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ON THE COMPLEXITY OF PROOF DESKOLEMIZATION
MATTHIAS BAAZ, STEFAN HETZL, AND DANIEL WELLER

Abstract. We consider the following problem: Given a proof of the Skolemization of
a formula F', what is the length of the shortest proof of F'? For the restriction of this
question to cut-free proofs we prove corresponding exponential upper and lower bounds.

81. Introduction. The Skolemization of formulas is a standard technique
in logic. It consists of replacing existential quantifiers by new function symbols
whose arguments reflect the dependencies of the quantifier. The Skolemization of
a formula is satisfiability-equivalent to the original formula. This transformation
has a number of applications, it is for example crucial for automated theorem
proving as the resolution calculus is a quantifier-free formalism.

While Skolemization in a model-theoretic context is viewed as transformation
of the axioms of a theory, in a proof-theoretic context it is used for transforming
a formula that shall be proved. Hence in the context of proof theory, which is
the background of this paper, we remove universal quantifiers in favour of new
function symbols. Thereby a validity-equivalent formula is obtained (which is
sometimes also called the Herbrandization of the original formula).

This transformation of formulas naturally induces a transformation of proofs:
if we are given a proof 7 of some formula F one can obtain a proof 7’ of the
Skolemization of F' by simple instantiation of free variables. In fact, the Skolem-
ization of a proof has the effect of decreasing the number of inferences (as some
quantifier inferences can be dropped). Now the following question naturally
arises: If we are given a proof of the Skolemization of F' what is the length of the
shortest proof of F'? Or in other words: What is the complexity of deskolemiza-
tion?

This question is of practical interest as resolution-based automated theorem
provers output essentially cut-free proofs of skolemized formulas and presenting a
proof of the original input formula to a user must therefore involve an algorithm
for deskolemization. The historically first deskolemization algorithm for prenex
formulas in the cut-free case (via Herbrand-disjunctions) can be found in the
proof of the 2nd e-theorem [8].

The complexity of deskolemization is also of considerable theoretical interest as
it concerns the impact on proof length of the addition of new function symbols to
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the language. The question of the degree of this impact has been formulated by
P. Pudlédk (in a slightly different form) as problem 22 in [5]. A partial solution
has been given by J. Avigad in [1]: theories that allow the encoding of finite
functions have polynomial deskolemization. In this paper we consider a different
type of restriction: instead of restricting the theories we restrict the proofs and
consider the question of the complexity of deskolemization for cut-free proofs.
We prove both an exponential upper and a corresponding exponential lower
bound. Finally we consider an optimized version of Skolemization that even in
the cut-free case has only non-elementary deskolemization.

§2. Preliminaries. We consider first-order formulas over the logical con-
stants =, V, A, —,V,3, T, L. An occurrence of V in a formula F' is called strong
if it occurs in a positive context (i.e. dominated by an even number of negations
and left-hand sides of implications), and weak otherwise. An analogous defini-
tion is made for 3. The number of strong quantifiers in a formula F' is denoted
by qoce(F).

We use a variant of the sequent calculus G3c from [11], with the difference
that we add the appropriate axiom for T and that we work in a purely cut-free
setting.

DEFINITION 1 (Sequent calculus). Sequents are pairs of multisets of formulas,
written I' H A. An LK-proof is a tree built up from the following axioms and
rules: axioms are of the form

ATFAAY™ TTFrA

for an atom A. The rules are
ATHFA BTFA I'A A B 'EAF FTFA

ax_L ax [

TFA,T

AVB,TFA ' TFAAVB '™ <ZFTFA ' TFA-F 7
and analogously for A and —. Furthermore
A, (3x)F, F{x — t} Flz —a},THA

T A, (3z)F " Gu)F, THA

where « is a variable which does not occur in F,I', A, the eigenvariable of this
rule. The rules for V are defined analogously. The notions of active, auziliary,
and main formulas, and the ancestor relation are defined as usual. The quantifier
rules with eigenvariable conditions are called strong quantifier rules, the other
quantifier rules are called weak.

We will use the standard assumption that our LK-proofs are regular, that is:
for every two distinct 3; inferences p, o in an LK-proof 7, the eigenvariables of
p and o are different.

DEFINITION 2 (Proof length). Let m be an LK-proof. Then the length of =,
denoted by |x|, is the number of sequents in 7.

Having set up our calculus, we will now introduce Skolemization (for Skolem-
ization in the context of proofs, see also [2, 3]). We postulate a countably infinite
set of Skolem symbols SKK = {f,, | n € N} and define an operator for structural
Skolemization as follows.
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DEFINITION 3 (Skolemization operators). Let F' be a formula and n € N. If
F does not contain strong quantifiers then sk, (F) = F. If F does contain strong
quantifiers, then

sk (F) = Skn+1(FQy{y — fa(m1,... ,28)})

where Fg, is F' after omission of the leftmost strong quantifier occurrence p of
Qy, and Qiz1,...Qrry are the weak quantifiers appearing in this order in F
such that g is in their scope. We call ¢ = f,,(z1,... ,xx) Skolem terms of F, and
we say that ¢ corresponds to p and vice-versa.

Finally, we define sk(F') = sko(F). If F = AT — \/ A and sk(F) = ATl —
\/ A we define sk(' H A) =TI+ A.

The following theorem on proof Skolemization is well-known:

THEOREM 1. Let w be an LK-proof of S, then there exists an LK-proof © of
sk(S) such that |7'| < |m|.

