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1. INTRODUCTION

Classical logic is often inadequate for dealing with the many challenges posed by
emerging applications, which require handling inconsistent, incomplete or vague in-
formation, reasoning about dynamic structures, etc. Such applications call for various
non-classical logics: fuzzy logics, paraconsistent logics, substructural logics and many
more. These logics are often described using Hilbert systems, which provide few in-
sights into such important issues as decidability, interpolation, etc. and are extremely
cumbersome when it comes to automated deduction.

Figuratively speaking, to make a logic useful for practical purposes, it needs to be
“tamed”,! i.e. reformulated in terms of an analytic calculus, where proof search pro-
ceeds by a step-wise decomposition of the formulas to be proved, and equipped with
a useful and intuitive semantics. A desirable property of such semantics is effective-

1To tame: to reduce from a state of native wildness especially so as to be tractable and useful to humans.
(Merriam-Webster Dictionary, Encyclopedia Britannica)
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ness in the sense that it naturally induces a decision procedure for the logic. Examples
for effective semantics include finite-valued matrices, non-deterministic finite-valued
matrices (Nmatrices, [Avron and Lev 2005; Avron and Zamansky 2011])), and partial
Nmatrices (PNmatrices, [Baaz et al. 2013]). The latter two are natural generalizations
of the former, which allow non-deterministic interpretations of logical connectives (in
contrast to Nmatrices, PNmatrices also allow empty sets in the truth tables). Consid-
ering the wide variety of existing non-classical logics, and the new logics constantly
introduced, it is also desirable to have an algorithmic approach to “taming”, that can
be automated.

In this paper we provide such an approach for a large class of logics formulated
in terms of Hilbert calculi. We introduce an algorithm for a systematic generation of
sequent calculi for this class of logics, as well as simple and intuitive semantics for
them. The introduced semantics, based on PNmatrices, is effective and also provides a
simple sufficient condition for the analyticity of the corresponding calculi.

This class of logics contains many useful and well-known logics, as well as infinitely
many new ones: it consists of extensions of the positive fragment of classical proposi-
tional logic CL™ with axioms of a certain natural form. More precisely, they are induced
by a family H of Hilbert calculi obtained by (i) extending the language of CLT with
finitely many unary connectives, and (ii) adding to HCL™ (a Hilbert axiomatization of
CL™) axioms over the extended language of a certain general form.

The simplest and best known member of H is the standard calculus for classical
logic, obtained by adding to HCL™ the usual axioms for negation. Further examples
include many C-systems [Da Costa 1974; Carnielli and Marcos 2002] and the para-
consistent logics investigated in [Kamide 2013]. While analytic sequent calculi and/or
adequate semantics for some of these logics were already available, the novelty of our
approach is that their introduction is fully automated (as opposed, e.g., to [Avron et al.
2012; 2013], where the construction of semantics is done manually). Moreover, it ap-
plies to infinitely many logics (and is not tailored to the C-systems as [Avron et al.
2012; 2013] or to specific logics as [Kamide 2013]), many of which have had so far no
adequate calculi or available semantics.

Given a system H € H, our “taming” procedure works as follows:

Step 1. transform the Hilbert axioms in H into sequent calculus rules
Step 2. extract a PNmatrix out of the obtained sequent calculus

Step 1 is done by adapting the procedure in [Ciabattoni et al. 2008], where certain
Hilbert axioms are transformed into equivalent (sequent and hypersequent) structural
rules added to a suitable base system. In contrast to [Ciabattoni et al. 2008], the rules
extracted from the axioms of H € H are logical rules in Gentzen’s terminology, i.e.,
they introduce logical connectives. In particular, each of these rules may involve more
than one connective, and hence the analyticity of the calculus resulting from addition
of such rules depends on the way they interact with all the existing rules mentioning
the same connectives. This requires a view on the calculus as a whole, which is pro-
vided by the semantics constructed in Step 2 given in the framework of PNmatrices
[Baaz et al. 2013]. This framework is non-deterministic and by employing empty sets
of options in the truth-tables, makes it possible to “forbid” some combinations of truth
values. This type of semantics is still effective, as it guarantees the decidability of the
corresponding sequent calculus. As a corollary it follows that each system H € H is de-
cidable. Furthermore, we show that if the PNmatrix constructed for H is contains no
empty sets, then the corresponding sequent calculus is analytic, as it enjoys a certain
generalized subformula property.

This paper extends the results of [Ciabattoni et al. 2013]. However, in contrast to
[Ciabattoni et al. 2013], we allow here axioms with possible nesting of unary con-
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nectives of any fixed depth. This allows us to capture, e.g., the logics investigated in
[Kamide 2013] that could not be dealt with in our the previous work. While Step 1 of
our procedure is easily extended to the new axioms, Step 2 required major changes
in the construction of our PNmatrices, in the notion of analyticity and in all related
theorems.

Our procedure is implemented in the Prolog system Paralyzer — PARAconsistent
(and other) logics analLYZER, drawing inspiration from the system MUltlog [Baaz
et al. 1996], which introduces analytic calculi for finite-valued logics. For any set of
axioms of a certain general?® form, the system returns as output (a paper containing)
the corresponding sequent calculus and the associated PNmatrix.

Our “taming” procedure is a concrete step towards a systematization of the vast
variety of existing non-classical logics and the development of tools for designing new
application-oriented logics in the spirit of [Ohlbach 1994].

This paper is organized as follows: Section 2 describes the translation of any Hilbert
calculus H € H into an equivalent sequent calculus G. In Section 3 we obtain a corre-
sponding PNmatrix for each such sequent calculus G and use it to prove the decidabil-
ity of H. Section 4 provides a way for checking the analyticity of G. Section 5 presents
the implementation of Paralyzer, while Section 6 contains a summary of the paper and
discusses some directions for future work.

2. FROM HILBERT SYSTEMS TO SEQUENT CALCULI (STEP 1)

In what follows, £, denotes the language of CL™, the positive fragment of proposi-
tional classical logic, consisting of the binary connectives A (conjunction), V (disjunc-
tion) and D (implication), and the atomic formulas p1, ps, . ... We consider propositional
languages that extend le with finitely many unary connectives. The symbol £ is used
to denote such a language. We identify a language with its set of formulas, e.g. when
writing ¢ € L. Several additional notations are used: U, for the set of unary con-
nectives employed in £; %,> for arbitrary elements of U/.; U} for the set of all finite
sequences of connectives from U, with the empty sequence denoted by ¢; and *,5 for
arbitrary such finite sequences. We also employ standard notations for their concate-
nation (e.g., when writing expressions like *>).

2.1. The Family H

Consider the Hilbert axiomatization HCL™ of CL*, which in addition to the MP rule
includes the following axioms:

I1. 05 (¥ D)

I2. (29 260)D(pD19)D(p>D0)
IB. (v 2>¢9) DY) D9

Cl. pANY D

C2. pNY DY

C3. 2 (DAY

D1. ¢ DoV

D2. Yy DoV

D3. (¢20)D(D0)D(pVey DI

H consists of all Hilbert calculi that are obtained by augmenting HC L™ (or any other
axiomatization of CL') with axioms in Ax, of the following general form:

Definition 2.1. Ax is the set of L-formulas that:

2Paralyzer currently handles the axiom systems of [Ciabattoni et al. 2013].
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(n1) p1V-m (n2) p1 D (—p1 Dp2)

(b)  p1 D (—p1 D (op1 D p2)) (ro) o(p1 ©p2) D (op1 V ops)

(k% op1 V (p1 A —p1) (1)2 —op1 D (p1 A —p1)

(05) op1 D o(p1op2) (02) op2 D o(p1op2)

(as)  (op1 Aopa) D o(p1 o p2) (a-) op1 Doy

(cx) ——=F"'p1 D —FTpy (ex) —*'p1D-—=F1p

(eik) ﬁk(pl op2) D (_‘kpl < ﬂkpz) (ezk) (ﬁkp1 < ﬂkpz) D) _‘k(pl o p2)
Eoijk)) ﬁ:gpl D PQ)) 3((_"67 p1A— )pz) Eozjk)) Eﬁzﬂpl A% ;32) ( —*(p1 D)PQ)
on.) 7 (P1Ap2 —Fp1 Vv =Fpy On, ﬂpl\/ﬁpz D ~¥(p1 A p2
(0b,) ="(p1Vp2) D (=Fp1 A =Fps) (05,) (=Fp1 A=Fpa) D =F(p1 V p2)

Fig. 1. Examples of formulas from Ax, for U = {—,0} (¢ € {V, A, D}, and any k > 0)

(1) are generated by the following grammar (S is the initial variable):
S=R;| Ry foro e {A,V, D}, * e U\ {e}
Ry = (RioP1) | (ProR)|*m Py = (ProPy)|*p1|p1|p2
Ry = (RyoPy) | (P20 R2) [ *(p1op2) Po=(PaoP)|*p1|p1|*p2|p2
(2) satisfy the following conditions: for some subformula ¢ = xp; of an £-formula aris-
ing from the start variable R; (and for the subformula ¢ = *(p; ops2) of an L-formula
arising from Rs, resp.): ¢ must not be contained
(i) in a positively® occurring (sub)formula of the form 1, A 15, and
(i1) in a negatively occurring (sub)formula of the form 1, V 15 or 1)1 D 9».

