desirable; the generalized approach by Hahnle [7] solves this problem. Below we
give a tableau system for Shramko-Wansing logic using the sets of signs V'\ {v},
i.e., the tableau system exactly dual to that of Carnielli (in the sense of [2]).

Definition 16. A signed formula is an expression of the form v: A where v € V'
and A is a formula.

Definition 17. A tableau for a set of signed formulas A is a downward rooted
tree of signed formulas where each one is either an element of A or results from
a signed formula in the branch above it by a branch expansion rule. A tableau is
closed if every branch contains, for some formula A, the signed formulas v: A for
all v € V, or a signed formula v: A with a branch expansion rule that explicitly
closes the branch (®).

The branch expansion rules for connective —; are given by

NZ_|tA NZ_|tA F: _‘tA T: _|tA BZ_|tA NFZ_%A
N: A T:A B: A N:A F:A TB: A

NT: _‘tA FT: _‘tA NBI_\tA FBI_‘tA TBZ_\tA NFTZ_%A
NT: A NB: A FT: A FB: A NF: A NTB: A

NFB: _‘tA NTB: _'tA FTB: _‘tA A: _‘tA
FTB: A NFT: A NFB: A A:A

The branch expansion rules for connective -y are given by

N:—|fA N:ﬁfA F:—|fA T:—|fA B:—\fA NF:—UCA
N:A F: A N:A B: A T:-A NF: A

NT: —\fA FT: —\fA NB:—\fA FBZ—\fA TB:—\fA
FB: A NB: A FT: A NT: A TB: A

NFT:—;A NFB:—-;A NTB:—-;A FTB:-;A A:-fA
NFB: A NFT: A FTB: A NTB: A A A

12



The branch expansion rules for connective A; are given by

NZA/\tB

TTTE
S
Zeag

TTaf
ZRZA

TTaA
ZEZE

RIS
Z&mA
E

N:A/\tB

TITITIOC
NREHAMMA
“ 2 BNNTM

TTTIOART
EEEREE
4 4

TTTTaRAA
ZzUEZzad
“RpEeRZ

TITTReas
ZZNBZZEH
% Z & Z

tgceoees
NREHAMMA
“E BNNTM

F:A/\tB

TTTIETas
AEREMAMAM
“ BFFTM

TTTTAAMDA
REMAMREMA
o AR E
B >

TTTTAefaA
ZRAEZRAD

TTTTAA%A
NEHZ RS
ZREEZENE

Sl R s
AEREMAMA
“ BFFTM

BIA/\tB

TIA/\tB

T
e

A
S

A
(Sajyea

T:
TB:

T: A
T:B

T B
TB: B

13



NF:A/\tB

A T S s RS RS [ a Rsa el
FFTBTBBAFFTBTBBA

NFFNNT Z R FWWW
TEIT ST TS TAAMMNMNARARQ
“SEEEEE=5EEEEES
B e e e e R
GRLHFEELERRFFER

TITTITTITTARAAQAMQMMA
= <]
NNFTNmmmNNFTNmmm

TBIA/\t B

T: A
NT: A
TB: A

NTB: A

NT: A
NTB: A
NT: B
NTB: B

NTZA/\t B
FT:AN B
NB: AN, B

T: A
NT: A
T:B
NT: B

T:B
FB: AN B

NT: B
TB: B

NTB: B

TB: A

naAaa
NEEM
agay=

14



NFT: AN B

T:B T:A NT: A FT: A T:-A
NT: B NT: A NFT: A NFT: A NT: A
FT:B FT: A NTB: A FTB: A FT: A
TB: B NFT: A A:A A:A TB: A

NFT: B T:B NT: B FT:B NFT: A

NTB: B NT: B NFT: B NFT: B NTB: A

FTB: B FT:B NTB: B FTB: B FTB: A

A:B NFT: B A:B A:B A: A
NFB: AN B

B:B B: A NB: A FB: A B: A
NB: B NB: A NFB: A NFB: A NB: A
FB: B FB: A NTB: A FTB: A FB: A
TB: B NFB: A A:A A A TB: A

NFB: B B:B NB: B FB:B NFB: A
NTB: B NB: B NFB: B NFB: B NTB: A
FTB: B FB:B NTB: B FTB: B FTB: A
A:B NFB: B A:B A:B AA
NTB: AN B FTB: AN, B
TB: B NTB: A TB: A TB: B FTB: A TB: A

NTB: B NTB: B

NTB: A FTB: B

FTB: B FTB: A

A A Nt B
TB: B NTB: A FTB: A TB: A
NTB: B A A A: A NTB: A
FTB: B NTB: B FTB: B FTB: A
A:B A:B A:B A:A

The branch expansion rules for connective V; are given by

NZA\/tB NA\/tB
N:B N:A N: A N: A N:B N:A N:A
N:B N:A F: A N:A NF: B N:B NF: A
F:B N:B N:B F: A
NF: B N:B F:B NF: A
FZA\/fB
F:B F: A F: A

15



TZA\/tB

TTTTTOTT
=
ZEREEEEE
Z
TTTTaffA
SEEEREEE
Z Z
TTTTAAaA
= =
NFTFNFTF

TTTTeaas
ZZzNBZZEH
& Z & Z

TRRaNfRRR
e
R

NF: AV, B

BZA\/tB

NF: A

NF: B

TOTTITTIT
e
RbEFEE

TTTTAMAMAA
MAMAMRAMMA
ZEE 7&K
zZ 4

TTTTaasA
ZRAAZ&AN

TTTTaRaA
ZzM@ZzaM
“Rpr=Rg

s Roetios e o
e
RbEFEE

FTZA\/t B

F: A

NT: AV, B
FT: A

RN
R HH

N

FT: A
NFT: A
FT:B
NFT: B

F:B
FT:B

FT:B

F:B
NF: B
NFT: B

NB: AV, B
FB: AV, B
16




TB: AV, B

N: A N: A T:-A B: A

N:A F: A NT: A NB: A

T:-A T:-A FT: A FB: A

B: A B: A TB: A TB: A

NT: A FT: A NFT: A NFB: A

NB: A FB: A NTB: A NTB: A

TB: A TB: A FTB: A FTB: A

NTB: A FTB: A AA A:A

N:B N:B T:B B:B

N:B F:B NT: B NB: B

T:B T:B FT:B FB: B

B:B B:B TB: B TB: B

NT: B FT:B NFT: B NFB: B

NB: B FB:B NTB: B NTB: B

TB: B TB: B FTB: B FTB: B

NTB: B FTB:B A:B A:B

NF:B NFT: A NF: A NF: B NFB: A NF: A
NFT:B NFT: B NFT: A NFB: B NFB: B NFB: A
NTB: AV, B
N:B N:A NT: A NB: A N:A
NF:B NT: A NFT: A NFB: A NF: A
NT: B NB: A NTB: A NTB: A NT: A
NB: B NTB: A AA A A NB: A
NFT: B N:B NT: B NB: B NFT: A
NFB: B NT: B NFT: B NFB: B NFB: A
NTB: B NB: B NTB: B NTB: B NTB: A
A:B NTB: B A:B A:B A: A
FTB:Av, B

F:B F: A FT: A FB: A F: A
NF:B FT: A NFT: A NFB: A NF: A
FT:B FB: A FTB: A FTB: A FT: A
FB: B FTB: A AA A:A FB: A
NFT: B F:B FT:B FB: B NFT: A
NFB: B FT:B NFT: B NFB: B NFB: A
FTB: B FB:B FTB: B FTB: B FTB: A
A:B FTB: B A:B A:B A A