PROOF. The proof from [3] readily adapts to our version of LK: eigenvariables
are replaced by Skolem terms. n

It is also well-known that in the case of F' being a prenex formula, from an
LK-proof of sk(F') we can easily construct an LK-proof of F:

PROPOSITION 1. Let F be a prenex formula and 7 an LK-proof of F sk(F).
Then there exists an LK-proof ¥ of b F such that || < |x| * (qocc(F) + 1).

PROOF. First, we apply Gentzen’s midsequent theorem [6] to 7 to obtain an
LK-proof ¢ of b sk(F') such that ¢ contains a sequent S such that above S,
only propositional inferences are applied and below S, only weak quantifier in-
ferences are applied. Further, |p| < |r|. The quantifier inferences can then be
reordered such that the strong quantifier inferences (corresponding to the quan-
tifiers that were removed by Skolemization) can be introduced without violating
any eigenvariable conditions. The reordering does not increase proof size since
all quantifier inferences are unary, and at most qocc(F')  |r| strong quantifier
inferences have to be introduced. This yields the desired LK-proof ¢ of - F. -

Note that this proof, going back to the 2nd e-theorem [8], does not work in the
more general setting where the quantifiers in F' may appear at arbitrary posi-
tions: the mid-sequent theorem does not apply anymore, and the reordering of
quantifier inferences may be more expensive since binary inferences are involved.
It is this problem that we will consider in the next two sections.

§3. The upper bound. A central technique for the upper bound will be
to collect instances of a formula that appear in a proof. To that aim we will
use a variant of expansion trees, introduced by D. Miller in [9] in the setting
of higher-order logic. In fact, what we are going to define as expansion below
corresponds most closely to the Skolem expansion trees of [9]. In order to simplify
the notation we do not use the connective A and — explicitely in this section,
their treatment being analogous to that of V and —.

DEFINITION 4. 1. An atom A is an expansion of itself.
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2. If E; is an expansion of A; and E5 is an expansion of Ay, then E; V Es is
an expansion of A; V As.
If F is an expansion of A, then —F is a dual expansion of —A.
4. If {t1,... ,t,} is a set of terms and F1,..., E, are expansions of A{zx —
t1},..., A{z — t,}, then dx A+% Ey +...+!" E, is an expansion of 3z A.
5. If f is a Skolem symbol and F is an expansion of A{x «— f(t1,...,tn)},
then Vo A +/(t1tn) E is an expansion of Vz A.
6. L is an expansion of every formula.
Dual expansions are defined as above switching ezpansion and dual expansion,
1 and T as well as V and 3. In addition, an expansion or dual expansion E must
satisfy the following two global conditions:

@

A. Fach strong quantifier in A induces an equivalence class of sub-expansions of
E of the form of 5 by considering F; and E5 as equivalent if they correspond
to the same strong quantifier in A. All elements in an equivalence class use
the same function symbol f which must not appear in A and must be
different from the function symbol of any other equivalence class.

B. Every strong quantifier node in E has the form Ey = Qz A’ +/:tttn) By
for some Skolem symbol f, where the terms tq,... ,t, are exactly those
introduced for weak quantifiers on the path from the root of E to Ej in
this order and 5 = sq,...,58,, is a fixed list of variable-free terms, called
the parameters of E.

Often the parameters will be irrelevant, if they are not we will mention them
explicitely. For an expansion or dual expansion FE, the set of Skolem terms
SkTerms(FE) is the set of terms f(t1,...,t,) that are contained in E at nodes of
the form Qz A’ +/(t1:+tn) B/ pertaining to strong quantifiers. If E is an expan-
sion or dual expansion of a formula A with parameters § and f(5,t1,... ,t,) €
SkTerms(FE), then there is a unique strong quantifier node in E with f(s,¢q,...
t,) as Skolem term. For suppose there would be two such quantifier nodes, then
the paths from the root of E to these two nodes would split on either a V- or an
J-node. The former is impossible because, by condition A, the Skolem symbol f
designates a unique strong quantifier in A and the latter is impossible because,
by condition B, the terms t1,... ,t, designate a unique subexpansion of their
respective weak quantifier nodes.

Remark 1. Our expansions differ from Miller’s Skolem expansion trees at sev-
eral points: our convention on naming Skolem symbols corresponds directly to
Skolemization of formulas, we allow L and T to accomodate weakening conve-
niently, at weak quantifiers we consider a set of terms and we work in the setting
of first-order logic.

In addition to considering expansions of formulas we will also consider expan-

sions of sequents. If S = Ay,... A, F By,..., By, is a sequent, E,..., FE, are
dual expansions of A;,...,A, and Fy,...,F,, are expansions of By,..., B,
then Ey,...,E, - Fy,... , F,, is called expansion of S if every ¢t € SkTerms(E},
..., B, F Fi,... F,) corresponds to exactly one strong quantifier node in

Ey,... ,E,FF, ... F,.
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DEFINITION 5. If E is an expansion or dual expansion, then the formula Sh(E)
and the quantifier-free formula Dp(F) are defined as follows:

Sh(E) = E for an atom E

Sh(—FE) = -Sh(FE
Sh(Ey V Es) = Sh(El) V Sh(Es)
Sh(Qr A+" By +...+™" E,) =Qz A
Dp(F) = E for an atom E

Dp(—E) = —~Dp(E)
D (E1VE2) D (El)\/Dp(EQ)

Dp(3z A +" Ey + ...+ E,) = \/ Dp(E;), and

i=1
Dp(Vz A+ By +. /\

It S=EFE,... ,E,+F Fi,...,F, is the expansion of a sequent, then Dp(S) =
-Dp(E1) V...V -Dp(E,)VDp(Fi) V...V Dp(F,).