The formulas in Ax, are axiom schemata in which p;, p» denote metavariables which
are substituted by any £-formula in the instances of the schema. Roughly speaking,
the axiom schemata in Ax, contain

(R;) at least one propositional variable p; prefixed with a non-empty sequence of con-
nectives from U/, and possibly the propositional variables p;, ps, or

(Ry) exactly one formula (p; ¢ p2) prefixed with a sequence of connectives from ¢/, and
possibly the propositional variables p1, p2, possibly prefixed with sequences of con-
nectives from .

Example 2.2. The axioms (n1), (nz2), (b), (a-) (cf. Figure 1) are generated by (R;)
in the grammar of Definition 2.1, whereas the axioms (i), (o}), (ay) (cf. Figure 1) are
generated by (R.). Axioms that are not in Ax, are —(—p; A p1) D op; (it cannot be
generated by (R;) or (Rz)) and p; A —p; (it does not satisfy the conditions in Defini-
tion 2.1.(2)).

Definition 2.3. H is the family of Hilbert calculi obtained by extending HC L™ with
any finite set of axioms from Ax, for some language L.

Remark 2.4. The family of Hilbert calculi handled in [Ciabattoni et al. 2013] is
properly contained in H. The subformulas in the axiom schemata of Ax, can indeed
be prefixed by any finite sequence of connectives from U/, and not only by one (or, in
particular cases, by two) as in the axioms considered in [Ciabattoni et al. 2013].

H includes many known Hilbert calculi as shown in the examples below.

Example 2.5. A standard calculus for (propositional) classical logic is obtained by
adding the axioms (n;) and (nz) from Figure 1to HCL™.

3Recall that a subformula ¢ occurs negatively (positively, resp.) in an £-formula + if there is an odd (even,
resp.) number of implications D in ¢ having ¢ as a subformula of its antecedent, see e.g., [Buss 1998].
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Example 2.6. Paraconsistent logics are logics which are not trivialized in the pres-
ence of inconsistency, i.e. for which there are some formulas 1), , such that: 1), =) t/ .
The family of C-systems [Da Costa 1974; Carnielli and Marcos 2002; Carnielli et al.
2007; Avron 2007; Avron et al. 2012; 2013] is a well-known family of paraconsistent
logics in which the notion of consistency is internalized into the object language by
employing a unary consistency operator o, the intuitive meaning of oy being “¢ is con-
sistent”. C-systems are defined by adding to HCL™ the axioms (b) and (n;), as well
as different subsets of the axioms (r,), (k), (i), (o}), (0?), (a-), (ex), (as) and (cx) in Fig-
ure 1.

Example 2.7. For each n > 0 the logics L(2""?) are obtained by adding to HCL™*
the following axioms from Figure 1: (cy), (en), and for every 0 < m <n + 1:
— (€}, ), (ef. ), if mis even
— (o)), (0h,.), (01,), (o1,.), (0%), (0%), if m is odd.

[Kamide 2013] introduces analytic sequent calculi and suitable semantics with ad-hoc
proofs of soundness, completeness and analyticity for L(2"*2).

Definition 2.8. For an L-formula ¢, let ©, denote the set of all prefixes (including
the empty one ¢) of the maximal sequences of connectives from U/, that occur in .
Formally, O, is defined inductively as follows:

— If ¢ = xp for some x € U/} and atomic formula p, then O, consists of all prefixes of *.
—If ¢ = x(¢1 © ¢2) for some x € U}, o € {V,A, D} and L-formulas 1, 12, then O,
consists of all prefixes of %, together with the sequences in O, U ©,,.

Example 2.9. For U, = {o,*,—} and ¢ = x o =p; D p1, we have O, = {¢, *, %0, x 0 —}.
NOTATION 1. For H € H, O = U ey Ou-

We note that ©y will be used in the second step of our procedure for introducing
the PNmatrix. In particular, © 5 will determine the number and the form of the truth
values in the PNmatrix for H.

2.2. From axioms to logical sequent rules

By suitably adapting the procedure in [Ciabattoni et al. 2008] we transform each
H € H into an equivalent sequent calculus.

To simplify our presentation, we use a label-based formulation of sequent calculi,
and recall below the relevant definitions and notations.

Definition 2.10. Let £ be a propositional language.

(1) Alabelled L-formula has the form b : ¢, where b € {f,t} and ¢ is an L-formula.

(2) An L-sequent is a finite set of labelled £-formulas. The usual sequent notation
U1y, W = Q1,...,0m corresponds to the set {f : ¥1,...,f : ¥n,t 101, . t: Oom}
of labelled formulas.

(3) An L-substitution is a function o : £ — L, that satisfies the following conditions:
(a) o(x¥) = *(o(¢))) for every unary connective x of £ and formula .

(b) o(1 01ha) = a(3h1) © o(1h2) for every o € {V, A, D} and formulas 1, 5.
L-substitutions are naturally extended to labelled £-formulas, £-sequents, and sets
of L-sequents.

(4) An L-rule is an expression of the form Q/s, where @ is a finite set of £-sequents
(called premises) and s is an L-sequent (called conclusion). An application of an
L-rule Q/s is any inference step inferring the £-sequent o(s) U ¢ from the set of
L-sequents {o(¢) Uc | ¢ € Q}, where o is an L-substitution and c is an £-sequent.
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(5) A sequent calculus G for £ consists of a finite set of L£-rules. We write S ¢ s
whenever the £-sequent s is derivable from the set S of £-sequents in G.

Note that since we defined sequents as sets, the structural rules of contraction and
exchange are implicitly included in all sequent calculi studied in this paper.

Example 2.11. Examples of rules and their applications (in standard sequent no-
tation) are:

(=) { AT s ) S
(=~ (e ~p /4 —m) o

s ——p,A T=-A
I'=—(pAy),A

Example 2.12. Formulated according to Definition 2.10, the standard sequent cal-
culus LK™ for CL* consists of the following set of £],-rules:

(= ==A) o {E s oo}/ {E: =y Apa)}

(id)  O/{f:p1,t:pi} (cut) {{f:pi}At:p1}}/0

(W=) {0}/{f :pr} (= W) {0}/{t: p:}

(A=) WS p fopdb /S o Apey (5 A) ) {E:pa}}/{tpr Apa}
(v=) {f:ppASf:p23}/{f i Vpe} (= V) {{t:prtipa}}/{t:p1Vpe}
O=) {t:phAF o3}/ p Dp2} (=52) {{f rp1stp2}}/{E 1 O p2}
(¢ =) and (= ¢) with o € {A,V, D} are the logical rules of LK.

In what follows, given a Hilbert system H € H we show how to construct a sequent
calculus Gy equivalent to H in the following sense:

Definition 2.13. A sequent calculus G is equivalent to a Hilbert system H if for
every finite set I' U {¢} of formulas: ¢ is provable in H from I" (in symbols T" g () iff
I' = ¢ is provable in G (in symbols F¢ ' = ).

FACT 1. LK™ (see Example 2.12) is equivalent to HCL™.

NOTATION 2. We denote by HU{p} (H\ {¢} resp.) the Hilbert system obtained from
H by adding (removing) the axiom o, and by G U R the sequent calculus extending G
with the set R of L-rules.

Definition 2.14. Let R and R’ be two finite sets of L-rules, and G be a sequent
calculus for £. R and R’ are equivalent in G if Q Fgur s for every Q/s € R, and
Q teour s for every Q/s € R'.

Clearly, the above definition of equivalence between rules could be reformulated by
considering rule applications.

PROPOSITION 2.15. Let R and R’ be two finite sets of L-rules, and G be a sequent
calculus for L. R and R’ are equivalent iff the following hold for every L-sequent c and
L-substitution o: 0(Q) U ctagur o(s)Uc forevery Q/s € R, and o(Q) U cFgur o(s)Uc
for every Q/s € R

PROOF. One direction directly follows from the following properties of every sequent
calculus G for L:
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—If S k¢ s, then o(S) F¢ o(s) for every set S of L-sequents, £-sequent s, and L-
substitution o.