17



AIA\/tB

TTETT
A EHM<
B B
Z Z

TTAA
A</ <
B
z Z

TTan
H<H <
[

NF
N

NF: B
NFT: B
NFB: B

A:B

The branch expansion rules for connective Ay are given by

N:A/\fB

TTTT
KM
Z BF

oA
78 Z %

TTaA
AR

RERENE
ZRAd

N:A/\fB

TTTTTIES
e
RbEFEE

TTEIT TARAaAA
ZEAMZzEMMA
ZZ &= Z7Z K

NN NN

TTTTaRaA
ZzREZzad
“RpEeRg

TTTTAMAA
Ry B Ry R
Z Z NNN =

RERERER R o
=
GRREEEE

F:A/\fB

=2
S

22
&

T:A/\fB

IIIITITT
AEREMAM
“ BFFTM

TToTTRfan
NEHANEEA
REHE B H

A~ A~

TTTTAaRsA
CHEZEAE
Z BTN BT

TTTTAasA
NEHZ RS H
ZREEZREE

Sl il
ARENREMAMMA
“ BFFTH

NF:A/\fB

F: A
NF: A

B:A/\fB

F: A
NF: A

NF: A
NFB: A

F:B
NF: B

FB: A
NFB: A

NF: B
NFB: B

F
NF: B

FB: B
NFB: B

18



NT: ANy B
N: A N: A N:A T:-A
N:A N:A NF: A NT: A
F: A T:-A NT: A FT: A
T:A B: A NB: A TB: A
NF: A NT: A NFT: A NFT: A
NT: A NB: A NFB: A NTB: A
FT: A TB: A NTB: A FTB: A
NFT: A NTB: A A A A: A
N: B N:B N:B T:B
N:B N:B NF: B NT: B
F:B T:B NT: B FT:B
T:B B:B NB: B TB: B
NF: B NT: B NFT: B NFT: B
NT: B NB: B NFB: B NTB: B
FT:B TB: B NTB: B FTB: B
NFT: B NTB: B A:B A:B
FT: A Ay B
F:B F: A FT: A F: A
FT:B FT: A FTB: A FT: A
FB: B F:B FT:B FB: A
FTB: B FT:B FTB: B FTB: A
NB: ANy B FB: ANy B
B:B B: A NB: A B: A FB: B FB: A
NB: B NB: A NFB: A NB: A
FB: B B:B NB: B FB: A
NFB: B NB: B NFB: B NFB: A
TB: ANy B
B:B B: A TB: A B: A
FB: B TB: A FTB: A FB: A
TB: B B:B TB: B TB: A
FTB: B TB: B FTB: B FTB: A
NFT: ANy B
F:B F: A NF: A FT: A F: A
NF: B NF: A NFT: A NFT: A NF: A
FT:B FT: A NFB: A FTB: A FT: A
FB: B NFT: A A A A: A FB: A
NFT: B F:B NF: B FT:B NFT: A
NFB: B NF:B NFT: B NFT: B NFB: A
FTB: B FT:B NFB: B FTB: B FTB: A
A:B NFT: B A:B A:B A A

19



NFB: An; B
FB: B NFB: A FB: A
NFB: B NFB: B NFB: A

NTB: AN B
B:B B: A NB: A TB: A B: A
NB: B NB: A NFB: A NTB: A NB: A
FB: B TB: A NTB: A FTB: A FB: A
TB: B NTB: A A:A A:A TB: A
NFB: B B:B NB: B TB: B NFB: A
NTB: B NB: B NFB: B NTB: B NTB: A
FTB: B TB: B NTB: B FTB: B FTB: A
A:B NTB: B A:B A:B A: A
FTB: AN B
FB: B FTB: A FB: A
FTB: B FTB: B FTB: A
A:A /\f B
FB: B NFB: A FTB: A FB: A
NFB: B A A A A NFB: A
FTB: B NFB: B FTB: B FTB: A
A:B A:B A:B A:A

The branch expansion rules for connective V; are given by

N:Av; B N:AV; B
N:B N:A N:A N:A N:B N:A N:A
N:B N:A T:-A N:A NT: B N:B NT: A
T:B N:B N:B T:-A
NT: B N:B T:B NT: A
F:A\/fB
N:B N: A N:A F: A N:A
N:B N:A F: A NF: A N:A
F:B F: A T:-A FT: A F: A
T:B NF: A FT: A NFT: A T:-A
NF: B N:B N:B F:B NF: A
NT: B N:B F:B NF: B NT: A
FT:B F:B T:B FT:B FT: A
NFT: B NF: B FT:B NFT: B NFT: A
T:A\/fB
T:B T: A T: A

NT: B T:B NT: A
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BZA\/fB

TITTITTT
FREMAMA
7 BNNTT

ITwxmaan
ZNRAmzZz&MmA
BT 3

TTTTaRaA
ZzA@ZzAa4
“RpE=Rg

MAAMAAMARARA

NRE@AAA
7% BNNTM

NT: A

TSNS CMMAA N

BBBBBBBABBBB
Z HHEEHH

NT: AV, B

N

F

F
FTB B

N
N

TUT T U TAMARMAQMMARA
FFTBTBBAFFTBTBBA

FT: A
NFT: A
FT:B
NFT: B
NB: A
NTB: A
NB: B
NTB: B

FT: AV, B

NB: AV, B

FRAva
21

T: A
FT: A
T:B
FT:B

N
N

NF: AV, B

AAAAAAAABBBBBBB.B
EHAEZZ R

T:B
NT: B
FT:B
N:B
NT: B
NB: B

NTB: B

NFT: B




TB: AV, B

T:B T:-A TB: A T:-A
NT: B TB: A NTB: A NT: A
TB: B T:B TB: B TB: A
NTB: B TB: B NTB: B NTB: A
NFT:Av; B
NT: B NFT: A NT: A
NFT: B NFT: B NFT: A
NFB:Av; B
N:B N:A NF: A NB: A N:A
NF: B NF: A NFT: A NFB: A NF: A
NT: B NB: A NFB: A NTB: A NT: A
NB: B NFB: A A A A A NB: A
NFT: B N:B NF:B NB: B NFT: A
NFB: B NF: B NFT: B NFB: B NFB: A
NTB: B NB: B NFB: B NTB: B NTB: A
A:B NFB: B A:B A:B A:A
NTB: A Vy B
NT: B NTB: A NT: A
NTB: B NTB: B NTB: A
FTB:Av; B
T:B T:-A FT: A TB: A
NT: B FT: A NFT: A NTB: A N
FT:B TB: A FTB: A FTB: A FT:
TB: B FTB: A A A AA TB:
NFT: B T:B FT:B TB: B NFT: A
NTB: B FT:B NFT: B NTB: B NTB: A
FTB: B TB: B FTB: B FTB: B FTB: A
A:B FTB: B A:B A:B :
A A Vi B
NT: B NFT: A NTB: A NT: A
NFT: B A A A A NFT: A
NTB: B NFT: B NTB: B NTB: A
A:B A:B A:B A A

Definition 18. An interpretation J satisfies a signed formula v: A iff val;(A) #
v. A set of signed formulas is satisfiable if some interpretation J satisfies all

signed formulas in it.

Theorem 19. A set of signed formulas is unsatisfiable iff it has a closed tableau.

Proof. Apply Theorems 4.14 and 4.21 of Héhnle [7]; interpreting v: A as S A

where S =V \ {v}.
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Corollary 20. In Shramko-Wansing logic, = A iff {v:A | v € V*} has a
closed tableau. A = A iff {v:B|veV~,Be A}U{v:A|v e VT} has a closed
tableau.

5 Natural deduction for Shramko-Wansing logic

Let T be a (set) sequent, VT C V the set of designated truth values. The set
of non-designated truth values is then V— =V \ V. We divide the sequent T
into its designated part I'* and its non-designated part I'™ in the obvious way:

't = (Iy|veV?)
r- = I,|veV™)

Definition 21. The natural deduction rules for Shramko-Wansing logic are
given by:

1. A weakening rule for all v € V*:

Tt

T oA

2. For every connective O and every truth value v an introduction rule Or:v
(if v € V) or an elimination rule OE:w (if v € V7).

The introduction and elimination rules for connective —; are given by

Ty,[[N,F,B,NF,FT,NB,FB,NFT,NFB,FTB, A: ~+A]| T7,[[N:A]]
+

If,[T,NT, TB,NTB: -, 4] r]
—E: N
Iy, Iy
Iy, [[N,F, B,NF,FT,NB,FB,NFT,NFB,FTB, A: —, A[] Iy
If,[T,NT, TB,NTB: - 4] I [T: A
B N
Iy,

I'y,[[N,N,B,NF,FT,NB,FB,NFT,NFB,FTB, A: ~A]] T7,[[B:A4]]
L, [T,NT, TB,NTB: — 4] ry
Iy, Ty

_\tEIF

Iy, [N Al
oy

— — . T
It [T~ A]

Iy, [[N,N,F,NF,FT,NB,FB,NFT,NFB,FTB, A: ~A]] Ty, [[F:Al
I}, [T,NT, TB,NTB: A r
Iy, T

_‘tEZB
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I',,[[N,N,F,B,FT,NB,FB,NFT,NFB,FTB, A: -, A]] Iy
I, [T,NT, TB,NTB: -, 4] ', [TB: 4]
Ly, Ty

—E: NF

Iy
[T, [NT: 4]

L LNT
I, [NT: 4]

I'y,[[N,N,F,B,NF,NB,FB,NFT,NFB,FTB, A: —;A]] T,[[NB:A4]]
Iy, [T,NT, TB,NTB: ;4] I
Iy, Iy

1B FT

I'y,[[N,N,F,B,NF,FT,FB,NFT,NFB,FTB, A: ~,A]] T'[,[[FT:A]]
I, [T,NT, TB,NTB: ;4] r
ry,

—E: NB

Iy, [[N,N,F,B NF,FT,NB,NFT,NFB,FTB, A: +A]] T7,[[FB:A]]
Iy, [T,NT, TB,NTB: A r
Iy, Ty

¢ E: FB

Iy, [[NF: AJ]
Iy

— Ll .TB
It [TB:—~A4] '

I';,[[N,N,F,B,NF,FT,NB,FB,NFB,FTB, A: ~AJ] Iy
Iy, [T,NT, TB,NTB: A I'f,[NTB: A]
ry, Ty

—E:NFT

Iy, [[N,N,F,B,NF,FT,NB,FB,NFT,FTB, A: ~A]] T;,[[FTB:A]]
Iy, [T,NT, TB,NTB: A ri
Iy, Ty

—,5: NFB

I, [[NFT: A]]
Iy

— 1 —:NTB
I'}, [NTB: Al

I'y,[[N,N,F,B,NF,FT,NB,FB,NFT,NFB,A: ~,A]] T,[[NFB:A4]]
Iy, [T,NT, TB,NTB: - 4] ry
Ly, Iy

—,5:FTB

Iy, [[N,N,F,B,NF,FT,NB,FB,NFT,NFB,FTB: - A]] T,[[A:A]]
I, [T,NT, TB,NTB: - 4] ry
Iy, Iy

_|tE5A
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The introduction and elimination rules for connective -y are given by
I'y,[[N,F,B,NF,FT,NB,FB,NFT ,NFB,FTB, A: —;A]] T7,[[N:A]]
I, [T,NT, TB,NTB: —; 4] ry