Note that, if F is an expansion of A, then in general Sh(E) # A but by
replacing positive occurrence of L and negative occurrences of T in Sh(E) by
subformulas of A, the formula A can be recovered. An expansion E is called
tautological if Dp(FE) is a tautology.

EXAMPLE 1. Ey = Yy (P(c) — P(y)) +f(© P(c) — P(f(c)) is an expansion
of Yy (P(c) — P(y)) with parameter ¢ and Skolem symbol f.
E, = 3aVy(P(xz) — P(y)) +° Ep as well as By =

Javy(P(z) — P(y)) +° Eo
+ (Vy(P(f(c)) — P(y)) +TY D P(f(c) = P(£(f(c))))

are expansions of 3zVy (P(z) — P(y)) but only Fs is tautological.

DEFINITION 6. For an expansion or dual expansion F its logical complexity
|E| is defined as

|E| = 0 for an atom E
B = B +1
|EvV Eq| = |E1| + |Ea| + 1

n
QrA+" By ...+ E,| = Z(‘E" + 1) for a quantifier Qz
i=1
If IT = A is the expansion of a sequent, then [IT = A| =35 a0 [E]-

For reading out expansions from proofs, the following merge-operation will be
useful. For our purposes it is enough to use it on expansions of formulas without
strong quantifiers and for the sake of simplicity we restrict our definition to this
case.
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DEFINITION 7. If E; and FEs are expansions of the same formula A without
strong quantifiers, then their union F; U Es is again an expansion of A and is
defined as follows:

1. If E1 = J_, then E1 @] E2 = EQ. If E2 = J_, then E1 UE2 = El.

2. f By = E{VE! and E5 = E{V EY, then E; UFEy = (E{UESY) V (EY UEY).

3. If By = —F} and Ey = —F}, then E; U Ey = =(E] U E}).

4. If

By=3z A 4" Eyq.. 4™ B+ Fi ...+ F and
E2 =dx A/ +" E2’1 Lot TE EQ,k -|—t1 Gl . _Ar_tm Gm

where {s1,...,8 N {t1,... ,t;m} =0, then

FEiUE, =3z A 4 (El,l U E271) Lot (El,k U Eg,k)
+5F L+ F
+h Gy ..+ G,

For dual expansions the analogous definition applies where T replaces L and V
replaces 3. The union of expansions of sequents is defined by componentwise
union.

Note that |E7 U Ea| < |E1| + |E2| which can be shown by a straightforward
induction.

LEMMA 1. Let E1, Es be expansions of the same formula without strong quan-
tifiers, then Dp(E1)VDp(FE2) = Dp(E1UEs,). For dual expansions Ey, Eo of the
same formula Dp(Ey U E3) = Dp(E1) V Dp(Es) and for Si,S2 being expansions
of the same sequent Dp(S1) V Dp(S3) = Dp(S; U Ss).

PRrROOF. The result on sequents follows directly from the results on formulas
which are proved simultaneously by a straightforward induction on the structure
of the formula of which F; and E5 are expansions. The most interesting case of
this induction is that of V for dual expansions as it hinders the logical equivalence:
For Ey = E{V EY and Ey = E}, V El being dual expansions we have Fy U Ey =
(B} U By) V (B U E}), so

Dp(E1 U E») < (Dp(E}) ADp(E3)) V (Dp(EY) A Dp(EY))
by induction hypothesis and
Dp(E1) ADp(E2) < (Dp(E}) Vv Dp(EY)) A (Dp(E3) V Dp(EY)).
_|

LEMMA 2. Let w be a cut-free LK-proof of a sequent I' b A which does not

contain any strong quantifiers. Then there is a tautological expansion II F A of
FFA st [IEA| <|rl.

PRrROOF. By induction on 7: for the case of m being an axiom A,T'F A, A, or
A T,or L,I'FAletlITFAbe A, T,... , THL,..., LA or T,...,THF
Ay, L, T, or L,T,..., T F 1,..., L respectively. In any case, Il F A is
tautological and |II - A| = 0.
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If 7 has the form

)
TFAA

CATEA !

we obtain a tautological expansion I - A, F of I' - A, A from the induction
hypothesis. Then —F, I+ A is a tautological expansion of =A, ' -+ A and

|[mE, Al =[IFAE+1<[Yp|+1=]x|
The other unary propositional rules are treated analogously.
If 7 has the form

(¢1) (h2)
AL, TFA A, TFA

V
AV AL TFA !

we obtain expansions Fq,II1 F Ay and Eo, Il - Ag of A1, ' A and A5, T+ A
respectively by induction hypothesis. Let II = A be Fy V Eo, IT; UTls - Ay U Ay
and observe that, by Lemma 1,

Dp(E; V EpJI; UTIo F Ay U Ay)
< (=FEy A—Ey) VDp(IIy - Ay) vV Dp(Ils F Ag)
< (=E; vVDp(II; F Ay)) A (=B vV Dp(Ils F Asg))
< Dp(E1,I1; F A1) ADp(E2,IIs F Ag)

which is tautological by induction hypothesis. Furthermore
LAl =B,y B Ag| + [Bo, o = Ao + 1 < || + [tho| + 1 = [m].