—IfStg s, then {s'Uc| s’ € S} Fg sUc for every set S of L-sequents, and £-sequents
s and c.

Both properties are proved by a straightforward induction on the length of derivation
in G. The converse follows by taking o to be identity and ¢ to be the empty context
sequent. O

Definition 2.16. An L];-rule Q/s is invertible in LK if s -1 ;c+ ¢ for every ¢ € Q.
FAcT 2. The logical rules of LK™ are invertible in LK.

To transform each H € H into an equivalent sequent calculus the idea is to extract
suitable logical rules out of the axioms of H belonging to Ax, and add the obtained
rules to LK ™. The procedure — which is contained in the proof of Theorem 2.22 — is
inspired by the method in [Ciabattoni et al. 2008] and is roughly described below.
Given any axiom ¢ € Ax,, it works as follows:

(Step i) We start from the rule (/{¢ : ¢}. By utilizing the invertibility of the logical rules of
LK as much as possible, we obtain an equivalent set R of rules each having the
form 0/{b1 : p1,...,bn : @, } With b; € {¢t, f}. Note that due to the shape of ¢ (see
Definition 2.1) it must be the case that each ¢; is either of the form xp; or *py with
* € O, and there is at most one ; of the form *(p; ¢ po) for x € © 5 \ {¢}.

(Step ii) Next, we remove each rule » € R whose conclusion contains {t : p;, f : p;} for
i € {1,2}. Moreover, for each remaining rule if the conclusion does not contain
*(p1ope) for x € Oy \ {¢}, we remove all variables p, and use Lemma 2.21 below to
ensure that the resulting rule is equivalent to r.

(Step iii) Choose a labelled formula S of the form *p; or x(p; ¢ p2) for x € Oy \ {¢}, and
move the remaining formulas to the premises of the rule while switching their
corresponding sequent sides (see Lemma 2.20 below). 5 is the formula introduced
by the rule and has .

We illustrate the steps to obtain sequent rules out of axioms first with an example.

Example 2.17. Let ¢ be the axiom (nz) p; D (—p1 D p2) from Figure 1. The algo-
rithm works as follows:

0/{t:p1 D (=p1 D p2)}

(1) _anertibilityof(ﬁ)) (Z)/{f cp1tiopr D p2)}
@) __JInvertibility of (=) @/{f cp1, fioprt p2}
(ii) _ yLemma 2.21 Q)/{f :p1, f . —|p1}
(iii) _>Lemma 2.20 {{t Zpl}}/{f . _‘pl}

Due to the special format of ¢ (¢ Ax,) the rules generated by the algorithm have
the general form depicted in Figure 2. The O-unary rules arise from axioms gener-
ated starting from R; in the grammar of Definition 2.1, while the ©-binary rules are
generated starting from Rs.

Remark 2.18. Distinguishing between the two types of rules in Figure 2 will be
crucial for the semantic definitions in Section 3. As we shall see, rules of different
types will play different semantic roles: the ©-unary rules will determine the truth
values for the PNmatrix, while the ©-binary rules will refine the truth tables for the
binary connectives of the PNmatrix.

Definition 2.19. Let O be a non-empty subset of I/} that is closed under prefixes (in
particular, € € ©). An L-rule Q)/s is called ©-simple if it is either ©-unary or ©-binary
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Rule Application form
— I'bip=A ...Tbpp=>A T e1p,A ... = e,p,A
©-unary P/{t: *p1} 1 ne T Aouo oy
.z Io1p=A ... T'bpp=>A T'=e10,A ... T = o0, A
Kk
P/{f - *p1} T 5o = A

where P = {{f :Bip1},.... {f :Bupr}, {t : @101}, .., {t : ®p1}}

9-binary Q/{t . ‘;(pl OPQ)} Ib1py;, = A . T\bnpi, > A T'= 010 ,A ... '3 enp,,.,A

I'= x(p10¢2),A

Q/{f . ;(p10p2)} F,Bl(pil = A ... F,Bncpin = A F:>;1<pj1,A F:;m@]’m,A

T, %(p10p2) = A

where Q = {{f :51pi, },.. ., {f :Bupi, }, {t 1 ®1pj, }, ..., {t 1 9, }}

Fig. 2. The general form of our rules (* € © \ {¢},5;,8; € ©,0 € {A,V, D}, 41,...,in,j1,---,Jm € {1,2})

(cf. Figure 2). A sequent calculus for £ is called O-simple if it is obtained by augmenting
LK™ with a finite set of ©-simple £-rules. We shall omit © when it is clear from the
context.

The lemma below, known as Ackermann’s lemma and used, e.g., in [Ciabattoni et al.
2008] for substructural logics and in [Conradie and Palmigiano 2012] for modal logics,
allows us to “move” formulas from the conclusions of sequent rules to their premises
(while making the formulas switch the sequent hand-side).

LEMMA 2.20. Let G be a sequent calculus for L extending LK™,
r=0/{b1:p1,.-.,bn:pn} and r'={{b2:p2},... . {bu:on}}/{b1: 01}
be L-rules where f =tand t = f. Then {r} and {r'} are equivalent in G.

PROOF. In order to show {{by : @2},...,{bn : ¥n}} Faupy {01 : w1} We use an
application of r, n — 1 cuts and weakenings. For the other direction, we use (id) to
obtain {f : p;,t: ¢;} for every 2 < i < n and then apply weakenings and r'. O

When using the logical rules of LK™ to decompose axioms generated via (R;) in the
grammar of Definition 2.1, p, might appear only as b : p; with b € {¢, f} (see, e.g,
Example 2.17). The next lemma ensures that we can safely remove b : ps in these
cases.

LEMMA 2.21. Let G be a sequent calculus for L extending LK™. Let s be an L-
sequent, and let s’ = sU{b: p}, where b € {f,t} and p is an atomic formula that does
not occur in s. Then, Fquio/sy I' = 0 iff Fquiossy T = ¢, for every L-sequent T' = .

PROOF. Suppose that ¢ /s I' = . Since applications of ()/s" can be simulated
using weakenings and /s, Fqugg/sy I' = ¢ clearly holds. For the converse direction,
let P be a derivation of I' = ¢ in G U {}/s}; we distinguish two cases:

—b = f. Then every application of )/s in P deriving o(s) can be simulated in GU{0/s'}
by using (cut) on o(s) U{f : p1 D p1} (obtained by ()/s’ in which p is substituted with
p1 D p1) and o(s) U {t: p; D p1} (which is derivable in LK ™).
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—b = t. Then every application of (/s in P is replaced with an application of (}/s’, in
which p is substituted with ¢. t : p is then propagated until the end sequent. O

THEOREM 2.22. Let H € H be a Hilbert calculus for L. There is an algorithm for
constructing an equivalent © g-simple sequent calculus Gy for L.

PROOF. Let H € H, ¢ € Ax, N H and G5 be the sequent calculus equivalent to
H\{v} in the sense of Definition 2.13. We construct a sequent calculus Gy equivalent
to H by extending G; with © ;-simple rules. The theorem follows by repetitive applica-
tions of this construction, starting from LK (that is equivalent to HCL™, see Fact 1).
Thus we transform ¢ into a set R,, of © y-simple rules such that H and Gy = G5 URy
are equivalent.

First, let r, = 0/{t : ¢}. We start by showing that H is equivalent to G U {ry}.
The direction I" g ¢ implies I—G;IU (o} I' = ¢ is easy and proceeds by induction on
the length of the derivation in H. For the converse direction, suppose to have a proof P
in G U {ry} of the sequent I' = ¢. Then there are substitutions o4,...,0,, for which
we can transform P into a proof of I', 01 (¢),...,0,(¢Y) = ¢ in G, by replacing every
application of r, with the identity axiom {f : o;(¢),t : 0;(¢)} (and weakening), and
propagating f : o0;(¢)) through the derivation until the end sequent. The equivalence
of H\{v} and G7; entails that I', 71 (¥), ..., 0, (¢) Fm\ {4} ¥, and it immediately follows
that T -y .

The algorithm to transform r,, into a set of O ;-simple rules works in three steps:

(Step 1): We use the logical rules for A,V and D of LK™ to obtain a finite set R of
rules such that (i) R is equivalent to {r, } in G;; U{r,}, and (ii) each r € R has the form
()/s, where s has one of the following forms (depending on whether + is generated by
Ry or Ry in the grammar of Definition 2.1):

(1) s consists of at least one labelled formula of the form b : *p; for b € {f,t} and
* € Op \ {¢} and any number of labelled formulas of the form ¢ : p; or ¢ : 5p; for
ce{f,t}andb € Og.

