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Abstract. This paper is about implementation of second-order cut-elimi-
nation. We define LKII, the second-order calculus, extending LK with
the second-order quantifier introduction rules. The goal was to extend
CERES system for LKII-proofs, but method CERES cannot be extended
to the second-order calculus in the straightforward way. We decided to
extend Gentzen’s method to LKII. We extended reduction rules for the
second-order quantifiers. We implemented reduction rules and a specific
algorithm to apply reduction rules to an LKII-proof and integrated it into
the CERES system. So, system was extended to the second-order calculus.

1 Introduction

Gentzen’s cut-elimination theorem is one of the most important theorems of
logic. Removing cuts from formal proofs corresponds to the elimination of inter-
mediary lemmas from mathematical proofs. In cut-free proofs all statements are
subformulas of the end-sequent and they allow extraction of Herbrand disjunc-
tions and interpolants. So, cut-free proofs are analytic.

Gentzen’s original proof of his theorem is constructive [1]. He gave a reductive
first-order cut-elimination method that is nondeterministic. It is proved (for
example by Orevkov in [7]) that cut-elimination in general is nonelementary, i.e.
there is no elementary bound on the size of cut-free proof in terms of the original
proof.

CERES is a first-order cut-elimination method by resolution. It is introduced
by Matthias Baaz and Alexander Leitsch in [8]. CERES is based on the construc-
tion of a resolution refutation of the unsatisfiable characteristic clause set. The
characteristic clause set is constructed from the derivation of cut-formula and
a resolution refutation of this clause set is used as a skeleton of LK-proof with
atomic cuts only. The complexity of the CERES method is directly related to
the resolution refutation complexity of the characteristic clause set.

The CERES method is implemented in the system CERES [4]. The programs
CERES, HLK [5] and ProofTool [6] are three computer programs that form a
system for the computer-aided analysis of mathematical proofs. HLK is used to
formalize mathematical proofs and generate input for CERES. Then CERES is used
to transform formal proofs (into cut-free, Atomic Cut Normal Form (ACNF),
etc.) and extract relevant information (characteristic clause set, herbrand se-
quent, etc.). ProofTool is used to visualize these formal proofs.
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The goal was to extend the system CERES to second-order logic, but the
CERES method can not be extended in the straightforward way to second-order
logic because of various obstacles, such as a major difference between first- and
second-order resolution calculus and skolemization. So, extension of Gentzen’s
method for the second-order calculus was the first solution.

Implementation of Gentzen style cut-elimination is mainly based on the al-
gorithm described in the Gentzen’s original proof of his cut-elimination theorem
[1]. The basic idea is to use the cut reduction rules to move the cut rule upwards
within the LKII-proof. We extended reduction rules for the second-order quan-
tifier rules. The reduction rules are divided into two parts: the grade reduction
and the rank reduction rules. The grade reduction rules reduce the complexity of
the cut-formula and the rank reduction rules reduce the number of occurrences
of the cut-formula in the proof. These rules are described in details in the next
section. Third section is detailed description of the SecondOrder class that has
been added to the system CERES. It also contains description of major changes
in the existing CERES source code. The last section is conclusion.

2 Theoretical Background

In this section we will briefly describe the calculus LKII. Then we will present
the reduction rules, that are implemented as methods of the SecondOrder class.
At the end of this section we will present algorithm, how this reduction rules are
applied to the LKII-proof in order to get a cut-free LKII-proof.

2.1 Calculus LKII

Calculus LK in our case is defined as it is in [3] with some minor changes.
We do not have the equality and definition rules. The calculus LKII is defined
as an extension of the calculus LK with the following second-order quantifier
introduction rules:

AX/NzF),TFA . I-AAX)Y)
XA TEA TFaA,Wx)a T

AX/Y)IEA i [ AAX/NF)

(FPX)A,TFA ~ I'FA (2X)A "

Where X is a second-order variable, F' is a second-order formula with free vari-
ables not bound in A and bound variables of F' not in A; and Y is a second-order
eigenvariable of the same type as X.

Notion of LKII-derivation and LKII-proof is defined in an analogous way
as it is for LK-derivation and LK-proof.
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2.2 Reduction Rules

Reduction rules are defined as they are in [2], slightly modified. They are divided
into two parts: grade reduction and rank reduction. The grade reduction rules
reduce the complexity of the cut-formula and the rank reduction rules reduce
the number of occurrences of the cut-formula in the proof. Now we will list all
these rules, named as the corresponding methods of the SecondOrder class.