The other binary propositional rules are treated analogously.
If 7 is of the form

(¥)
'+ A dz A A{x — t}

THFA, JzA v

we obtain an expansion Il = A, 3z A+" By .. .+ E,, Eof T+ A,3x A, A{x — t}
by induction hypothesis. Then [T+ A, (Ix A+ By ...+ E,)U Bz A+' E) is
tautological as by Lemma 1

Dp(ITFA,Bz A+ By ...+ E,)U 3z A+' E))
<=Dp(IIFA)VDpEzA+" By ...+ E,)vDp(3r A+ E)
S Dp(I-A3r A+ Ey ...+ E,, E)

which is tautological by induction hypothesis. Furthermore
IIFAGGzA+Y B ...+ E,) U@z A+ E)|
SMFAITALME, ...+ E,| +|E|+1
=IFA3A+NE, ...+ E, E|+1
<[] +1=xl.
The V;-rule is treated analogously. B
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We write sk for the operator that is dual to sk, i.e. where the roles of strong
and weak quantifiers are exchanged. A formula F' is satifiability-equivalent to
skd(F).

LEMMA 3. Let A be a formula and E be an expansion (or dual expansion) of
A" = sk(A) (or A" = sk9(A) respectively), then there is an expansion (a dual
expansion) F of A with Dp(E) = Dp(F) and |F| < |E|qocc(A) + |E| 4+ qocc(A).

PROOF. By induction on A. If A is an atom let F' := E.

If A= AV As, then E = E; V E5 is an expansion of A’ = A} V A} and by
induction hypothesis we obtain expansions F; of A; and F; of As respectively.
Define F' := F; V Fy and observe that Dp(F') = Dp(F). Furthermore,

|F| < |E1|qocc(Ar) + |E1| + qoce(Ar) + |Ea|qoce(As) + | Fa| + qoce(Az) + 1
= qocc(A) + |E| + | E1|qocc(Aq) + | Eg|qoce(Asg)
< qocc(A) + |E| 4 |E|qocc(A).

If A = —Ap, then E = —=Ej is an expansion of A’ = =A{ and by induction
hypothesis we obtain a dual expansion Fy of Ag. Define F' := —F; and observe
Dp(F) = Dp(E) and

|F| < |Eg|lqocc(A) + |Ep| + qocc(A) + 1
= |E|qocc(A) + |E|.
If A =3z Ay, then E = 3z A) +'* E; ... +'» E,, is an expansion of 3z A}

hence Ei,...,E, are expansions of Aj{z « t1},...,Ay{z < t,} which are
the Skolemizations of Ag{z «— t1},...,Ao{x « t,}. From the induction hy-
pothesis we obtain expansions Fi,... , F, of Ag{z «— t1},...,Ap{z «— t,} and

define F := Jx Ay +"* Fy... +' F,. Observe that Dp(F) = \/|_, Dp(F;) =
Vi_, Dp(E;) = Dp(E) and that

NE

|F| < (|E;|qocc(A) + |E;| + qoce(A) + 1)

1

.
Il

n

' (| 2| 4+ 1)qoce(A) + Z(|E1| +1)

= qocc(A)|E| + |E].

If A =Vax Ap, then F is an expansion of Aj{z < f(t)}. We apply the induction
hypothesis to Ag{x < f(t)} and E to obtain an expansion Fy of Ag{z « f(¢)}.
Define F := Yz Ay +f®) Fy and observe that Dp(F) = Dp(Fy) = Dp(E) and

[F| < [Elaoce(Ao{z — f()}) + || + qocc(Ao{z — f(H)}) +1
= |E|qoce(A) + qoce(A).

The dual cases are analogous. —

M=

s
Il

LEMMA 4. Let S be a sequent and E be an expansion of sk(S), then there is
an expansion F' of S with Dp(E) = Dp(F) and |F| < |E|qocc(S)+|E|+qoce(S).

ProoF. This follows from applying the above Lemma 3 to every formula in S
and the additional observation that every ¢ € SkTerms(F') designates a unique
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strong quantifier node in F'. For suppose there were two strong quantifier nodes
having ¢ as Skolem term, then they must appear in different expansions (or dual
expansions) E; and F5. This however is impossible as each Skolem symbol in
sk(S) corresponds to a unique strong quantifier in S. -

DEFINITION 8. The calculus LK® works on expansion sequents and is defined
as follows: axioms are of the form
ATIFAA TIHAT, or L, IIFA
for an atom A. The rules are

E,TIFA B TIFA I+ A, Ey, By MFAE  EIFA _
EyVEy IIF A ' TIFAEVE, " SETFA ' TFA-E

T

and analogously for A and —. Furthermore
I+ A7 dr A +t1 E1 ce +ti’1 Ei,]_ —|—ti+1 EiJrl e +t" f;ln7 Ei
MM-A3JzA+BE, ...+ B,

Ir

E,IIF A
Jr A+ B I A

and analogously for V,. and V.

&

If ¢ is an 3,-inference we write t(¢) for ¢; and if ¢ is an Jj-inference we write t(¢)
for t. The above calculus will (only) be used for a bottom-up proof construction.
The rules of LK are invertible in the sense that, for every unary rule, Dp(C) =
Dp(P) for C being the conclusion of the rule and P the premise, as well as
Dp(C) = Dp(Py) A Dp(Pz) for Py, P, for the binary rule with premises Py, Ps.
Furthermore, if the conclusion of a rule is an expansion so are its premises (the
converse is not true). The depth of a proof 7 is the maximal number of inferences
on a branch of 7.

LEMMA 5. Let  be an LK®-proof of an expansion E, then depth(w) < |E|.

PROOF. It is easy to check that a premise of a rule has a logical complexity
which is strictly smaller than that of its conclusion. B

DEFINITION 9. For an expansion F we define the Skolem term ordering <pg
as s <p tif
1. s is a proper subterm of ¢, or

2. E contains a strong quantifier Qz A’ +* E’ and E’ contains a strong quan-
tifier Qy A” +t E"'.

Note that the above ordering <pg is wellfounded on any set of terms 7 let
M C T be the set of terms which is minimal w.r.t. the subterm-ordering (which
is well-founded), then there is at least one t € M which belongs to an outermost
strong quantifier. This is a minimal term w.r.t. <g on T. With < we denote
the reflexive closure of an ordering <.