(2) s consists of exactly one labelled formula of the form b : x(p; ¢ p2) for b € {f,t},
* € Oy \ {¢} and ¢ € {A,V,D}, and any number of labelled formulas of the form
c:bp;fori € {1,2},ce {f,t} and> € Op.

The equivalence between {r,} and R easily follows by the invertibility of the logical
rules in LK+ (and, hence, in G7). We prove that, when 1 is generated by R», s has
the form (2) above (the proof for (1) is similar). Indeed if () each 7, € R contains
exactly one labelled formula of the form b : *(p; ¢ p2) for x € O \ {€}, then we are
done. Otherwise, we apply the logical rules of LK+ according to the outermost binary
connective of some b : ¢; in r;, € R until we reach condition (x). We distinguish the
following cases:

b:pyj=t:p1 Dpalort: o1 Vesor f: o A, resp.). By using (=D) (or (= V) or (A =),
resp.), we obtain a new rule 7”11/) = r{b where b : v, is replaced by f : ¢i,t : 2 (or
t:p1,t:p0r f:p1,f: e, resp.) and hence it contains one binary connective less.

bipj=t:p1 ANpa(or f @1 Dpaor f:o Vs, resp.). By using (= A) (or (O=) or (V =),
resp.), we obtain two rules {rj,r7}. rj, = 7/, where b : ¢; is replaced by ¢ : ¢, (or
t:¢1o0r f:p,resp.) and 7'12/) = rﬁ/) where b : ¢; is replaced by t : 2 (or f : 3 or f : (o,
resp.). Note that x(p; ¢ p2) is not a subformula of ¢; by condition (i) ((ii), resp.) in
Definition 2.1.

(Step ii): Obviously, we can discard from R all rules (/s for which {f : p;,t : p;} C s
for i € {1,2}, keeping the equivalence with {r,}. For each rule (/s remaining in R: if s
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has the form (1) and it contains some b : ps, by Lemma 2.21 we remove these labelled
formulas and obtain an equivalent set of rules.

(Step iii): For each rule 0)/s € R, we take (a) b : #p1,* € Oy \ {e},b € {¢, f} if s is of
form (1), or (b) b : x(p1op2), * € O \{e},b € {t, f}, if s is of form (2). We use Lemma 2.20
to move all remaining labelled formulas to the premises of the rule, changing their side
of the sequent, to obtain a set R,, of © z-simple rules equivalent to {r,} (the rules are
Opg-unary, in case (a) and © y-binary in case (b)).

Let Gy be G;; URy. Gy is equivalent to G U {ry } and, hence, equivalent to H. O

Example 2.23. The simple rules equivalent to the axioms (c1) -—p1 D p; and
(eh,) (7=p1 A —==p2) D ——(p1 A p2) (see Figure 1) are constructed as follows:

@/{t mpr D p1}

_>Invertibility of (=D) @/{f s, t pl}
—ytamma 220 Wi/ )
0/{t: (==p1 A ==p2) O ~=(p1 Ap2))}
__ Invertibility of (=D) @/{f sy A oLt _|_\(p1 /\p2)}

—Tovertibility of (A =) () /£ —mp | f gt —(py Ape)}
_Lemma 2.20 {{t . _\—,pl}, {t . —\—\pQ}}/{t : —\—\(pl /\pz)}

These are the rules (—— =) and (= ——A) of Example 2.11.

3. EXTRACTING EFFECTIVE SEMANTICS (STEP 2)

In what follows, we show how to algorithmically obtain effective semantics for any
given O-simple sequent calculus. Henceforth, let © denote an arbitrary non-empty
subset of U/} that is closed under prefixes (in particular, ¢ € ©). We note that the results
of this section are formulated independently of the previous one. In the context of the
full “taming” procedure, the method presented in this section should be applied to G,
the ©-simple sequent calculus that is constructed from a given Hilbert calculus H as
described above.

The semantic framework that we use is that of partial non-deterministic matrices
(PNmatrices) [Baaz et al. 2013]. These structures provide a natural generalization
of the notion of ordinary multi-valued logical matrices, in which connectives can have
non-deterministic and partial interpretations. Therefore, truth values assigned to com-
pound formulas can be chosen non-deterministically out of a given set of options. In
PNmatrices one also allows this set of options to be empty, in order to forbid some
combinations of truth values. Below we briefly adapt the basic definitions from [Baaz
et al. 2013] to our context.

Definition 3.1. A partial non-deterministic matrix (PNmatrix) M for a proposi-
tional language £ consists of:

(1) A set Vo of truth values.
(2) A subset Dy C Vo of designated truth values.
(3) A truth table o : VA" — P(V) for every n-ary connective o of L.

Example 3.2. The (positive fragment of the) standard classical matrix can be iden-
tified with the PNmatrix M+ for £ given by: Vi, = {t,f}, Dm,,. = {t}, and
the truth tables A, Vv, D are defined according to the classical ones (singletons are used
instead of values, e.g. Ay, . (t, f) = {f}).

Definition 3.3. Let M be a PNmatrix for L.
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(1) An M-valuation for L is a function v : £L — V), that respects the truth ta-
bles of M, i.e. v(o(p1,...,0n)) € om(v(p1),...,v(p,)) for every compound formula
0(@17. . ,gDn) eL.

(2) An M-valuation v for L satisfies (with respect to M):

—an L-formula ¢ (denoted by v = ) if v(¢) € Dag;

— a finite set I" of L-formulas (denoted by v = I) if v =0 @ for every ¢ € T

—an L-sequent s (denoted by v = s) if either v = ¢ for some ¢t : ¢ € s, or
v Eam o for some f: @ € s.

(3) Given a set I' of L-formulas and a single L-formula ¢, T' -, ¢ if for every M-
valuation v for £: v =4 ¢ whenever v = T

(4) Given an L-sequent s, -y s if v =y s for every M-valuation v for L.

FACT 3. M¢y+ (see Example 3.2) is sound and complete for HCL™' (i.e. T Fyop+ ¢
iff T Fpm,,, ©»aswell as for LK* (e Fpg+ sifftam,,, o).

The following result on effectiveness of PNmatrices was established in [Baaz et al.
20131:

FACT 4. Let M be a finite PNmatrix for a propositional language L. Given an L-
sequent s, it is decidable whether . s or not. Similarly, given a finite set T' U {p} of
L-formulas, it is decidable whether " b ¢ or not.

cr+t

Next we describe an algorithmic extraction of a PNmatrix M from a ©-simple se-
quent calculus G, such that -4 s iff - o, s. The intuitive idea is to use truth values of
M as “information carriers” in the following sense. Usually, the truth values ¢, f de-
termine whether a formula ¢ is “true” or “false”. Here, in addition to this information,
the truth value of ¢ contains also information about the “truth/falsity” of all the formu-
las of the form ¢ for every * € O. Thus, instead of using just ¢t and f, we use functions
from © to {t, f}. Since © always contains ¢, the standard information whether ¢ is
“true” or “false” is also included.

NOTATION 3. We denote by Fg the set of functions © — {f,t}. For x € © and u € Fe,
we write u* to denote u(x). For © = {*1,...,%,} we shall represent the function u such
that u* =b; for 1 <i<nby (*1 :b1,...,%n : by).

The following consistency property is essential:

Definition 3.4. A function v : £ — Fg is called consistent if v(5¢)* = v(p)*® for every
formula ¢ and %, x> € ©.

Intuitively speaking, using Fg as a set of truth values, information about a formula
may occur in more than one “place” in truth values assigned by a valuation. For exam-
ple, if = € O, then the information whether —p is “true” occurs both in v(—¢)¢ and in
v(p)™. The consistency property ensures that there are no contradictions between two
“places” that store the same information.

The construction of the PNmatrix M is based on the following observations:

— The O-unary rules of G (Definition 2.19) “dictate” certain relationships between var-
ious formulas of the form xp for * € ©. Thus in constructing M, not all the possible
functions in Fg are used as truth values, but only those that respect the ©-unary
rules, cf. Definition 3.5 below.

— The truth tables of the unary connectives are constructed using the information
“contained” in each of the truth values concerning each connective in a way de-
scribed below. These tables will guarantee that M-valuations are consistent.

— The truth tables of the binary connectives are constructed using the ©-binary rules
of G.
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To define M, we use the following additional notions:
Definition 3.5. Letx € © and uy,us € Fg.