—+E:N
ry.of '

I'y,[[N,F,B,NF,FT,NB,FB,NFT,NFB,FTB, A: - A]] Fl,[[F Al
rg, [T,NT, TB,NTB: —; 4]

—¢E: IN
rg.0f '
I'y,[[N,N,B,NF,FT,NB,FB,NFT,NFB,FTB,A: —;A]] T'[,[[N:A]]
T4, [T,NT,TB,NTB: —;A] ry
ﬁfE:F
Iy,
Iy, [[B: A
Iy
ﬁfI:T
Fl 5 [TZ—\fA]
I'y,[[N,N,F,NF,FT,NB,FB,NFT,NFB,FTB, A: -/ A]] Iy
If, [T,NT, TB,NTB: —; 4] [T, [T: A
—|fE: B

IR

I';,[[N,N,F,B,FT,NB,FB,NFT,NFB,FTB, A: —;A]] Ty,[[NF:All

I}, [T,NT, TB,NTB: —; A] rf
F+ 1‘\-‘1- ﬁfENF
0>+1
Iy, [[FB: AJ]
Tt
————— —~:NT
Fl y [NT:—‘fA]

I';,[[N,N,F, B,NF,NB,FB, NFT,NFB,FTB, A: ~;A]] T;,[[NB:A4]]

I}, [T,NT, TB,NTB: — ;A r
—rE: FT
Ly, Iy

I';,[[N,N,F,B,NF,FT,FB,NFT,NFB,FTB, A: —;A]] Ty, [[FT:A|]

If, [T,NT, TB,NTB: —;A] rf
—\fE: NB
Ly, rf
I'y,[[N,N,F,B,NF,FT,NB,NFT,NFB,FTB, A: —; A]] Iy
T4, [T,NT,TB,NTB: —;A] [T, [NT: A
—|sz FB
Iy, Iy
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Ty
[T, [TB: 4]

—— —/1: TB
I}, [TB:—;4] '

I';,[[N,N,F,B,NF,FT,NB,FB,NFB,FTB,A: ~;A]] T;,[[NFB:AJ|

I}, [T,NT, TB,NTB: —;A] r
—/B: NFT
Iy, Ty

Iy,[[N,N,F,B,NF,FT,NB,FB,NFT,FTB,A: —;A]] T';,[[NFT:A]]
I, [T,NT, TB,NTB: - A] T
Iy, Iy

~E: NFB

7, [[FTB: Al
Y

— L ,tNTB
I}, [NTB: -, A

I';,[[N,N,F,B,NF,FT,NB,FB,NFT,NFB, A: - A]] Iy
I}, [T,NT, TB,NTB: - A] I'},[NTB: 4]

—-+E:FTB
rg.0f '

I'y,[[N,N,F,B,NF,FT,NB,FB,NFT,NFB,FTB: ~;A4]] T7,[[A:A]]
I, [T,NT, TB,NTB: —; 4] ry

—rE: A
T, ot !

The introduction and elimination rules for connective A; are given by

Iy, [[N,F,B,NF,FT,NB,FB,NFT,NFB,FTB,A: AA, B]] T{,[[N,B:B]] I;,[[N:4,B]] I;,[[N,B:A,B]] I';,[[N,B:A]
I, [T,NT,TB,NTB: A A, B] I't,[T,TB:B] T3,[T:A,B] r+ FI,[T,TB:A]A

E:N
e, T} '

Iy, [[N,F,B,NF,FT,NB,FB,NFT,NFB,FTB,A: A\, B]] [I'7,[[N,N,B,NB:B]] TI;,[[N,N:4,B]] Ij,[[N,N,B,NB:4,B]] TI;,[[N,NB:4,B]] T5,[[N,N,B,NB:A4]|
I'{,[T,NT,TB,NTB: A A\, B] If,[T,NT,TB,NTB: B] TJ,[T,NT:A,B| ry I'f,[NT,NTB: A, B] 1‘;&[T.NT.TB.NTB:A]A

E:N
rf,... T !

Iy, [[N, N, B,NF,FT,NB,FB,NFT,NFB,FTB,A: A\, B]] TI7,[[N,F,B,FT,FB,FTB:B|| Tj,|

[N,F,FT:A,B]] T;,[[N.F,B,FB:A,B]] Ij,[[F,FT,FB,FTB:4,B]] I;,[[N,F,B,FT,FB,FTB:A]|
T, [T,NT, TB,NTB: A A, B| I'T, [T, TB: B] I$,[T: A, B) y
"~

ry ry I'f, [T, TB: 4]

rzg ..... T fub: F
Iy Ly Iy
T, [T, TB:B] T§,[T:A,B] Ty, [T, TB:A] LT
Ak
LT, T8, T4, [T: A B
I'y,[[N,N,F,NF,FT,NB,FB,NFT,NFB,FTB,A: A, B]] T7,[[B:B]] T5,[[B:A,B]] Ty3,[[B:A]l
Iy, [T,NT,TB,NTB: A A; B] I'T, [TB: B] ry I3, [TB: A] N5 B
+E:

+ +
re,... T3

Iy, [[N.N,F,B,FT,NB,FB,NFT,NFB,FTB,A: A\, B]] I7,[[N,N,F,NF,FT,NFT: 4, B|]| T; [[N,N,F,B,NF,NB FB,NFB:4,B]| I, [[N,NF,NB,NFT,NFB,A:4,B|]| I, [[F NF FT FB NFT NFB FTB, A:A,B||
I{.[T.NT,TB,NTB: A A\; B I}, [T.NT: A, B] Ty I'J,[NT,NTB: 4, B] Ty

~F ~ AE:NF
Ty,....Tf
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Iy Iy Iy Iy
I, [T,NT, TB,NTB: B] I'j,[T,NT:A,B] TI'j,[NT,NTB:A,B] Il [T,NT,TB,NTB:A]
IF,...,Tf [NT: A A B

Al NT

Iy, [[N,N,F,B,NF,NB,FB,NFT,NFB FIB,A: AA, B]] I,[[FT,FIB:B]| TI,,[[FT:A,B]] T;,[[FT,FTB:A4,B]] I'y,[[FT,FTB:A]
I'{,[T,NT,TB,NTB: A A\, B] Iy, [T, TB: B I3, [T: A, B] g Iy, [T, TB: A
LI RN

NE:FT

Iy, [[N,N,F,B,NF,FT,FB,NFT,NFB,FTB,A: A A, B]] TIj,[[B,NB:B|| T,[[B,NB:A, B]| Iy, [[NB:4,B]| Tj,[[B,NB:AJ
Il [T,NT, TB,NTB: A A, B] I'{,[TB,NTB: B] T IS, [NTB:4,B] T},[TB,NTB: A]

NE:NB

I'y,[[N,N,F,B,NF,FT,NB,NFT,NFB,FTB,A: A\, B]] TI[,[[B,FB,FTB:B]| I,,[[B,FB:A,B|] I;,[[FB,FTB:4,B]] Iy, [[B,FB,FTB:A]]
I{,[T,NT, TB,NTB: A A, B] I'7,[TB: B] ry s I}, [TB: A

NE:FB

Iy Ly
I't,[TB:B] Tf,[TB:A]
I}, T3, [TB: AA B

NI TB

Iy, [[N,N,F,B,NF,FT,NB,FB,NFB,FTB,A: A\, B]] T}, [[FT,NFT,FTB,A:B]] T, [[FT,NFT:A, B|]| T;,[[NFT,A:4,B]] T;,[[FT,NFT,FTB,A:4,B]] I, [[FT,NFT,FTB,A:A||
I¢,[T,NT, TB,NTB: A A, B] I'f,[T,NT, TB,NTB: B] If,[T,NT:A,B]  T{,[NT,NTB: 4, B] ) I'Y,[T,NT, TB,NTB: 4]
e, .T7

MNE:NFT

Ty, [[N,N,F,B,NF,FT,NB,FB,NFT,FTB,A: A\, B]] T;,[[B.NB,FB,NFB,FTB,A:B|]] T;,[[B,NB,FB,NFB:4,B]| T; [[NB NFB,A:4,B]] Ty,[[FB, NFB PTB,A:4.B|] T3, [[B,NB.FB,NFB,FTB, A: A]]