DEFINITION 10. An LKE-proof is called compatible with a term ordering <
if for all quantifier inferences ¢; and ¢t where (1 is strong and is above 1o we have

t(e1) A t(e2).
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LEMMA 6. Every tautological expansion I+ A has an LKE-proof that is com-
patible with <A -

PRrOOF. We proceed by induction on the cardinality of SkTerms(II - A). For
SkTerms(IT + A) = @) any bottom-up proof search yields a proof by invertibility of
the rules, so let SkTerms(IT - A) # (0. By well-foundedness of <y-a there exists
a <qra-minimal element in SkTerms(IT - A), say f(5,t) where t = t1,... ,t,.
Let Qy be the unique strong quantifier in IT F A that is associated to f(5,1)
and let F be the expansion (or dual expansion) that contains Qy. Then the
weak quantifiers dominating Qy in E are Qx1,...,Qx, with terms t1,... ,t,
respectively. Furthermore Qy is not dominated by a strong quantifier due to
=<11A-minimality.

A bottom segment of the proof of IT - A is constructed by induction on the
depth of Qy in E: if the outermost connective is propositional, the corresponding
rule is applied, if the outermost connective is a quantifier, then it is one of the
Qz; for 1 < i < n and the weak quantifier rule is applied to the term ¢;. If the
outermost connective is a strong quantifier, then by the above observation, it
is Qy in which case we apply the corresponding rule yielding the term f(s,7).
The leaves 11y + Aq,... I, b A, of the proof segment just constructed are
tautological by the invertibility of the rules and have strictly smaller sets of
Skolem-terms, so we can complete the proof construction by obtaining proofs
M1, ... ,Tm of them by induction hypothesis. It remains to prove compatibility
with <pra-

If ¢1 is the inference introducing Qy then as ¢ is above s, t9 is introducing
Qx; for an i € {1,... ,n} and in this case t(t2) = t; is a proper subterm of
f(5,1) = t(e1) hence t(e1) Amra t(2).

If +; is above 15 and both are in some m;, then by induction hypothesis
t(t1) Amra, t(t2) hence t(2q) is not a subterm of t(z2). Suppose now, for the sake
of contradiction, that t(¢1) =<m-a t(z2), then IT F A must contain a strong quanti-
fier Qz A’ +*(1) B’ and E’ must contain a strong quantifier Qy A” +t(:2) " But
as both ¢; and 5 are in 7; also II; - A; must contain Qz A’ +*(“1) E’ contradicting
t(e1) Ama,; t(e2)-

If ¢; is in m; and ¢y in the bottom segment, then t(v1) # f(5,f) because
f(5,t) ¢ SkTerms(II; - A;). Furthermore both t(¢1) <m-a f(5,t) as well as
t(e1) <mra t; <mea f(5,t) for some j € {1,...,n} would contradict <pa-
minimality of f(5,1). o

LEMMA 7. Let E be an expansion of a sequent S that does not contain Skolem
symbols and let © be an LK -proof of E which is compatible with <. Then
there is an LK-proof ¢ of S with depth(v) = depth(r).

PROOF. It suffices to construct such a proof ¢ of Sh(E) as a proof of S can
then be obtained by replacing positive occurrences of | and negative occurrences
of T by subformulas of S which does not change the depth of the proof.

We proceed by induction on 7. The translation of axioms, propositional and
weak quantifier rules are straightforward, so consider a subproof 7 of 7 of the
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form

(o)
Eo, T+ A

Jz A+ By T A

3

By induction on the depth of 71 in 7, and using the assumption that S does not
contain Skolem terms, one can show that

SkTerms(Sh(3z A +/® Ey, I+ A)) C Subterms({t(¢1),... , t(tn)})

where ¢1, ... ,t, are the quantifier inferences below 7 in 7. By compatibility of
7 with <p we have f(¢) Zg t(1;) hence f(t) ¢ Subterms({t(c1),... ,t(en)}-

By induction hypothesis there is an LK-proof 1y of Sh(Ep,IIF A). Let a be
a fresh variable and ¢, be the result of replacing all occurrences of f(t) in ¢ by
a. Let 11 be

(o)
Sh(Ey, T+ A)

Sh(3z A +7® Ey, T F A)
which is a valid rule application as f(f) ¢ Terms(Sh(3z A +/® Eo II+ A)). A

3

THEOREM 2. Let S be a sequent that does not contain Skolem symbols and 7
be an LK-proof of sk(S), then there is an LK-proof ¥ of S with depth(y)) <
|m|qoce(S) + |7| 4+ qoce(S) and hence || < 2lmlacce(S)+lrl+aoce(S),

PrOOF. By Lemma 2 there is a tautological expansion E of sk(S) s.t. |E| <
|r|. By Lemma 4 there is a tautological expansion F of S with |F| < |r|qocc(S)+
7| + qoce(S). By Lemma 6 there is an LK®-proof x of F which is compatible
with < and, by Lemma 5, has depth(x) < |r|qocc(S) + |7| + qoce(S). Finally,
by Lemma 7, we obtain an LK-proof ¢ of S with depth(¢) < |7|qoce(S) + || +
qoce(S). =
The above upper bound refers to cut-free proofs only. However one can use this
result to obtain a similar upper bound on a class of proofs with cuts as follows.
For the rest of this section, we augment our calculus LK by the following cut-
rule:

TFAA ATFA

TFA cut
Let m be an LK-proof, let a,... ,a, be the eigenvariables of 7 and let T' =
{ti=a1,... ,tn = Qn,tni1,- .- ,tm} be aset of terms. Denote by 77 the cut-free

proof obtained from 7 by replacing every cut by an —;-inference followed by V-
inferences to bind all occurrences of terms from T (this is a slightly more general
version of proof transformations that also appear in [2, 4]). If the endsequent of
mis ' A, then the endsequent of #7 is ¥,T' F A where

¥ = V.’El...vwm (Al —>A1),... ,le...me(Ak —>Ak)

and Aj{x; «— t;}7, ..., Ap{z; < t;}7", are the cut formulas of 7. As there
are at most |w| many cuts we add at most |7||T| new inferences and obtain
7 < (7] + D)=,
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Conversely, if x is a proof of a sequent %, T" = A with ¥ of the above form,
denote with x the proof of I' - A which is obtained from replacing every —-
inference pertaining to an (A; — A;){x; — t;;}i~, by a cut and removing the
V-inferences. If an ancestor path of a formula in ¥ does not contain an —;-
inference, it starts with weakening and is removed without increasing the depth
of the proof, hence depth(y) < depth(x).

COROLLARY 1. Let S be a sequent that does not contain Skolem symbols and
7 be an LK-proof of sk(S) s.t. every term that starts with a Skolem symbol and
appears in o cut formula of m does not contain a bound variable. Let Ay, ..., Ay
be the cut formulas of m and let ¢ be the number of quantifiers in {A1, ..., Ag}.
Then there is an LK-proof 1 of S s.t. depth(v)) < (|«|?>qoce(S) + |7| + 1)(c +
QOCC(S) + 1) and hence |,¢| < 2(|7r|2qocc(S)+|Tr\+l)(c+qocc(S)+1)'

ProOF. Let S =T F A and sk(S) =T"F A’. Let T = {t1 = a1,... ,tn =
Qs tngy .- s tm} where {aq,... ,a,} are the eigenvariables of m and {tp41,. .. ,
tm} are all Skolem terms of 7 that do not contain bound variables. Now |T| <
|m|qoce(I" B A) because every Skolem term t € T starts with a certain Skolem
symbol f of which there are qocc(I' F A) many. Furthermore, for each f the
number of different f(¢)’s is bound by the number of paths of weak quantifier
inferences corresponding to the weak quantifiers that bind variables in f(Z) in
' F A, i.e. by the number of weak quantifier inferences which are uppermost in
such paths, i.e. by ||

Now 99 = 71 is a cut-free proof of ¥,I" = A’ and ¥ does not contain Skolem
symbols. Let 11 be the proof of ¥/, I i A’ obtained from skolemizing 1. Note
that ¥/, I” - A’ is a skolemization of X,I" = A which does not contain Skolem
symbols. Therefore we can apply Theorem 2 to obtain a cut-free proof ¥y of
2,0 F A with

depth(ts) < |¢1]qoce(X, T A) + [11| + qoee(E, T F A)
< (|7|*qoce(S) + |x| + 1)(c + qoce(S) + 1)

Finally ¢ = 15 is a proof of I' - A with depth(v)) < depth(t)s). -

The above corollary provides a necessary condition for a super-exponential lower
bound: to contain Skolem terms with bound variables. Note that in the context
of Skolemization in higher-order logic, a similar condition was formulated in [9]:
essentially, it also forbids the application of Skolem symbols to terms containing
bound variables. There, the condition was formulated for soundness (without it,
the Skolemization of the axiom of choice becomes provable), while in our setting,
it concerns complexity.

84. A lower bound. For our lower bound, we consider the language £ =
{P1, Pa,...,Go,G1,Gs ...} where the P; are one-place predicate symbols and
the G; are zero-place predicate symbols. The following sequence will be central
to proving the lower bound:

1. RO = Go — Go.
2. For N >0, Ry = ((Jzn)Pn(zn)VGN) — Qyn) (P (yn)VGN)ARN-1).
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DEFINITION 11. Let F' be a formula, then the size of F', denoted by ||F|, is
defined as the number of (logical and non-logical) symbols in F.

The sizes of the formulas are moderate, but their proofs are long:
PROPOSITION 2. ||Ry|| =16 %« N 4 4.
THEOREM 3. For all LK-proofs m of - Ry, |m| > 2N+1.

PrOOF. We proceed by induction on N:

1. N =0. Then 7:

Go F Gy
- G() — Go
is the shortest LK proof of - Ry. Note that |7] = 2.

2. N > 0. We will describe the shortest LK proof m of Ry, arguing at
every step that there is only one way to apply the rules. We will also give
countermodels to show that some rules are not applicable, for this purpose
we will give interpretations M with domain M = {a,b}. The induction
hypothesis (IH) is: all proofs ¢ of - Ry_; are such that [¢)| > 2. 7 has
the form

—

1 ) \/l (2)
(ExN)PN(xN)\/GN H (EyN)«PN(yN)\/GN)/\RNfl) _ (1)
F(Gan)Pr(zn) vV GN) — Cyn)(Py(yn) V GN) A Ry-1) "
because in step (1), only —,. is applicable. In step (2), 3, is not applicable,
as ((3zn)Pn(zn))VGN F (Pn(s)VGN)A RN_1) is not valid for any term
s. To see this, set G = f, and if s™ = a set P{' = {b} (and analogously
if s™ = b). Therefore we have to apply V;.
T 18

(¥)
Pn(an) = (Jyn)((Pn(yn)V GN) A Ry—1)
(Fzn)Pn(zn) F (Fyn)((Pr(yn) V GN) A Rn-1)

because in step (3), 3, cannot be applied: the countermodel from the pre-
vious paragraph is also a countermodel here. So 3; has to be applied. We
claim that || > 2¥. This follows by (IH) and the following:

LEMMA 8. Let w be a proof of Pn(an) F (Fyn)(Pn(yn)VGN)ARN_1).
Then there exists a proof ¥ of = Ry_1 such that |¢| < |x].