— uy satisfies an L-sequent of the form {b : xp; } if u = b.

— uy respects a ©-unary rule Q/{b : % p1} if it satisfies {b : xp;} whenever it satisfies
every q € Q.

— The ordered pair (uj,us) satisfies an L-sequent of the form {b : xp;} if uf = b for
ie{1,2}.

Definition 3.6. Given a ©-simple sequent calculus G, the PNmatrix M is defined
as follows:

— The set of truth values Vo, contains all functions in Fg that respect all ©-unary
rules of G.

— The set of designated truth values Dy, is {u € YV, | u® =t}

— For any unary connective x € U, the truth table for  is given by:

*pme(u1) = {u € Vg | v = u}* whenever xx € O}.

—For o € {A,V,D} and u1,uz € Vg, Omg (U1, uz) is the set of all u € Vyy, satisfying:
(D u € om,,,, (uf,us) (Where o, is the classical truth table of o; see Example
3.2).
(2) For every O©-binary rule of G of the form Q/{b : *(p1 © p2)}, if (u1,uz) satisfies
every ¢ € Q then u* = b.

+

Example 3.7. Consider the calculus H, that extends HCL* with the two axioms
from Example 2.23. Then, O, = {¢, ~, -—}, and the corresponding O, -simple sequent
calculus Gy, extends LK™ with one unary rule v, = {{f : p1}}/{f : =—p1} and one
binary rule r, = {{t : =—p1},{t : =—p2}}/{t : == (p1 A p2)}. We construct the PNmatrix
M = Mg, according to Definition 3.6. We start by listing Fe,, :

FGHO :{<€:f7_':f7_'_':f>7<€:f7_':f7_'_':t>a<€:f7_':t7_'_‘:f>7<e:fa_':t7_‘_':t>7
(e:t,—: fy= fet,—: fi——t), {ert,—t, == f, (e t,— i t,—— 1)}

Next we need to determine the set Vy of truth values that respect the unary rules
of Gg,, the only relevant such rule being r,. Since © € V respects r, iff u™~ = f
whenever u¢ = f, we delete the values {(¢ : f,—=: f,~= :t),{e: f,—: ¢, : )} and
obtain:

V/Vl:{<€:fv_':fa_'_':f>7<€:f7_':ta_'_‘:f>7<6:t,_':f7_‘_':f>a
(e:t,m: fy——t),{est,mt,—: f), (e t,nit, i)}

The set of designated truth values is:
Dum={{e:t,m: fi——:fl{e:t,~: fioit)y, (e t,mt,m—: Y, (e t,— it t) )

Next we define the truth table for —. For every u; € Vi, we take all u € Vyy
that satisfy the condition v* = uf~ (for all x € ©p, such that x~ € Op,). For in-
stance, let u; = (e : f,— : t,—— : f). We consider those elements u from V, in which
u* =u; =tand v~ =uj;" = f. The only two such elements are (¢ : t,—: f,——: f) and
(e : t,— : f,== : t). The truth table for — is thus defined as follows (we write below

ACM Transactions on Computational Logic, Vol. V, No. N, Article A, Publication date: January YYYY.



Taming Paraconsistent (and Other) Logics: An Algorithmic Approach A:13

(z,y, z) instead of (e : z,— :y,——: 2)):

m

(f, 1. ) (LA D)
(.t HIHE LN LD
(BN {{(f.[,.))}
(t, [.t) {(f,t,. )}
{t,t, ) {0, & F.0)
{t,t,t) [[{{t,t, ), {t, 1, 1)}

Finally, we obtain the truth tables for the binary connectives. We show the case of A.
The only binary rule of Gy, that involves A is r,, which imposes the requirement that
for every u € Apq(u1,u2) we have v~ =t whenever u;~ = ¢ and u; ™ = t. In addition,
u® must meet the requirements arising from the classical truth table of A. Thus we
obtain the following truth table (let 7 = VA \ Dag):

M [ELENEENIEGL N A (Gt f)] (t,t,t)

LD Fm | Fm | Fam Fm Fm Fm
(LD Fm Fm Fm Fm Fm Fm
&L Fum Fm Dy Dy Dy Dy
< f7t> ]:./\/l ]:M DM {<tafat>7<t7t>t>} DM {<taf7t>7 tat7t>}
t,t, ) Fm Fm | Dum Dum Dy Dy
< t7t> ‘FM ‘FM DM {<t,f7t>,<t,t,t>} DM {<tafat>7<tat7t>}

Remark 3.8. Obviously, HCLT € H and Ogcr+ = {¢}. Now, Ggcp+ = LK™, and
the corresponding PNmatrix M+ has two truth values uy,us € {e} — {¢, f}, where
ui(e) =t and us(e) = f. Identifying uq, us with ¢ and f respectively leads to the classical
PNmatrix Mo+ of Example 3.2.

The next lemma asserts that M valuations are always consistent.

LEMMA 3.9. Let G be a ©-simple sequent calculus for a propositional language L,
and v be an Mg-valuation for L. Then v(Sp)* = v(p)*® for every formula ¢ and 5,% € U},
such that *> € ©.

PROOF. We prove the claim by induction on the length of 5. The claim is trivial
when 5> = e. Suppose it holds when 5 is of length n, and let x> € U} (for x € Up).
Since v is an Mg-valuation v(*>p) € *pm, (v(By)). By Definition 3.6, this implies that
v(x5p)* = v(Bp)"™ (note that +x € O since O is closed under prefixes and * x5 € ©). By
the induction hypothesis, v(5¢)™ = v(¢)™. O

We now come to the main result of this section, namely soundness and completeness
for G with respect to Mg.

THEOREM 3.10 (SOUNDNESS AND COMPLETENESS). Let G be a ©-simple sequent
calculus for L and so be an L-sequent. Then, F¢ so iff Famge S

PROOF. =: It suffices to show that the applications of the rules of G are “sound”.
Consider an application of a rule r = Q/s of G inferring o(s) Uc from {o(¢) Uc | ¢ € Q},
where o is an L-substitution and c is an £-sequent. Let v be an M g-valuation for L.
Suppose that v satisfies o(q) U ¢ for every ¢ € Q. We show that v satisfies o(s) U c. If
v satisfies ¢, we are done. Suppose otherwise; then v satisfies o(q) for all ¢ € Q. We
show that v satisfies o(s). We only consider the case when r is a ©-unary rule (the
proofs for ©-binary and the rules of LK™ rules are similar). Hence, s = {by : 5 p1} for
> € O\ {e} and by € {t, f}. Let 1 = o(p1). We show that v(¢) satisfies every ¢q € Q. Let
g ={b: *p1} be a premise in Q. Then, * € ©. The fact that v satisfies o(q) = {b : *1 }
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implies that v(*1)¢ = b. By Lemma 3.9, v(¢1)* = b. Hence v(1;) satisfies ¢. Since
v(¥1) € Vme, it respects r, and so v(y1)” = by. By Lemma 3.9, v(5¢1)¢ = by. Thus, v
satisfies o(s).

<: Suppose that t/; so. We construct an M g-valuation for £ that does not satisfy s;.
It is a standard matter to construct a “maximal” (infinite) set Q) of labelled £-formulas,
extending sg, that satisfies the following conditions:

(1) /¢ s for every L-sequent s C (.
(2) For every labelled £-formula b : ¢ ¢ Q, we have ¢ s U {b : ¥} for some L-sequent
s C Q.

Note that the availability of the rules (cut) and (id) implies the following two facts:

(1) For every L-formula 1, either f : ¥ € Qort : ¢ € Q. Otherwise F¢ s1 U{f : ¥}
and bg soU{t : ¢} with s1, s2 C Q. By applying (cut) (and possibly weakenings), we
obtain ¢4 s1 U so. Since s; U s C €2, this contradicts the properties of (2.

(2) For every L-formula v, either [ : ¢ ¢ Qort: ¢ ¢ Q. Otherwise {f : ¥,t : ¥} C Q,
but b {f :¢,t: ¢} using (id).

Let v be the function from £ to Fg defined by v(¢))* = biff b : %) ¢ Q for every ¢ € L
and * € ©. By the two facts above, v is well defined. In order to show that v is an
M -valuation, we use the following properties:

(*). Let o be an L-substitution. If v(c(p;)) satisfies an L-sequent ¢ of the form
{b: *p1} where * € © then ¢ s U o(q) for some L-sequent s C Q.

Proof: Suppose that v(o(p;)) satisfies ¢q. Thus v(o(p1))* = b. It follows that
b: %o (p1) ¢ . Hence there is some £L-sequent s C Q such that F¢ sU {b: x0(p1)}.