Iy, [T.NT, TB,NTB: A A, B] I'f,[TB,NTB: B] T3 4, [NTB: A, B Ty I'f,[TB,NTB: 4] A5:NFB
| IR i
ry ry ry
I'T,[TB,NTB:B] I'j,[NTB:A,B] T7,[TB,NTB:A]
¥ ~F 1t Al NTB
Iy, I;,I3,[NTB: A A, B]
I'y,[[N,N,F,B,NF,FT,NB,FB,NFT,NFB,A: A\, B]] T[,[[FTB:B|]|] TI;,[[FTB:A,B]] Iy, [[FTB:A]]
I, [T,NT, TB,NTB: A A, B] I, [TB: B s [T, [TB: A
" - NE:FTB
ry,....I3
Iy,[[N,N,F,B,NF,FT,NB,FB,NFT,NFB,FTB: A\, B]] Iy,[[FTB,A:B]] T,,[[A:A,B]] T;,[[FTB,A:A,B]| T;,[[FTB,A:A]]
I{,[T,NT, TB,NTB: A A, B] I'T,[TB,NTB:B] IJ,[NTB:A,B] Iy I'J,[TB,NTB: 4] At A
TR I

The introduction and elimination rules for connective V; are given by
I;,[[N,F,B,NF,FT,NB,FB, NFT,NFB,FTB,A: AV, B]] I7,[[N,N,F,NF:B]] T;,[[N,N:A, B]] T3, [[N,F:A B]] Iy,[[N,N,F NF:A]
Iy, [T,NT, TB,NTB: AV, B| Iy Iy ry Ty

TS, Tt

ViE: N

Iy,[[N,F,B,NF,FT,NB,FB,NFT,NFB,FTB,A: AV, B]] Ty,[[N,NF:B]] T,,[[N:A4,B]] T3,[[N,NF:A]]
Iy, [T,NT, TB,NTB: AV, B] ry ry Iy

+ +
r,... T4

ViE: N
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I'y,[[N,N,B,NF,FT,NB,FB,NFT,NFB,FTB,A: AV, B]| Iy,[[F,NF:B]| T,,[[F:A,B]] Tj,[[F,NF:A]]
Iy, [T,NT,TB,NTB: AV, B] rf ry Iy
rf,..., T4

ViE: F
)
I7,[[N,N,F,NF,FT,NFT:B]] T;,[[N,N:4,B]] T;,[[N,F,FT:A,B]] I,,[[FT,NFT:A4,B]] TI;,[[N,N,F,NF,FT,NFT: 4]
'}, [T,NT: B] I3, [T,NT: A, B T, [T: A, B T, [T,NT: A, B I3, [T,NT: A LT

I:

r},....TH,[T:Av, B !

Iy, [[N,N,F,NF,FT,NB,FB,NFT,NFB,FTB,A: AV, B]] T,[[N,N,F,B,NF,NB,FB,NFB: B]| T;,[[N,N,B,NB:4,B]| T;,[[N,F,B,FB:4,B]| T, [[B,NBFBNFB:A B|]| T [[N,N,F,B NF,NB FB, NFB: ]|

I'{,[T,NT, TB,NTB: AV, B] rf ri Ty ri B
fion

Tg,..., T
I'y,[[N,N,F,B,FT,NB,FB,NFT,NFB,FTB,A: AV, B]] I'[,[[NF:B]] I;,[[NF:A]
Iy, [T,NT,TB,NTB: AV, B] ry s
Ly, I{, Ty

V¢E: NF

I, [[N,NF,NFT: B]] Ty,[[N:4,B]] Tg,[[NFT:A,B|] T;,[[N,NF,NFT: Al
I'f,[NT: B] 'Y, [NT:A4,B] T1,[NT: A, B] I, [NT: 4]
rf,..., T, [NT: AV, B]

Vl: NT

Iy,[[N,N,F,B,NF,NB,FB,NFT,NFB,FTB,A: AV, B]] Iy ,[[F,NF,FT,NFT:B|| T, [[F,FT:A,B]] I;,[[FT,NFT:A4,B]] T, [[F,NF,FT,NFT:A||
I'y,[T,NT,TB,NTB: AV, B] rf ry ry rf

VE:FT

Ty,[[N,N,F,B,NF,FT,FB,NFT,NFB,FTB,A: AV, B]] Tj,[[N,NF,NB,NFB:B|] T;,[[N,NB:4,B]|| Tj,[[NB,NFB:4,B]|| Tj,[[N,NF,NB,NFB:A]|
+

I'f,[T,NT,TB,NTB: AV, B] r s s r;
V:E:NB

Ty, [[N,N,F, B,NF,FT,NB,NFT,NFB,FTB,A: AV, B]| Tj,[[F,NF,FB,NFB:B|| T;,[[F,FB:4,B]| T;,[[FB,NFB:4,B|| T;,[[F,NF,FB,NFB:A]|
T}, [T,NT, TB,NTB: AV, B T} T} T Tt

V;E:FB
rf,... I ¢

I'1,[[N,N,B,NB:4,B]] TI,,[[N,F,B,FT,FB,FTB:A,B|]] T;,[[FT,NFT,FTB,A:A,B]] I',,[[B,NB,FB,NFB,FTB,A:A, B]]
I, [T,NT,TB,NTB: A, B] IS, [T, TB: A, B I+, [T,NT, TB,NTB: 4, B] I, [TB,NTB: A, B] y
rf,...,T7,[TB: AV, B

¢I: TB

Iy,[[N,N,F,B,NF,FT,NB,FB,NFB,FTB,A: AV, B]] T{,[[NF,NFT:B]] I,,[[NFT:A,B]] Tj,[[NF,NFT:A4]
Iy, [T,NT, TB,NTB: AV, B] r ry ry

V(E:NFT
rf,....If !

I'y,[[N,N,F,B,NF,FT,NB,FB,NFT,FTB,A: AV, B]] T],[[NF,NFB:B|] TI,,[[NFB:A4,B]|] I;,[[NF,NFB:A]]
If,[T,NT,TB,NTB: AV, B] r ry ry
ry,....Tf

V:E: NFB

Iy, [[N,NF,NB,NFT,NFB,A:B]| TI;,[[N.NB:4,B]] T3, [[NFT,A:A B]] Ij,[[NB,NFB,A:4,B]] T7,[[N,NF,NB,NFT,NFB,A:A||
I't,[NT,NTB: B] I}, [NT,NTB: 4,B] Tj,[NT,NTB: A4, B] I'},[NTB: 4, B| I{,INTNTB: 4]
(I

NTB
rf,....,I'7,[NTB: A v, B

Iy, [[N,N,F, B,NF,FT,NB,FB,NFT,NFB,A: AV, B]] Tj,[[F,NF,FT,FB,NFT,NFB FTB,A:B]| T;,[[F,FT,FB,FTB:A B]] T;,[[FT,NFT,FTB,A:A B]| I [[FB,NFB FTB,A:4, B]| I; [[F,NF,FT,FB,NFT,NFB FTB,A: A]]
I, [T,NT, TB,NTB: AV, B] Iy Ty ry rf

T
= v,e: FTB
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Iy,[[N,N,F,B,NF,FT,NB,FB,NFT,NFB,FTB: AV, B]] Ty,[[NF,NFT,NFB,A:B]|| T, [[NFT,A:A4,B]] T;,[[NFB,A:A,B]] Ty, [[NF,NFT,NFB,A:A]||
r{,[T,NT, TB,NTB: AV, B] F{f ry s ry

ViE: A

The introduction and elimination rules for connective Af are given by

I'y,[[N,F,B,NF,FT,NB,FB,NFT,NFB,FTB,A: A A; B]] I7,[[N,F,B,FB:B]] I3, [[N,F:4,B]| I';,[[N,B:4,B]] I, [[N,F,B FB:A]]

+ +
I'y,[T,NT,TB,NTB: A A; B] F1 F2 Fa Iy AsE:N
+ +
Iy,....IY
Iy, [[N,F,B,NF,FT,NB,FB,NFT,NFB,FTB,A: A A; B]| T7,[[N,N.F,B,NF,NB,FB,NFB:B|]| T;,[[N,N,F,NF:4,B]| T;.[[N,N,B,NB:4,B]| T;,[[N,NF,NB,NFB:4,B]| T;,[[N,N,F,B,NF,NB FB,NFB: A]|
I'{,[T,NT,TB,NTB: A A; B| rf Ty Ty ri LN
f

- F
g, Id

I';,[[N,N,B,NF,FT,NB,FB,NFT,NFB,FTB,A: AA; B]] Ty,[[F,FB:B]|| T;,[[F:A B]] T3, [[F,FB:A]|
rg, [T,NT, TB,NTB: A A; B rt r} r}
T, T

NpE: F
I'T,[[N,F,B,FT,FB,FTB: B]] I;,[[N,F,FT:A,B]] I5,[[N,B:A,B]] I';,[[FT,FTB:4,B]] T;,[[N,F,B,FT,FB,FTB: A]]
I'T, [T, TB: B] Iy, [T: A, B I'§, [T, TB: A, B] IS, [T, TB: A, B IF, [T, TB: A

TF,....TF,[T:-AN Bl AT
1o---515, . f

I;,[[N,N,F,NF,FT,NB,FB, NFT,NFB,FTB,A: AA; B|]| T;y,[[B,FB:B]|] TI;,[[B:A, B]| T;,[[B,FB:A

I'{,[T,NT, TB,NTB: A A; B Iy Iy R
Ti,....Tf I
Iy, [[N,N,F,B,FT,NB,FB,NFT,NFB,FTB,A: A A; B]] T;,[[F,NF,FB,NFB:B]| T;,[[F,NF:A, B]] T;,[[NF,NFB:A B|]| T;,[[F,NF,FB,NFB:AJ|
T, [T,NT,TB,NTB: A A; B rf r} ri ri
ArE:NF
ry,....rf