3 (3)

which we will prove later. This completes the argument for 7.
The end-sequent of w9 is Gy = (Fyn ) (Pn(yn)VGN)ARN—1). We claim
that |ma| > 2V, This follows by (IH) and the following:

LEMMA 9. Let m be a proof of Gy F (Fyn)((Pn(yn) V GN) A Rn—1).
Then there exists a proof ¢ of - Rn_1 such that || < |x|.

which we will also prove later.
Hence we find that for some constant k,

|T| =k + || + |ma| > k+2% 2N =k 4 2V > oNF1L
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We will use the following result from [11], which also holds for our modified
version of G3c:

PROPOSITION 3. For all A,T, A

1. If w is an LK-proof of A,A,T' = A then there exists an LK-proof ¢ of
A, T F A such that || < ||

2. If m is an LK-proof of I = A, A, A then there exists an LK-proof ¥ of
I'E A, A such that || < ||

Now, we are ready to give the missing proofs:

PrROOF OoF LEMMA 8. First, note that for all axioms A,T"' - A, A in 7, it holds
that A # Gn (because G occurs only in one polarity), and if A = Px(s) for
some term s then A occurs in a subproof ¢ of the form

(¢1) (¢2)
HI—A,PN(S)\/GN II-A Ry_1
ITH A, (Pn(s)VGN) A RNn-1

in 7 (because the indicated occurrence of Py(yn) in the end-sequent is the
only positive occurrence of Py in the end-sequent). Call such subproofs ¢; of
7w degenerate, and call inferences occuring in degenerate subproofs degenerate.
Further, call an occurrence in 7 replaceable if it is an ancestor of the occurrence
of (Fyn)((Pn(yn)V Gn) A Ry—1) in the end-sequent of 7 that (still) contains
the indicated disjunction.

Let p be an inference in 7w with conclusion I' - A, ©, where © are the replace-
able occurrences (note that this is general as replaceable occurrences can only
occur on the rhs). By induction on the height of p, we will define a proof 7,
of ' - A,Rn_1,... ,Rn—_1 if p is not degenerate. Otherwise 7, is undefined.
Hence we only consider inferences p which are not degenerate:

Ar

1. If p is an axiom A,II - A, A, then replaceable occurrences occur at most
in II, A (otherwise p would be degenerate by the argument given above).
Hence we may replace those occurrences by Ry_; to obtain a suitable
axiom to take for m,.

2. If p does not operate on replaceable occurrences then we obtain 7, from the
proofs m,, (m,,) obtained by induction hypothesis by applying p. Note that
since p is not degenerate by assumption and does not operate on replaceable
occurrences, p; (and ps) are also not degenerate.

3. If p is an A, inference operating on a replaceble occurrence with premises
p1, p2, then p is of the form:

(1) (2)
I'HA,Py(s)VGN '-A0,Ry_1
T'FA, 6, (PN(S) V GN) ANRNn_1
Note that @9 is degenerate only if the proof ending in p is, which is not

the case by assumption. Hence we set m, = m,, which is a proof of I' -
A, Ry_1,...,RNn_1 by induction hypothesis.

Ay
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4. If p is an V, inference operating on a replaceable occurrence, then it is
degenerate and hence we do not treat this case.

5. If p is an 3, inference operating on a replaceable occurrence with premise
p' then p is of the form

(%)
I }— A, @, (PN(S) \Y GN) A RN—l; (HyN)((PN(yN) \Y GN) A RN—l)
I'EA,0,3yn)((Py(yn) vV GN) A Rn-1)

Again ¢ is degenerate only if the subproof ending in p is, which is not
the case by assumption. Hence we may set 7, = 7, which is a proof of
'FARy_1,...,Rn_1 by induction hypothesis.
Observe that if pg is the last inference in 7 then m,, is a proof of Py(an) F
Rn_1,...,Ry—1 and by construction, |m,,| < |7|. As Py(an) occurs only in
one polarity, m,, can easily be transformed into a proof 1 of F Ry _1,... , Ry—1

such that || < |m,,|. Finally, we apply Proposition 3 multiple times to obtain
the desired LK-proof of - Ry _1. -

Lemma 9 is proved analogously.
While Ry has only long proofs, its Skolemization has short proofs. The
Skolemization of Ry is Sﬁ where for all N and for all n < N we define

1. S(J)V = G() — Go.
2. Forn > 0,
SijV = (Pn(fN—n(yNa YN—-1,--- 7yn+1)) \ Gn) - (Elyn)((Pn(yn) \ Gn) A Syjlv_l)

THEOREM 4. There exists an LK proof m of - sk(Ry) such that |r| < kxN+c
for some constants ¢, k.

3r

PrROOF. Let N,n € N such that N > n. Let

N _

Sp = fN—TL(vayN—la--- ayn-i-l)

N _ N N N N _N
0p = {YN < SN YN-1 < SN_1ON_ 15+ Yntl < 5n+1‘7n+1}-

Observe that s¥ is a Skolem constant, and that for all 0 < n < N, sNo2 is
a closed term. Therefore the range of o consists of closed terms and hence
o) {yn — spop} = ol

We will construct LK proofs m of T' = A, S¥oV for all N > n and multisets
of formulas T, A, such that |7| < k% n + ¢, by induction on n. For reasons of
clarity, we will (mostly) not write down the contexts ', A explicitly — they are

only needed because our calculus does not have rules for weakening.