(**). Let o be an L-substitution. If (v(c(p1)),v(c(p2))) satisfies an L-sequent ¢ of
the form {b : xp;} where x € © and i € {1,2} then ¢ sU o(gq) for some L-sequent
s C Q.

Proof: Suppose that (v(o(p1)),v(o(p2))) satisfies ¢. Thus v(o(p;))* = b. It fol-
lows that b : xo(p;) ¢ . Hence there is some L-sequent s C  such that
Fo sU{b:xo(p:)}.

We first prove that for every £-formula v, v(¢) respects all the ©-unary rules of G,
and so v(¢)) € Va. Let ¢ be an L-formula, and » = Q/{b : *p1} be a O-unary rule
of G. Suppose that v(y)) satisfies every ¢ € Q. Consider an L-substitution o for which
o(p1) = . By (%), for every ¢ € @ there is some sequent s, C 2 such that ¢ s, U o(q).
By applying (weakenings and) r we obtain ¢ UJ,cq sq U {0 : *¢}. Thus, {b : ¢} € O
and so v(¢))* = b.

Next, we show that v respects the truth tables of Mg:

(1) Let x € U, and ¢ € L. We show that v(x¢)) € xaq, (v(1)). By the definition of M, it
suffices to show that v(xy))* = v(1))** whenever xx € O. This follows directly from
the definition of v.

(2) Let o € {A,Vv,D} and 91,12 € L. We show that v(1; o ¢2) € opm (v(2h1),v(1)2)) by
showing (i) v(¥1 0 12)¢ € on,, (v(11), v(¥2)9) and (ii) v(y1 © P2)* = b for every
O-binary rule r = Q/{b : *(p1 ¢ p2)} of G for which (v(¢1),v(¢2)) satisfies every
q€Q.

(i) We prove (i) for the specific case when ¢ = A and v()1)¢ = v(¢p2)¢ = t. All other
cases are handled similarly. We show that v(i1 A 12)¢ = t. The definition of v
ensures that both ¢ : ¢ and ¢ : 42 do not occur in Q. Thus kg s; U {t : 1}
and g so U {t : 9o} for some s1,s2, C 2. By applying (weakenings and) the
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rule (= A) of LK™, we obtain that ¢ s; U sy U {t : 91 A 92}. Hence we have
t 1 ANpa ¢ Q. It follows that v(i; A )¢ =t.

(15) Let r = Q/{b : *(p1 ¢ p2)} be a O-binary rule of G, such that (v(¢1),v(1)2))
satisfies every ¢ € . Consider an L-substitution ¢ for which o(p;) =1
and o(p2) = 2. By (*¥%), for every ¢ € @ there is some sequent s, C 2
such that ¢ sqUo(q). By applying (weakenings and) r we obtain that

Fa Ugeq Sq U {b (1 0 2)}. Thus, {b: *(¥1 0 1h2)} ¢ Q and so v(¢1 0 )" = b.

Finally, note that v does not satisfy sq. Indeed, every b : ¢ € sq is also an element of 2,
and hence v(¢)¢ # b. Thus we have v [~ ¢ for everyt: ¢ € s, and v =, ¢ for every
f:yes O

Combining the previous theorem with Theorem 2.22; we get:

COROLLARY 3.11. Let H € H be a Hilbert calculus for L. For every finite set T'U{¢}
of L-formulas, I't-g 0 iff I'Fpmg,, -

PROOF. Suppose that I' -y . By Theorem 2.22, we have ¢, I' = ¢. Theorem 3.10
implies that Fr,, I' = ¢. By definition, it follows that I' -, ¢. The converse is

similar. O
Using Fact 4, we also obtain a general decidability result:

COROLLARY 3.12 (DECIDABILITY). Given a Hilbert system H € H and a finite set
T'U {p} of formulas, it is decidable whether T -y ¢ or not.

PROOF. Follows by Corollary 3.11 and Fact 4. O

4. ANALYTICITY

In Section 2, each Hilbert axiom H is transformed into a set of sequent rules that in-
troduce logical connectives. However, determining whether the obtained calculus as a
whole is well-behaved (or analytic), depends on the interplay between all the rules and
requires a view of the calculus as a whole. We show below that such view is provided
by the semantic framework introduced in Section 3.

Roughly speaking, a sequent calculus is analytic if, whenever a sequent s is provable
in it, it can also be proven by using only the “syntactic material available within s”.
Usually, this “material” consists of all subformulas occurring in s (in this case ‘analyt-
icity’ is just another name for the global subformula property), denoted henceforth by
sub[s]. However, weaker variants have also been considered in the literature, especially
in paraconsistent and modal logics, e.g., [Avron 2007; Lellmann and Pattinson 2011;
Bezhanishvili and Ghilardi 2013]. In this paper we use the following notion of analyt-
icity, which takes as “syntactic material” not only subformulas but also their sequences
with unary connectives.

NOTATION 4. For © C U} and set W of L-formulas, we denote the set
{x¢ | *x € 0,¥ e W} by O(W).

Definition 4.1. Let G be a sequent calculus (for a propositional language £).

(1) Given an L-sequent s and a set W of L-formulas, we write -} s if there exists a
proof of s in G consisting only of (£-sequents that consist of) formulas from W.

(2) Given a set © C U, G is called ©-analytic if ¢ s implies -5 ™l
sequent s.

D" s for every

Note that our notion of analyticity is closely related to the notion of bounded proof
property (defined in [Bezhanishvili and Ghilardi 2013] in the context of modal logic).
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According to this property the complexity of formulas appearing in s determines the
bound on the complexity of the subformulas of s that are allowed to appear in the proof.

Let us take stock of what we have achieved so far. Given a Hilbert calculus H € H
we introduced an equivalent © y-simple sequent calculus Gy and extracted a suitable
finite-valued semantics out of it (the PNmatrix M, ). We show below that we can use
Mg, to obtain a useful decidable sufficient condition for the © y-analyticity of G . All
we need is a simple check whether M, is proper (i.e., it is an Nmatrix):

Definition 4.2 ([Baaz et al. 2013]). A PNmatrix M for L is called proper if its set of
truth values V4 is non-empty and opq(z1,. .., z,) # 0 for every n-ary connective ¢ of £
and z1,...,2, € V.

THEOREM 4.3. Let G be a O-simple sequent calculus. If M¢ is proper then G is
O-analytic.

PROOF. Suppose that Mg is proper and Ifg(sub[so]) so for some L-sequent sy. We
show that t/¢ so. By Theorem 3.10, it suffices to show that there exists an M-
valuation for £ that does not satisfy so. Let W = ©(sub[so]). It is a standard matter to
extend sg into a “maximal” £-sequent s* that satisfies the following conditions:

(1) s* consists of labelled £-formulas of the form b : ¢ and v € W.
(2) Y s*.
(3) For every labelled £-formula b : ¢ with ¢ € W, if b: ¢ ¢ s* then F}Y s* U {b: }.

As in the proof of Theorem 3.10, the availability of the rules (cut) and (id) implies that
for every ) € W there is a unique b € {¢t, f} such that b : ¢ € s*. Next, we define a
function v : £ — Fgo by induction on the structure of formulas. Suppose that v(y) is
defined for every proper subformula ¢ of an L-formula . We define v(¢)) as follows.
First, if ¢ € sub[sq] then for every * € ©: v(¢)* = biff b : % ¢ s*. Otherwise, if v
is an atomic formula, v()) is arbitrarily chosen to be one of the truth values in Vj4,,.
Otherwise, ) = o(¢1, ..., %, ) is a compound formula, and in this case v(v) is arbitrarily
chosen to be one of the truth values in o, (v(¢1), ..., v(¥n)). Note that the fact that
M is proper guarantees that these arbitrary choices are always possible. In order to
show that v is an M-valuation, we use the following properties:

(*). Let 0 be an L-substitution such that o(p1) € sub[so]. If v(o(p1)) satisfies an
L-sequent of the form {b: xp;} where * € © then -7 s* U {b: *o(p1)}.

Proof: Suppose that v(o(p;)) satisfies {b : *p1}. Thus v(o(p1))* = b. Since
o(p1) € sub[sp], we have that b : x0(p1) ¢ s*. The maximality of s* ensures that
Y s* U {b:xo(p1)}.