Iy,[[N,N,F,NF,FT,NFT: 4,B]] T,,[[N,N,B,NB:A,B]] T;,[[N,NF,NB,NFT,NFB,A:A,B]] I,,[[FT,NFT,FTB,A:A,B]
I, [T,NT: A, B Iy, [T,NT,TB,NTB: A, B] ', [NT,NTB: 4, B I}, [T,NT,TB,NTB: A, B]
If,...,Tf,[NT: AA; B

AfL: NT

Iy,[[N,N,F, B,NF,NB,FB,NFT,NFB,FTB,A: AA; B|| Ty,[|[F,FT,FB,FTB:B|| T;,[[F,FT:4,B]] T;,[[FT,FTB:A, B]| T;,[[F,FT,FB,FTB: A]|
I, [T,NT,TB,NTB: A A; B r} rf T

Iy .
fE.FT

Ty, [[N,N,F,B,NF,FT,FB,NFT,NFB,FTB,A: A\; B]] Ty,[[B,NB,FB,NFB:B|| T;,[[B,NB:4,B]| T;,[[NB,NFB:4,B|| T;,[[B,NB,FB,NFB:A]|

I{,[T,NT, TB,NTB: A A; B] F+ Ty g I
ry,....Tf AN
I'y,[[N,N,F,B,NF,FT,NB,NFT,NFB,FTB,A: AA; B]] T7,[[FB:B]] Ty,[[FB:A]
Iy, [T,NT, TB,NTB: A A\; B] rf ry
p—— /\fE.FB
Iy, I, I

Iy [[B,FB,FTB: B]| I;,[[B:A,B]] T3, [[FTB:A,B]] T, [[B,FB,FTB:A[]
I}, [TB: B I}, [TB:A,B] TIf [TB:A, B I, [TB: A]
If,....,I'f,[TB: A\ B

AfL: TB

.[[N.N, F, B,NF,FT,NB,FB,NFB,FTB,A: A A; B]] Tj,[[F,NF,FT,FB,NFT,NFB,FTB,A: B|]| TI;,[[F,NF,FT,NFT:A,B|| T;,[[NF.NFT,NFB,A:A B]| T, [[FT,NFT,FTB,A:A, B]] TIs,[[F,NF,FT,FB,NFT,NFB,FTB,A: /|
I{,[T.NT,TB,NTB: A A B] rf Ty T T}

r NFT
T+ T+ AfE:
[IRPRRRR N
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Iy.[[N,N,F,B,NF,FT,NB,FB,NFT,FTB,A: AA; B]] Ty,[[FB,NFB:B]| T;,[[NFB:4,B]] T;,[[FB,NFB:A]]
'y, [T,NT, TB,NTB: A A; B] rf ry T

Ls A+E:NFB
r,....If =

I'y,[[B,NB,FB,NFB,FTB,A:B|]] TI,,[[B,NB:4,B]] T;,[[NB,NFB,A:A,B|]] I';,[[FTB,A:A,B]|] TI;,[[B,NB,FB,NFB,FTB, A: A]]
I'T,[TB,NTB: B] I'J,[TB,NTB: A, B I'S,[NTB: A, B] I'S,[TB,NTB: A, B] Iy, [TB,NTB: 4]
If,...,T$,[NTB: A Af B]

/\fI: NTB

I';,[[N,N,F,B,NF,FT,NB,FB,NFT,NFB,A: AA; B]] T;,[[FB,FTB:B|| T;,[[FTB:4,B]] T;,[[FB,FTB:A|l

I'{,[T,NT,TB,NTB: A \; B] rf ry Iy
AfE: FTB
ry,....1f
I'y,[[N,N,F,B,NF,FT,NB,FB,NFT,NFB,FTB: AA; B]] Ty,[[FB,NFB,FTB,A:B]| I;,[[NFB,A:A4, B]] I;,[[FTB,A:4,B]] I';,[[FB,NFB,FTB,A:A]]|
I'$,[T,NT, TB,NTB: A A; B] rf ry ry rf
- AfE: A
re,..., ry

The introduction and elimination rules for connective Vs are given by
Iy, [[N,F,B,NF,FT,NB,FB,NFT,NFB,FTB,A: Av; B]] T7,[[N,N:B]] T;,[[N,N:A,B]] I's,[[N:A,B]] T,[[N,N:A]
It [T,NT, TB,NTB: AV, B] Iy, [T,NT:B| s I§,[T:A,B] TF,[T,NT:A] y
rg,....I7

FE: N

I';,[[N,F,B,NF,FT,NB,FB,NFT,NFB,FTB,A: AV, B]| T,[[N:B]] T;,[[N:4,B]] T;,[[N:A4]]
I, [T,NT,TB,NTB: AV, B] I't,[NT: B] r} I+, [NT: 4]

+ +
r,.... I

\/fE:N

Iy, [[N,N,B,NF,FT,NB,FB,NFT,NFB,FTB,A: AV, B|]] Ty ,[[N,N,F,NF,FT,NFT:B]] T ,[[N,N,F,NF:A,B]] T3,[[N,F,FT:4,B]] Ty, [[F,NF,FT,NFT:4,B]] T;,[[N,N,F,NF,FT,NFT: ]|
I'{,[T,NT,TB,NTB: A v, B] I'f,[T,NT: B] s I'7,[T:A,B] Ty I'T,[T,NT: 4
Iy, Tf

VsE F
Iy Ly Iy
I'f [T,NT:B] T'j,[T:A,B] Tj,[T,NT:A]

\/fI:T

Ty, [[N, N, F,NF,FT,NB,FB,NFT,NFB,FTB,A: AV, B]] T7,[[N,N,B,NB:B]| T, [[N,N,B NB:4,B]| T [[N,B:4B]] T [[B,NB:AB] T, [[N,N,BNB:A]|
I'{,[T,NT, TB,NTB: AV, B I'f,[T,NT, TB,NTB: B| rf I.[T.TB:A.B] I7.[TB.NTB:4 B] I [T.NT TB.NTB:4] A
T, I

fE:B

Ty, [[N,N,F, B,FT,NB,FB,NFT,NFB,FTB, A: AV, B]| I'j,[[N,NF,NFT:B]] TI,[[N,NF:A B]] I, [[NF,NFT:4,B]| Ij,[[N,NF,NFT:AJ|

I{,[T,NT, TB,NTB: AV, B] I, [NT: B] ry ry IS, [NT: A
\/fEZNF
re,....0f
Iy Ly
+ . + .
] ,[NT.B] IS ,[NT.A] VI NT
+ 1+ . ’
Fl,FQ,[NT.A\/fB]
I'y,[[N,N,F,B,NF,NB,FB,NFT,NFB,FTB,A: Av; B]] Iy,[[FT,NFT:B]] I,,[[FT:A,B]] T;,[[FT,NFT:A,B]] I',,[[FT,NFT:A]]
I'f,[T,NT, TB,NTB: A v, B] I, [T,NT: B I3, [T: A, B) T IS, [T,NT: A
\/fE:FT
rg,...,of
Iy,[[N,N,F,B,NF,FT,FB,NFT,NFB,FTB,A: AV, B]] TIy,[[N,NB:B]| T,,[[N,NB:A,B]] T;,[[NB:4,B]] T;,[[N,NB:A]
I, [T,NT, TB,NTB: AV, B] 'Y, [NT,NTB: B] ry I'T,[NTB:A,B] Tf,[NT,NTB: 4] Vop NB
f .
rg,....If
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Iy.[[N.N.F,B,NF,FT,NB,NFT,NFB,FTB,A: AV, B]] T;,[|N,N,F,B,NF,NB,FB,NFB: 4,B|| T;,[[N,F,B,FT,FB,FTB: A, B|| T, [[F,NF,FT,FB,NFT,NFB,FTB,A:4,B]| T;,[[B,NB,FB,NFB,FTB,A: 4, B]|

Ty, [T,NT, TB,NTB: AV, B] rf I'J.[T,TB: A, B] T3 T';.[TB,NTB: A, B] VB FB
-y -y fE
Ty,.... T;
Fl FQ PB F4

7, [T,NT, TB,NTB:B] I'j,[T,TB:A,B] I'j,[TB,NTB:4,B] TJ,[T,NT, TB,NTB: 4]
Ir,...,I'f,[TB: AV, B

\/fI: TB

I'y,[[N,N,F,B,NF,FT,NB,FB,NFB,FTB,A: AVv; B]] TI'[,[[NFT:B|] T,,[[NFT:A,B]] Ty, [[NFT:A]]
If,[T,NT,TB,NTB: AV, B] I, [NT: B] s I'f,[NT: A