1. n=0. Observe that S = Gy — Gy = S{o for all substitutions . Take as
m

Go + Gop
|—G0—>G0

—>r

and note that |7| = 2.
2. n>0,N >0. Let m be
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Pn(871270.711\/) "A7Pn(371yarjy) Gn FA7Gn
P.(sNoNyv G, - A, Py(sNoN), G, (T(r)
Po(sNoN)V G F A, (Polyn) VvV Gr)o A, SN oN

n—1 c
Pn(SnNUTJTY)\/Gn }_Aa((Pn(yn)VGn)/\Srle—l)arlzv{yn ‘_Sr]yafzv 3 "
Pn(srlyafy) V G = (Fyn) (Pru(yn) V Gn) A Srzzv—l))UN "

+ ((Pn(sfy) V Gr) = (Fyn) ((Pa(yn) V Gr) A 8711\[—1))‘77];[

where 77y is a proof of I' = A, S o2 | such that | )| < k*(n—1)+c

obtained by applying the induction hypothesis. Then for some constant
I <k,

|T| =1+ |7qm| <l+Ek(n—1)+c<kn+ec
_'

In the above lower bound, the assumption of working in a cut-free setting is
necessary.

PROPOSITION 4. There are proofs mn with cuts of - Ry s.t. [tn| =k+xN+¢
for some constants k, c.

ProOF. The sequents

(ELTN)PN({EN) VGNF (HZN)(PN(ZN) V GN)

have constant-length proofs ¢ . Let my be

Go F Gy .
H G() — G()
and 7w for N > 0 be
YN (32x) (P (2x) V Gn) F Gyn)((Py(yn) V Gy) A Ry_1) out
(Bzn)Pn(zn)VGEN F Gyn)((Pn(yn) V GN) A RN—1) -
F Ry "

_|

85. sm-Skolemization. In this section, we consider an alternative Skolem-
ization that, even in the cut-free case, does not have an elementary elimination of
Skolem symbols. This optimized version sm-Skolemization of structural Skolem-
ization allows minimization of quantifier scope. This is analogous to the §™ rule
for free variable semantic tableaux introduced in [7].

DEFINITION 12. We define a rewrite relation —,, on formulas that “pushes
quantifiers down”:
(Vz)=F —gp —(32)F,
(V) (FVG) =gm Ve)FVGE, (Y2)(GVF) =g, GV (Va)F
provided that x is not free in G, and so on for the other cases and connectives.

If F —? . G then sk(G) is an sm-Skolemization of F'. This definition is extended
to sequents in the obvious way.
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Clearly, in general sm-Skolemization creates smaller Skolem terms than struc-
tural Skolemization. Using results from [2], we show that there may be a non-
elementary difference in cut-free proof complexity between a formula and its
sm-Skolemization. For this purpose, we define the functions e, s by e(0,k) =
Eye(n+1,k) = 2°00F) s(n) = e(n, 1).

THEOREM 5. There exist sequences of sequents Sy, M, and constants c,d such
that for all n

1. M, is an sm-Skolemization of S,, and

2. there exists a cut-free proof w, of M, s.t. |m,| < e(c,n) (i. e. elementary),
and

3. for all cut-free proofs w, of Sy, |mn| > s(n —d) (i. e. non-elementary).

PRroOOF. Consider the sequence of sequents T, Statman uses to show the
non-elementary complexity of cut-elimination in [10]. Statman constructs short
proofs with cut 7, of T,,. Consider the end-sequent T!, of 7,7 where T is the
set of eigenvariables of m,. We take sk(T),) for M,. For S, we take a certain
“bad prenexification” of T),, constructed as the witness for e) in Theorem 4.1
in [2]. Since S, is a prenexification of T, S,, —%_ T which shows 1. Further,
2. follows from d), and 3. follows from e) and c)! of the aformentioned Theorem.
The bounds there are stated in terms of the Herbrand complexity HC(S), which
is the number of formulas of a minimal Herbrand sequent of S. But since we
can (using the techniques described in this paper) go from Herbrand sequents to
proofs and back with at most exponential expense, we get the desired bounds. -

8§6. Conclusion. We would like to stress that the complexity considerations
in this paper do not depend so much on Skolemization per se but rather on the
rigidity of the eigenvariable conditions and the form of the proof. The eigen-
variable conditions can be more relaxed, e.g. for sequent calculus variants of
Hilbert’s e-calculus or a sequent calculus that uses Henkin constants instead of
eigenvariables. The length of cut-free proofs in such calculi corresponds to that
of skolemized cut-free proofs which allows to repeat the complexity results of
this paper. In case the format of the proof is changed from tree-like to dag-like
the questions remain open.

The question about the complexity of deskolemization of proofs with cuts in
the general case is left open. Among the main obstacles seems to be the difficulty
of proving lower bounds for proofs with cuts. Another open question posed in
the cut-free and general case is the complexity of deskolemization in presence of
identity axioms for the Skolem functions. This question is interesting because
it is connected to an assymmetry between model-theoretic and proof-theoretic
Skolemization. In model theory identity axioms for Skolem functions are always
assumed as one intends to work algebraically in the open extension. In proof
theory already existing proofs are skolemized and therefore identity axioms for
Skolem functions are never used.
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Lc) is Statman’s result.
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