(**). Let o be an L-substitution such that {o(p1),0(p2)} C sub[sg]. If
(v(o(p1)),v(o(p2))) satisfies an L-sequent g of the form {b : *xp;} where x € © and
i € {1,2} then Y% s* Uo(q). )
Proof: Suppose that (v(o(p1)),v(o(p2))) satisfies ¢. Thus v(o(p;))* = b. Since
o(p;) € sub[sg], we have that b : xo(p;) ¢ s*. The maximality of s* ensures that
Y s* Uo(q).
We first prove that for every £-formula v, we have v(v)) € V. If ¢ ¢ sub[so], this
holds by definition. Suppose that ¢ € sub[sg]. We show that v(¢)) respects all the ©-
unary rules of G. Let r = Q/{b : xp1} be such a ©-unary rule of G. Suppose that v(v)
satisfies every ¢ € Q. Let o be any L-substitution assigning ¢ to p;. By (¥), -2 s*Uo(q)
for every ¢ € Q. By applying r we obtain -} s* U {b: x}. Hence v(v)) satisfies {b : %p; }.
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Thus, {b: %y} ¢ s* and so v(y))* = b. Next, we show that v respects the truth tables of
G-

(1) Let x € U, and ¢ € L. We show that v(x)) € *a, (v(¢))). This holds by definition
when ) ¢ sub[sg]. Suppose now that xi) € sub[so] (and so ¢ € sub[so] as well). By
the definition of Mg, it suffices to show that v(x))* = v(¢))** whenever *x € ©.
This follows directly from the definition of v.

(2) Let o € {A,V,D} and ¢, ¢ € L. We show that v(¢1 ¢ 12) € oamg (v(¥1),v(1p2)). This
holds by definition when ¢; ¢ ¢ ¢ sub[sg]. Suppose now that ¢ ¢ 12 € sub[sg] (and
so 11 and 1), are in sub[so] as well). We prove (i) v(¢1092) € om,, , (0(¥1)%, v(12)€)
and (ii) v(¢1 © ¥2)* = b for every O-binary rule r = Q/{b : *(p1 ¢ p2)} of G
for which (v(¢1),v(¢2)) satisfies every ¢ € Q. (i) is straightforward. For (i), let
r = Q/{b: *(p1 o p2)} be a O-binary rule of G such that (v(¢1), v(2)) satisfies every
q € Q. Consider an L-substitution o for which o(p;) = ¥ and o(p2) = 2. By (%),
for every ¢ € Q we have Y s*Uo(q). By applying r we obtain -2 s*U{b : x(¢10¢2)}.
Thus, {b: *(1)1 ©12)} ¢ s* and so v()1 ©1h2)* = b.

Finally, it is immediate to see that v does not satisfy sy. Indeed, every b : ¢ € sy occurs
also in s*, and thus v(¢))€ £ b. D

4.1. Recovering analyticity
Not all H € H lead to ©y-simple calculi with proper PNmatrices.

Example 4.4. Let H; be the calculus obtained by extending HCL™ by the axioms
(n1), (b), (k), (0%,), and (o}) (cf. Figure 1). The PNmatrix Mg, associated with H, is
not proper (see G, and Mg, in Example 5.1 below).

Theorem 4.3 does not apply to ©-simple calculi G whose associated matrix Mg is
not proper. As shown below, however, analyticity can be recovered by a transformation
of G into a family of analytic calculi, equivalent to G in the sense defined below. This is
done by transforming M into a finite family of proper PNmatrices, which satisfy the
following property:

Definition 4.5. ([Baaz et al. 2013]) Let M and N be PNmatrices for £. We
say that N is a simple refinement of M if Vv C Vu, Dy = Da N Vy, and
on(Z1, ...y 2n) C opm(za,. .., xy,) for every n-ary connective ¢ of £ and x1,...,z, € Vyr.

Note that a simple refinement of a non-proper PNmatrix may be proper, since Vy
may be strictly contained in V.

THEOREM 4.6. For every finite PNmatrix M for L, there is an algorithm for con-
structing My, ..., M,, such that: (i) M,. .., M,, are finite proper simple refinements of
M, and (i) Fp= =y, P

PrOOF. Let M be a PNmatrix for £. Choose My,..., M, to be all simple refine-
ments of M which are proper PNmatrices. Based on the results in [Baaz et al. 2013],
we show that Fr=(,_; _, Fa,. (=) By Proposition 1 in [Baaz et al. 2013], -y Chy
for every simple refinement A of M. Therefore, -0(C (N;,—; . Fa,-

(<) Suppose that /x4 s. Thus v £ s for some M-valuation v for £. Theorem 1 in
[Baaz et al. 2013] ensures that there exists some M;, such that v is an M;-valuation.
The fact that v = s easily entails that v [, s, and so /aq, s. O

Now, once we have a finite family of proper PNmatrices, we can apply the method of
[Avron et al. 2006]. This method produces a cut-free sequent calculus for any proper
PNmatrix M, whose set of designated truth values (D) is a non-empty proper subset
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TINC - Paralyzer

Paralyzer Web Interface

Below you can choose whether to start with LK+ or the sequent calculus for BK and then submit the axiom(s).
Start with LK+ (no predefined rules for *1 and #2)
@® Start with the sequent calculus for BK:

Ly=A

YT=TwA

Input Axiom: [+2a->+*2(a &b); (*1av *1b)->*1(a &b)
© 2012 TU Vienna, Theory and Logic Group - Lara Spendier.

Fig. 3. Main screen of Paralyzer (a,b stand for atomic formulas and *1,*2 for unary connectives)

of the set of its truth values (V,,), provided that its language satisfies the following
(slightly reformulated) condition:

Definition 4.7. Let M be a proper PNmatrix for £. We say that £ is sufficiently
expressive for M if for any © € V4, there exists a set S, of £-sequents, each of which
has the form {b : ¢} for some b € {f,t} and ¢ € £ in which p; is the only atomic
variable, such that the following condition holds:

For any M-valuation v for £ and £-substitution o, v(c(p;)) = = iff v satisfies
every L-sequent in o(S,) with respect to M.

COROLLARY 4.8. For any H € H, there is an algorithm for constructing a family
of ©p-analytic sequent calculi ¥y, such that for every finite set T' U {¢} of formulas:
'ty piffra T = ¢ for every G € Fy.

PROOF. We start by constructing Mc,,. f Dypg, =0 or Dy, = Vg, , then Mg,
has a trivial corresponding © ;-analytic calculus. For the rest of the cases, we can apply
Theorem 4.6 to obtain an equivalent family of proper PNmatrices. Next we show that
L is sufficiently expressive for any simple refinement of Mc,,. Indeed, for z € V4, ,
define S, = {2 : p1} U {z* : *p1 | * € O }. Let M be a simple refinement of M, and
let v be an M-valuation for £. The required condition is met by the fact that for every
*x € Oy and ¢ € L, v(*x¥)¢ = v())*. By the method of [Avron et al. 2006], we obtain
a family of corresponding cut-free calculi. The forms of the S,-s guarantee that the
rules of the obtained calculi are © ;-simple, which together with their cut-admissibility
implies © y-analyticity. O

5. PARALYZER

Our “taming” procedure is implemented in Prolog in the system Paralyzer* (PARAcon-
sistent (and other) logics anaLYZER), available as part of the TINC-project® at

www.logic.at/tinc/webparalyzer/

The main page of the tool is illustrated in Figure 3. The user should provide as input:

4Paralyzer currently implements the grammar in [Ciabattoni et al. 2013].
5TINC stands for “Tools for the Investigation of Non-Classical logics”.
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v_m: {611,101.118}

== Truth Tables ==

for <G11,011>: {011}
for <011,101>: {011}
for <011,110>: {011}
for <101,011>: {011}
for <101,101>: {101}
for <101,110>: {}

for <110,011>: {011}
for <110,101>: {110}
for <110,116>: {116}

or:

for <011,011>: {011}
for <011,16L>: {101,110}
for <011,110>: {101,110}
for <101,011>: {101,110}

v N v " . for <101,161>: {101,110}
Output Paralyzer for '*2' a -> '*2'(a & b); for 101,136~ (01,110}
for <110,011>: {101,116}
L} Ll Ll L} L} L}
("*1'av'*¥1'b) -> "*1'(a & b) for <110,10L>: {101,110}
for <110,110>: {101.11G}
Computing axiom... | Inplies:
for <011,011>: {101,116}
for <011,161>: {101,110}
Equivalent Logical Rula(s): T A e
for <101,011>: {011}
for <lel,lel>: {101,110}
for <101,110>: {101,116}
G =»*2 a,D for <110,011>: {611}
----------------------------- for <110,101>: {101.11G}
G =>*2 (a&b),D for <110,116>: {101.110}
G =»*1 a,D s
_______ i for <011>: {101,110}
for <101>: {011}
G =>*1 (a&b),D for <116>: {161,116}
G =»*1 b,D *2:
_____________________________ for <011>: {101,116}
G =>*1 (asb),D for <101 {101,116}
for <116>: {011}
4 4

Fig. 4. Computation step (a): set of logical rules; (b): PNmatrix

(i) a set of axioms that falls into the specified grammar satisfying the imposed condition
(in Figure 3 the axioms are (0}) op; D o(p; A p2) and (0},) (=p1 V =p2) D —(p1 A p2)
where — is denoted as *1, o as *2, p; as a, and p; as b), and

(ii) the base calculus, that is the calculus we want to extend with the generated rules.