+ +
T, T

VE: NFT

Iy, [[N,N,F,B,NF,FT,NB,FB,NFT,FTB,A: AV, B]] Ty,[[N,NF,NB,NFT,NFB,A:B|| T;.[|[N,NF,NB,NFB:4,B|| T;,[[NF,NFT,NFB,A:4,B]| T;,[[NB,NFB,A:4,B|]| Tj,[[N,NF,NB,NFT,NFB,A: ]|
I{,[T,NT,TB,NTB: AV, B] I'f,[NT,NTB: B| i T '}, [NTB: 4, B] TfINTNTB:A] | en
B
T

Iy Ly Iy
I't,[NT,NTB:B] T} ,[NTB:A,B] T'i [NT,NTB:A]
It T T [NTB: AV, B

V;1: NTB

Ty.[[N,N,F,B,NF,FT,NB,FB,NFT,NFB,A: AV, B]] I{,[[FT,NFT,FTB,A:B|| I;,[[FT,FTB:A, B]| I, [[FT,NFT,FTB,A:A,B]] I;,[[FTB,A:A,B]] I, [[FT,NFT,FTB,A:A]|
Iy, [T,NT, TB,NTB: AV, B] Iy,[T,NT, TB,NTB: B| Iy,[T, TB: A, B r; I'},[TB,NTB:A,B] T{,[T,NT,TB,NTB: 4]
) T+

VyE: FTB

I'y,[[N,N,F,B,NF,FT,NB,FB,NFT,NFB,FTB: AV, B]] T[,[[NFT,A:B]] T,,[[NFT,A:4,B]] Tj,[[A:A B]] TIy,[[NFT,A:A|
I{,[T,NT,TB,NTB: AV, B] 'Y, [NT,NTB: B] ry I'T,[NTB: A, B] T, [NT,NTB: 4]

T, Tt

VyE: A
Definition 22. A natural deduction derivation is defined inductively as follows:
1. Let A be any formula. Then

[V~ A]

[VT: A]
is a derivation of A from the assumption [V ~: A] (an initial derivation).

2. If Dy, are derivations of F:, A; from the assumptions I';, A,;, and

< Ty, [ >
Fk7Ak kEK

I+

is an instance of a deduction rule with A,: a subsequent of A", and all
eigenvariable conditions are satisfied, then

(Dr) ke
H+

is a derivation of IT* from the assumptions [ J; . ', . The formulas in A,;
which do not occur in (J, ., Iy are said to be discharged at this inference.
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Theorem 23. A partial sequent T'" can be derived from the assumptions '™ in
the natural deduction system for Shramko-Wansing logic iff, for every interpre-
tation J, either some formula in T, (v € V) evaluates to the truth value v, or
there is a w € V' and a formula in T}, that evaluates to w.

Proof. See Theorems 4.7 and 5.4 of Baaz et al. [3] or Theorems 4.2.8 and 4.3.4
of Zach [15]. O

Corollary 24. T = A iff there is a natural deduction derivation of [V*1: A
from [V—:T).

6 Resolution and clause formation rules for Shramko-
Wansing logic

The many-valued resolution calculus of Baaz and Fermiiller [1] applies to Shramko-
Wansing logic. We present the framework here, as well as a language preserving
clause translation system for Shramko-Wansing logic.

Definition 25 (Signed formula). A signed formula is an expression of the form
AY, where A is a formula and v € V. If A is a propositonal variable, A” is a
signed atom.

Definition 26 (Signed clause). A (signed) clause C = {A7*,..., A’} is a finite
set of signed atoms (proper clause). The empty clause is denoted by O.
An extended clause is a finite set of signed formulas.

Definition 27 (Semantics of clause sets). Let J be an interpretation. J satisfies
a clause C' iff there is some signed formula AY € C, so that valz(4) = w.
J satisfies a clause set € iff it satisfies every clause in €. € is called satisfiable
iff some structure satisfies it, and unsatisfiable otherwise.

The clause formation rules for connective —; are given by

CULCU{ANY o FU{CU{ANY

t: N
¢ u{CuU{AN}} cu{cu{AT})
CUCU{ATY) L CUCULA)TH
¢u{cu{aBn " cu{cu{aN}} "
CUCU{AP) o CUCU{ANY) e
¢cu{Cu{AF}} © ¢U{CuU{ATB}} ©
CUCU{ANTY) 0 CUCU{CATTY
¢u{Cu{ANTL © ¢u{Cu{ANBL "
CU{CU{ANEY) o CUCU{ATEY
¢U{CuU{AFT1 © ¢u{Cu{AFBL "
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CUCU{ATY L EU{CU{ANTTY

cu{Cu{ANF " cu{Cu{aNtBy  NFT
I
COLCOHCAT™Y oy FUCU{CA)
cuU{CU{A I3 € U{CU{A"}}
The clause formation rules for connective =y are given by
CULCULCAN) o CULCUlyANY
¢ U{CuU{AN}) ' € U{CU{AF}}
CULCULCATY o CUICU{ AT
cu{Ccu{aN} ¢ U{CU{AB}}
T U{CU{(=r4)"}} ¢ U{CU{(~sANT}}
-s:B —7:NF
cu{Ccu{ATy} ¢uU{CuU{ANF}}
e
ety e S e
cu{CU{(~sA)T"}} CU{CU{(~ANFT}}
cuicuatsy TP zu{cu Ay T
I
CULCO{CAT™Y gy CULCULAN)
¢ u{Cu{ANTB} cu{Cu{Ar}}

The clause formation rules for connective A; are given by

cu{CuU{(An B)N}}

/\tZN
¢ U{CU{BN, BT BB BTB} CU{AN, AT BN BT} CU{AN,AB BN BB} CU{AN, AT AB ATB}}
¢ U{CU{(AN B)N}} N
¢ U{CU{BN, BN BT BB BNT pNB pTB pNTB} (1) (AN AN AT ANT pN pN pT pNTy ((j{AN AN AB ANB pN pN pB pNB) (1 (AN NT JNB ,NTB pN pNT pNB pNTB) (1) (AN AN AT AB ANT NB 4TB 4NTB)y "

¢ U{CU{(AN B)F}} P

¢u{CU{BN,BF BT BB BFT BrB BTB BFTB} (' {AN, AF AT AFT BN BF BT BFT} CU{AN, AF, AB AFB BN pF pB BFB} CU{AF AFT AFB AFTB pF pFT pFB BFTBL O (AN AF AT AB AFT AFB ATB AFTB}} e

¢ U{CU{(AN B)T}}

Ne:T
¢ U{CU{BT BTB}, CU{AT,BT}, CU{AT ATB}} "
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¢ U{CU{(AA B)"}} o
¢ U{CU{BB,BTBY CU{AB BB}, CU{AB ATB1 "

B

CU(CU(An BNFY)

O (A, AN AT AT, AN AT AT N N, V7 5T N BT T NPT G (AN, AN, A7, 4B AN 4SBT, {NFB N N, ¥ 5, [7NF, B 7B, TR}, L { AN ANF_NT, N5 NFT_jNFB VT,

TRV N, T, NS, NPT NS NTB A G (AF AN, AFTAFB_ANFT_{NFB_{FTE {8 ¥ NF, I, 7B, NET NP, GETE )]

cu{CuU{(An B)NT}} o NT
€ U {CU{BT,BNT,BTB,BNTB}, CcuU {AT7ANT,BT,BNT}7 C’U{ANT,ANTB,BNT7BNTB}7 C’U{AT,ANT7ATB,ANTB}} t

¢ U{CU{(An B)FT}} Ay FT
ZU {CU {BT’BFT,BTB,BFTB}, cCu {AT,AFT7BT,BFT}7 cCu {AFT7AFTB’BFT7BFTB}7 CcuU {AT7AFT7ATB7AFTB}} te

¢ U{CU{(AA B)NBY} \.NB
€ U {CU{BB,BNB,BTB7BNTB}, CcuU {AB7ANB7BB7BNB}7 CcuU {ANB7ANTB7BNB7BNTB}7 CU{AB7ANB7ATB,ANTB}} te

€ U{CU{(ANn B)B}} B
€U {CU {BB,BFB,BTB,BFTB}, cCuU {AB7AFB7BB,BFB}7 CcuU {AFB7AFTB7BFB7BFTB}7 cCuU {AB7AFB7ATB7AFTB}} tr

¢Uu{CU{(AA B)TB}}

/\t :'TB
TB TB
% U{CU{BTB}, CU{ATBL
¢ U{CU{(AN B)NFT}} .
¢ U{CU{BT, BNT BFT pTB pNFT pNTB pFTB pA} () (AT ANT AFT ANFT pT pNT pFT pNET) () (ANT ANFT /NTB A pNT pNFT pNTB pA} (O {AFT ANFT AFTB JA pFT pNFT pFTB A} 0 {AT, ANT AFT ATB gNFT 4NTB 4FTB gA}} \eNET
CU{CU{(An B)NFB}}
7U{(CU(BP, 5N, P, GTB GNFB pNTB GFTB A G (AP, ANB_{FP_ANFB ;B NB FB GNFB] () (NB INFB {NTB |A [NB NEB GNTB A} (L (AFB, JNFB{FTB A [FB GNFB GFTB [A] (U (AP, AN _AFB_JTB ANFB NTB jFTB jA}) ¢ NFB
€ U{CU{(AAN BNTB}} .NTB
te
€ U {C U {BTB,BNTB}, CuU {ANTB’BNTB}7 Ccu {ATB’ANTB}}
€U{CU{(AA B)FTB}}
A:FTB