The default option for the base calculus is LK. A second option for (ii) is the sequent
calculus in [Avron et al. 2012; 2013] for the basic Logic of Formal Inconsistency BK,
which is LK extended with the rule (= =) {{f : p1}}/{t : —p1} for — and the two
(invertible) rules for the connective o:

=) {t:p}At: p}}/{fom} (o) {f:pi [ —pi}}/{t:op}

Recall that BK is obtained by extending HCL™ with the axioms (n;) p; V —p1,
(b) pr D (=p1 D (op1 D p2)) and (k) op; V (p1 A —p1) from Figure 1, where the in-
tuitive meaning of o1 is that “¢ is consistent”.

After the user has provided (i) and (ii), Paralyzer gives as output (a paper written in

KX containing)

(a) the set of logical rules equivalent to the input axioms in the base calculus indicated
in (i),

(b) the PNmatrix M,, for the newly obtained sequent calculus G, and

(c) an encoding of Gy for the generic proof assistant Isabelle [Nipkow, Paulson and
Wenzel 2002; Wenzel, Paulson and Nipkow 2008].

Example 5.1. Let H; be the system in Example 4.4 obtained by extending HCL*
with the axioms (n;), (b), (k), (03) op1 D o(p1 Apz) and (0}, ) (—p1V—-p2) D =(p1 Apz). Hy
is then BK extended with the axioms (o} ) and (o},). The output of Paralyzer computed
in steps (a) and (b) is displayed in Figure 4 (x1 stands for —, *2 for o, a for p;, and b
for p;). Note that the generated rules are displayed in the standard sequent notation
where G and D abbreviate the sequent contexts I" and A. In the PNmatrix the truth
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INPUT:
HILBERT AXIOM +
BASE CALCULUS

CHECKINPUT COMPUTERULES EXPLOIT PRINTOUTPUT
. . . . printRules,
axioms2tex axioms2rules isAnalytic printMatrix
i D= ="
v v v v
axiomCheckConditions isMatrix encodingOut texOut

OUTPUT:
RULE, MATRICES,
PAPER

Fig. 5. Implementation details Paralyzer

values 0,1 are used instead of f, ¢, while functions (e : z, - : y, 0 : z) are abbreviated as
(zyz).

Remark 5.2. When selecting BK as base calculus in step (ii), Paralyzer also exploits
the invertibility of the rules (o =) and (= o) for defining the calculus rules. Notice that
for the C-systems with finite-valued semantics, its output produces the same sequent
calculi and associated semantics as those introduced in a semi-automated® way in
[Avron et al. 2012; 2013].

5.1. Implementation Details

Paralyzer is implemented in Prolog. The general structure of the implementation is
depicted in Figure 5.

The input formula is provided as a parameter to the first component CHECKINPUT
and syntactically checked by the method axioms2tex and the function axiomCheck-
Conditions. If the formula passes all syntactic checks it can be processed by the second
component COMPUTERULES which contains the implementation of our procedure. The
method axioms2rules transforms the axioms given as input into equivalent sequent
rules (Step 1) and the function isMatrix extracts a partial non-deterministic matrix
out of the newly generated calculus (Step 2).

The third component EXPLOIT uses the PNmatrix to check the analyticity of the cal-
culus (isAnalytic). Moreover, the method encodingOut constructs a formalization of the
calculus in the language of the generic proof assistant Isabelle that allows to perform
proof search within the encoded logic by applying tactics and automated procedures.
Figure 6 shows the application forms of the rules (= —),(= o) and (o =) of BK and
their Isabelle-encodings.

The last component PRINTOUTPUT contains the methods for creating a textual rep-
resentation of the calculus and its semantics on the command-line or web interface
(printRules); moreover, the generated IATEX-paper contains the resulting calculus (and
information, whether it is analytic or not), its PNmatrix and the Isabelle-encoding (tex-
Out).

6. CONCLUSIONS

In this paper we have handled a large family H of Hilbert calculi, obtained by (i)
extending the language of CLt with finitely many unary connectives, and (ii) adding

SThe construction of the Nmatrices (proper PNmatrix, in our terminology) out of the Hilbert calculi is done
manually in [Avron et al. 2012; 2013], and it requires some ingenuity.
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Rule applications Encoding

L= A
= % = a H,P |- $E,$F ==> $H |- $E,~P,$F
( 1) T = %, A $ |- $E,$ $H |- $ $
(= %2) Lone= 4 $H,P,~P |- $E,$F ==> $H |- $E,+P,$F

F:>*QQO,A
(0 =) L= @B T=x0 A 1) ey 66 |- $E,P; $H,$G |- $E,~P |]

F,*QQD:>A

==> $H,+P,$G |- $E

Fig. 6. Rule applications for x; = — and x2 = o of BK and their encoding in Isabelle. In the encoding we
use ~ to denote x1 and + for x2. Upper-case letters denote single formulas, while upper-case letters preceded
by $ denote (possibly empty) sequences of formulas. Rules premises are encoded left of ==> (within brackets
[l, 1] and comma-separated (;) in case of multiple premises) while the conclusions are right of ==>.

to any Hilbert axiomatization of CLT suitable axioms over the extended language.
We introduced an algorithm, which for any system from H generates an equivalent
sequent calculus (Step 1) and effective semantics based on PNmatrices (Step 2) for it.
The semantics was used to show the decidability of the logics and to provide a simple
sufficient condition for the analyticity of the corresponding calculi.

The family H includes many C-systems [Da Costa 1974; Carnielli and Marcos 2002],
for which a semi-automated procedure to define semantics and analytic calculi was
introduced in [Avron et al. 2012; 2013]. It should be noted that the method in [Avron
et al. 2012; 2013] is quite different from ours: it works by first constructing the cor-
responding Nmatrix and then extracting an analytic sequent calculus from that. Note
also that although this last step is algorithmic, the construction of Nmatrices out of
the Hilbert calculi is done manually, and it requires some ingenuity. In this paper we
fill this gap for all C-systems having a finite-valued Nmatrix, as well as for many other
logics, by fully automatizing the generation of effective semantics and analytic calculi
for them.

This paper generalizes our previous results in [Ciabattoni et al. 2013] by extending
H to include (infinitely many) new axioms containing nesting of unary connectives of
any fixed depth. This allows us to consider new logics (e.g. those in [Kamide 2013])
that could not be dealt with in our previous approach. While Step 1 of our procedure
easily extended to the new axioms, Step 2 required major changes that were reflected
in the construction of our PNmatrices, in the new notion of analyticity, and in the more
involved corresponding proofs of soundness, completeness, and analyticity.

The system Paralyzer implements our algorithm and provides an encoding of the
introduced calculi for the generic proof assistant Isabelle.

Our work is a concrete step towards automated construction of analytic sequent
calculi and effective semantics for paraconsistent (and related) logics. Many practical
and theoretical issues are still to be addressed, e.g., extension of our algorithm to first-
order logics, larger classes of axioms, substructural logics, etc. Regarding this, note
that while Step 1 of our procedure, which essentially follows the ideas in [Ciabattoni
et al. 2008], could be easily adapted to capture a larger class of logics (e.g. the infinite-
valued logic L, investigated in [Kamide 2009]), the construction of the corresponding
PNmatrices would require a deeper investigation. For the time being there is indeed
no theory of PNmatrices for first-order logics, intuitionistic logics or substructural log-
ics (that in fact lack even a theory of Nmatrices). Characterizing the logics for which
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such theory can be developed is a a natural direction for identifying the borders of our
methodology.

On a more practical level, the encoding of the calculi computed by Paralyzer allows
us to find proofs of theorems in the considered logics in a semi-automated way. The
definition of automated deduction procedures is currently under investigation; a pos-
sible approach is to try extending the reduction of analytic “pure” sequent calculi to
SAT recently proposed in [Lahav and Zohar 2014] to cover all the calculi we generate.
If successful, this approach would lead to a procedure that transforms H systems into
automated SAT-based deduction procedures.
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