€ U {CU {BTB7BFTB}7 cuU {AFTB7BFTB}7 cuU {ATB’AFTB}}

¢ U{CU{(AN B)A}} A
€ U {CU {BTB,BNTB,BFTB,BA}, cu {ANTB7AA7BNTB7BA}, cCuU {AFTB7AA7BFTB7BA}, cu {ATB’ANTB’AFTB7AA}} t

The clause formation rules for connective V, are given by

cu{Cu{(Av,B)N}} VN
¢ U{CU{BN,BN BF BNF1 CU{AN AN BN BN} CU{AN AF BN BF} CU{AN AN AF ANF}} '

cu{Cu{(Av;B)N}} VAN
€ U{CU{BN BNF} CU{AN BN}, CU{AN, ANF}} '

cu{Cu{(Av;B)F}} "
¢ U{CU{BF BNF} CU{AF BF} CU{AF ANF}} "

F

CU{CU{(AVi BT}
VT
€ U{CU{BN, BN BF BT BNF pNT BFT BNFT) 0 (AN, AN AT ANT BN N BT BNT) "0 (AN AF AT AFT, BN BF BT BFT) OU (AT, ANT AFT ANFT BT pNT BFT BNET) 0 (AN, AN AF AT ANF JNT JFT ANETyy

“uU{CuU{(Av, B)B}} B
% U{CU{BN, BN BF pB pNF pNB pFB pNEB} Cr (AN AN AB ANB pN N pB pNB| () (AN AF AB AFB pN pF pB pFB) (4B ANB JFB ANFB pB pNB pFB pNFB) () (AN, AN AF AB ANF NB /FB ) NFB}} "
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¢ U{CU{(AV:B)"T}}
¢ U{CU{BN¥} CuU{ANF}}

cu{Cu{(Av,B)NT}}

\/thF

V¢NT
€ U {CU {BN,BNF,BNT,BNFT}, CuU {AN,ANT,BN,BNT}, cuU {ANT7ANFT’BNT’BNFT}’ cuU {AN7ANF7ANT7ANFT}} t
cu{Cu{(Av,BFT}} U FT
€U {CU {BF,BNF,BFT,BNFT}, CuU {AF,AFT,BF,BFT}, cCuU {AFT’ANFT7BFTyBNFT}7 cuU {AF,ANF,AFT7ANFT}} t
¢ u{Cu{(Av, B)NB}} . NB
€U {CU {BN,BNF,BNB,BNFB}, cCuU {AN,ANB,BN7BNB}7 CcuU {ANB7ANFB7BNB7BNFB}7 cCuU {AN7ANF7ANB’ANFB}} t
€ U{CU{(AV, B)FB}} B
€U {CU {BF,BNF7BFB,BNFB}., CcuU {AF7AFB,BF.‘BFB}7 CcuU {AFB7ANI?B’BFB7BNFB}7 CcuU {AF7ANF7AFB7ANFB}} t
¢ U{CU{(AV; B)NFT} NPT
t-
€ U {CU {BNI?’BNFT}7 CuU {ANFT7BNFT}, cCuU {ANF7ANFT}}
¢U{CU{(Av, B)NFB1} . NFB
t-
€ U {CU {BNF7BNFB}7 cu {‘/4NFB7BNFB}7 Ccu {ANF’ANFB}}
“U{CU{(Av, BNTB}} v;:NTB
TUICU (BN, 5, BN, 5N, NPT, VTS, GNTB. A}, ¢ (AN, VT, INB_[NTB, jN, [NT, GNB, GNTB], (1) (AN, [NFT, INTB_[A pNT, pNFT, GNTB, ], U (N5, 1NFB, [NTB 1R, [N, NFB, GNTB A, ¢ (AN, ANF, INT, {NB_[NFT, [NFB_[NTB_{A]]
©U{CU{(AV, B)FTB}} vi:FTB

% U{CU{BF, BNF BFT pFB pNFT pNFB BFTB pA} (' (AF AFT AFB AFTB pF pFT pFB pFTB) (1 (AFT ANFT AFTB jA RFT pNFT pFTB pAY () {AFB ANFB AFTB A pFB pNFB pFTB pAL (' {AF, ANF AFT AFB JNFT 4NFB 4FTB A}y

cu{CU{(AVv,B)*}}

A
%U{CU{BNF BNFT BNFB BA} CU{ANFT AA BNFT BA} CU{ANFB AA BNFB BA} CU{ANF ANFT ANFB AA}}
The clause formation rules for connective Ay are given by
¢ U{CU{(An; BN}} N
¢u{Cu{BN BF BB B¥B} Cu{AN AF BN BF} CU{AN AB BN BB} CuU{AN AF AB A¥Bl} h
u{cu{Aan; B)N}} ApN

©U{CU{BN.BN,BF BB BNF_pNB pFB GNFBY () (AN AN AF ANF N N RF GNFy G (N, _1N AB_ANB BN BN BB GNBY (' {AN, ANF_INB_ANFB N pNF pNB pNFB} ([ (AN, AN AF, AB_ANF_NB JFB ANF‘R)}

€ U{CU{(AAs B)F})
€ U{CU{BF BFB} CuU{AF BF}, CU{AF, AFB}}

CU{CU{(AA; B)T}}
TUCU (BN, B, 5%, BB, B, 575, 575, GFTB], O (AN, AT, AT, AFF, BN, GF. 5T, G¥T}, C'U (AN, AT, 4B, 175, pN, T, B, 575}, G'U (AT, AF, 475, AFT5, ;7 GFT, 775, [FTB) 'L (AN, AF, AT, 45, AF, A¥D, 76 1]}

¢ U{CU{(AN; B)B}}
¢U{CU{BB BFB} CU{AB BB} CuU{AB A¥B}}

¢ U{CU{(AN; B)NF}}

f:F

ApT

f:B

Y :NF
€ U {OU {BF,BNF7BFB,BNFB}, CcuU {AF7ANF,BF,BNF}, CcuU {ANF“ANFB’BNF7BNFB}7 cuU {AF7ANF7AFB7ANFB}}
FU{CU{(AN BINTY) NT
T A Lo ooy i VT o L Y A e Y L e e e e R S
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¢ U{CU{(AN; BFT})

Ap:FT

€U {CU {BF,BFT,BFB,BFTB}, cu {AF,AFT,BF,BFT}, cu {AFT’AFTB’BFT’BFTB}’ Ccu {AF7AFT7AFB7AFTB}} f
¢ U{CU{(AA; B)NB}} A NB

€ U {CU {BB,BNB,BFB,BNFB}, CcuU {AB,ANB,BB,BNB}, CU{ANB,ANFB,BNB,BNFB}, CcuU {AB7ANB7AFB7ANFB}} fr

CU{CU{ANBTRY
©U{CU (BB}, cu{aFB}} ~

¢ U{CU{(AA; B)TB}} TR

% U {CU {BB,BFB,BTB,BFTB}, CU{AB7ATB,BB,BTB}, CuU {ATB7AFTB7BTB’BFTB}’ CuU {AB7AFB7ATB,AFTB}} f
CU{CU{(AA; B)NFT}} ApNET

% U{CU{BF,BNF, BFT, BFB pNFT pNFB BFTB pA} () (AF, ANF_{FT JNFT RF pNF QFT pNFT) "¢ (NP _ANFT ANFB jA BNF pNFT pNFB BA} (') (AFT, ANFT_JFTB X BFT pNFT QETB BAY () (AF, ANF_JFT AFB JNFT JNFB |FTB jA}}

¢ U{CU{(AN; B)NFB}}
€ U {CU {BFB7BNFB}7 CcuU {ANFB’BNFB}’ CcuU {AFB’ANFB}}

¢ U{CU{(AN; B)NTB}}
¢ U{CU{BB, BB, B¥B, T8 pNFB pNTB RFTB pA} (') {AB ANB ATB ANTB pB pNB pTB pNTB) () {ANB ANFB 4NTB A pNB pNFB pNTB pA} () {ATB ANTB 4FTB A BTB pNTB [FTB pA} () {AB, ANB AFB ATB JNFB ANTB 4FTB jA})

¢ U{CU{(AA; B)FTB}}
% U{C U {BFB, BFTB}, (' {AFTB BFTB} (' {AFB AFTB}}

A;:NFB

A NTB

/\f:FTB

¢ U{CU{(AN; B)A}}

(KU{CU{BFB BNFB BFTB BA} CU{ANFB AA BNFB BA} CU{AFTB AA BFTB BA} CU{AFB ANFB AFTB_ AA}} f:A
The clause formation rules for connective V¢ are given by
¢ U{CU{(Av;B)N}} v N
4 U{CUBN, BN, BT, BNT}, C'U{AN, AN, BN BN}, C'U {AN, AT, BN, BT}, C'U {AN, AN, AT ANT}y Vo
¢U{CU{(AV;B)N}} VN
¢ U{CU{BN BNT} CuU{AN BN} CuU{AN ANT}} o
CU{CU{(Av;B)F}} ViiF

% U{CU{BN, BN, BF BT, BNF pNT BFT BNFT} () (AN AN AF ANF pN BN pF pNF} "0 (AN AF AT 4FT pN BF BT BT () {AF ANF AFT ANFT pF pNF pFT pNFT) (AN AN AF AT ANF 4ANT 4FT ANFTH

cU{CU{(Av;B)T}}
¢u{Cu{BT,BNTY CcuU{AT BT} Cu{AT ANT}}

fZT

“U{CU{(AV; B)P}}

¢ U{CU{BN, BN BT, BB BNT [NB [TB pNTBY ([ {AN AN AB ANB pN pN BB pNBY ([ {AN AT AB _ATB pN [T [B BTB} ([ {AB, ANB ATB 4NTB pB pNB pTB pNTBY ([ (AN AN AT AB ANT ANB 4TB JNTB} VB
¢ U{CU{(AV; B)NF}} NE
%U {CU {BN,BNF,BNT,BNFT}, CU {AN,ANF,BN,BNF}, OU {ANF7ANFT7BNF’BNFT}7 CU {AN7ANF,ANT7ANFT}} f-
¢U{CU{(AV; B)NT}} v NT
€U {CU{BNT}, cu{aNT}} T
cu{Cu{(Av;BFT
{Cu{(Av, BT T

% U {CU {BT,BNT7BFT7BNFT}, cu {AT7AFT7BT7BFT}, cu {AFT,ANFT,BFT7BNFT}7 CuU {AT,ANT7AFT7ANFT}}
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% U{CU{(AV, B)NPY)

V¢ NB
740 {CU{BN,BNT,BNB,BNTB}, CU{AN7ANB,BN,BNB}, cu {ANB7ANTB,BNB7BNTB}7 cu {AN7ANT’ANB,ANTB}} f

CUCU((AY B
/FB
TUICU AN AN A 1P I NP, PR NP N 5N GF 5P 5 GNP 57 5B G (A AP AT 1P T PP T PPN, 5F 57,07, 5FT, 5P, PR, G (AP ANF T, PP NPT INFR PR N G, 5N GFT. G NPT, GNP GFTR. GA). G0 (A7 NP, 7P (TP INFR, INTB [FTR A 5, GNP, G0 G, GNP N GFT )y

€ U{CU{(AV, B)™®})

vy TB
€U {CU {BT,BNT,BTB,BNTB}, cuU {AT,ATB,BT,BTB}, cu {ATB“ANTB’BTB’BNTB}7 cu {AT,ANT,ATB,ANTB}}
¢ U{CU{(AV;B)NFT}} v NFT
fr
€ U {C U {BNT,BNFT}, cuU {ANFT,BNFT}’ cuU {ANT,ANFT}}
€ U{CU{(Av; B)NFB}} Vy:NFB
¢ U{CU{BN, BNF, pNT pNB pNFT pNFB pNTB pA} () (AN, ANF \NB JNFB pN pNF pNB pNFB) () {ANF ANFT JNFB A pNF pNET pNFB pA} () {ANB ANFB JNTB A pNB pNFB pNTB pAY (| (AN, ANF ANT JNB NPT 4NFD jNTB A}y
¢ U{CU{(AVv;B)NTB}} V. NTB
fr
€ U {C U {BNT,BNTB}’ CcuU {ANTB7BNTB}’ CcuU {ANT’ANTB}}
¢ U{CU{(Av, B)FTB}} VFTB
€ U{CU{BT BNT BYT pTB pNFT pNTB RBFTB pA} O {AT AFT ATB AFTB pT pFT pTB BETBY () {AFT ANFT AFTB gA pFT pNFT pETE pAY} O {ATB ANTB AFTB jA pTB pNTB BFTB pA} O (AT ANT AFT ATB gNFT /NTB ,FTB 4A}}

CU{CU{(AV; B)A}} y
(éJU {CU {BNT,BNFT,BNTB.,BA}, CU {ANFT,AA7BNFT7BA}’ CU {ANTB7AA,BNTB7BA}7 CU {ANT’ANFT./ANTB’AA}}

A

Theorem 28. Let T(%) be the result of exhaustively applying the translation
rules to a clause set €. Then T(€) is a set of proper clauses, i.e., T(€)
contains only signed atoms (all connectives are eliminated). Furthermore, T(€)
is satisfiable iff € is.

Proposition 29. Let A be a sentence and A be a set of sentences. Then
1. E A iff {{AY | v € V7 }} is unsatisfiable.
2. AE A
{BY|weVT}[BeAU{{A" [veV}}
s unsatisfiable.

Definition 30. A clause R is a resolvent of clauses Cy, Cq if R = (C1\{A"*})U
(Cy \ {A"2}) where vy # v9

Definition 31. A resolution refutation of a clause set € is a sequence of clauses
Ci, ..., Cy so that for every i, C; € € or C; is aresolvent of C;, Cj, with j, k < i,
and C,, = 0.

Theorem 32. A clause set € is unsatisfiable iff it has a resolution refutation.

Proof. See Theorems 3.14 and 3.19 of Baaz and Fermiiller [1] or Theorems 2.5.5
and 2.5.8 of Zach [15]. O

Corollary 33. A E A iff
TH{BY |lwe VY| Be Ayu{{A"|veV}})

has a resolution refutation.
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A shramko-wansing.lgc — specification of Shramko-
Wansing logic

logic "Shramko-Wansing".

truth_values { e , n , f , t , b, nf , nt , ft , nb , fb , tb ,
nft , nfb , ntb , ftb , a }.

designated_truth_values { t, nt, tb, ntb }.

operator (negt/1, mapping {

(e ) : e |,
(n ) : t ,
(£ ) : b ,
(t ) :n ,
(b ) : £
(nf ) : tb ,
(nt ) : nt ,
(nb ) : ft ,
(ft ) nb ,
(fb ) fb ,
(tb ) nf ,

(a ) ; a

}

).

operator (negf/1, mapping {
(e ) : e ,
(n ) : £ ,
(f ) :n ,
(t ) :b |,
(v ) t o,
(nf ) : nf ,
(nt ) : fb ,
(nb ) ft ,
(ft ) : nb ,
(fb ) : nt ,
(tb ) tb ,

39


https://www.jstor.org/stable/43699119
https://doi.org/10.11575/PRISM/38803

(ftb) : ntb,
(a ) : a
}
).
ordering (truth, "nf < { £ < { fb < {ftb < tb, b < tb}, ft < {ftb, t
< tb}, e < {b,t}}, nfb < { fb, a < {ftb, ntb}, nb < {b, ntb
}}, nft < { ft, a, nt < {t, ntb < tb}}, n < {e, nb, nt}}").
ordering(falsity, "nt < { n < { nf < {f < fb, nfb < fb}, e < {f, b
< fb}, nb < {nfb, bl}}, nft < { nf, ft < {f, ftb}, a < {nfb,
ftb}}, t < { e, ft, tb < {b, ftb < fb}}, ntb < {nb, a, tb}}").
operator (andt /2, inf (truth)).
operator (ort /2, sup(truth)).
operator (andf /2, inf(falsity)).
operator (orf /2, sup(falsity)).

B shramko-wansing.cfg — IXTEX translations

texName (n, "\\boldsymbol{N}").
texName (£, "\\boldsymbol{Fl}").
texName (t, "\\boldsymbol{T}").
texName (b, "\\boldsymbol{B1}").
texName (e, "\\mathbf{N}").
texName (a, "\\mathbf{A}").
texName (nf, "\\mathbf{NF}").
texName (nt, "\\mathbf{NT}").
texName (nb, "\\mathbf{NB}").
texName (ft, "\\mathbf{FT}").
texName (fb, "\\mathbf{FB}").
texName (tb, "\\mathbf{TB}").
texName (nft, "\\mathbf{NFT}").
texName (nfb, "\\mathbf{NFB}").
texName (ntb, "\\mathbf{NTB}").
texName (ftb, "\\mathbf{FTB}").

texName (andt , "\\land_t" ).
texName (ort, "\\lor_t" ).
texName (negt, "\\lnot_t" ).

texInfix (andt) .
texInfix (ort).
texPrefix (negt) .

texName (andf , "\\land_£f" ).
texName (orf, "\\lor_£f" ).
texName (negf , "\\lnot_£f" ).

texInfix (andf).
texInfix (orf).
texPrefix (negf) .

texName (forall, "\\forall_t").

texName (exists, "\\exists_t").
texExtra ("ShortName", "\\mathbf{SIXTEEN}_{2,\\mathit{des}}").
texExtra("Semantics", "The connectives $\\land_t$ and $\\lor_t$ of

$\\ShortName$ are defined as the inf and sup of the $\\le_t$
ordering given in \\cref{fig}. The connectives $\\land_f$ and $
\\lor_£f$ correspond to inf and sup of "$\\le_f$. For simplicity,
we leave out the $\\le_i$ ordering and other operators and
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inversions defined in \\cite{ml}.\\begin{figure}\\centering\\
includegraphics [width=.5\\textwidth]{shramko-wansing.png}\\
caption{The $\\le_t$ and $\\le_f$ orderings}\\label{fig}\\end{
figurel}").
texExtra("Preamble","\\usepackage{graphicx ,amsbsyl}").
texExtra("Link","https://logic.at/multlog/shramko-wansing.pdf").
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