Grade Reduction Rules Let us list all grade reduction rules in this subsection.

caseAndRAndL1. Cut rule premises are lower sequents of the A: r and A: [1

rules:
o1 o2 o
NFALA  Dy-AyB ALEA
I F AL Ay, AnB T AARFFA/E
Cu

F17F27F|_A17A2aA

transforms to

b1 br
NEALA  ATFA

I, I'+A, A

I, I, 'FALA
I, I, I'F A, As A

cut

w, T %

w, T TH

If I'; and/or As is empty, then the corresponding weakening and permutation
rules are omitted.
caseAndRAndL2. Cut rule premises are lower sequents of the A: r and A: [2

rules:
é1 ¢2 br
NEALA  DFEM&B BIEA
AL ALAnB V7 AaBTEA N

cut

F17F23F|7A17A23A

transforms to
P2 br
I+ Ay B B, I'+A
I, TI'E Ay A
I, I, I'F Ay A
I, I, ' Ay, Ay, A

If Iy and/or A; is empty, then the corresponding weakening and permutation
rules are omitted.

caseOrR10rL. Cut rule premises are lower sequents of the V: rl and V: [
rules:



4 Mikheil Rukhaia

) ol ®2
rrAA o ADFA BLEA
Traavp VT AVB. LI F AL A,V

I, Ik A AL Ay o

transforms to
ol ?1
I'FAA AT F A
' EA A
Iy, Iy A A
I, Io = A A Ay

cut

w, T [*

W, T Tk

If I'; and/or As is empty, then the corresponding weakening and permutation
rules are omitted.
caseOrR20rL. Cut rule premises are lower sequents of the V: r2 and V: 1

rules:
] @1 o2
_T'rAB ANLEA BLEA
TFaAavp 7 AVB, LI F AL A,V

T I F A AL A, cut

transforms to
o] b2
I'-AB B, I, As
'L+ A A
', Io - A Ay
', Io - A A A,

cut

w, T [*

w, T TR

If Iy and/or A; is empty, then the corresponding weakening and permutation
rules are omitted.
caseImplRImplL. Cut rule premises are lower sequents of the D: r and D: [

rules:
h o1 P2
AT'+-AB S Ik ALA B, I+ As iy
rraa-p " ADBIy LAy 4y
F3F17F2|_A7A1aA2 cu
transforms to
®1 ¢2
o1 AT'+ADB B, IhF A, .
N-ALA AT LFAA, e
F17F7F2|_A17A3A2 l e
DD Ipk ALA Ay T

F3F17F2|—A7A1aA2
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If I or I is empty or I' = Iy and/or A or Ay is empty or A = Ay, then
the corresponding permutation rules are omitted.
caseNotRNotL. Cut rule premises are lower sequents of the —: r and —: [

rules:
¢l ¢r
A,Fll_Al - FQFA%A .
NEAL,-A —A, L+ Ay ‘t
I, I = Ay, Ay cu
transforms to
(br (bl
IhE Ay A AT A .
I, I - Ag, Ay o

In, 1o = Ay, Ay i ,
In, I = Ay, Ay

If Il or Iy is empty or I'1 = Iy and/or Ay or As is empty or Ay = As, then
the corresponding permutation rules are omitted.
caseForallRForallL.. Cut rule premises are lower sequents of the V: r and V: [

rules:
¢l ¢r
Fl}_Al,A(.’b/O[) A(x/t),FQI—AQ
NEALVDA T (V)AL A, )
I, In = Ay, A cu
transforms to
di(a/t) br
FlkAl,A(l'/t) A(IE/t),FQFAQ
In, I = Ay, Ay cut
caseExistsRExistsL. Cut rule premises are lower sequents of the 3: r and 3: [
rules:
¢l ¢r
I A A(z/t) Alz/a), In F Ay
NEALG0A " GoA L A,
I, Ih - Ay, Ay cut
transforms to
o] or(a/t)
FlkAl,A(Z/t) A(lL’/t),FQFAQ
In, Iy = Ay, Ay cut

caseForallR2ForallL2. Cut rule premises are lower sequents of the ¥2: r and
v2: [ rules:
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(bl ¢T
D ALAX)Y) A(X/AT.F), Ty F Ay
Nk AL (W2x)A T (V2X)A, Ty - A,
I, I F Ay, Ay

2.

cut

transforms to
o1 (Y/AZ.F) br
INEAGAX/ A2 F) AX/Az.F), Iy + Ay
I, I F A, Ay

cut

caseExistsR2ExistsL2. Cut rule premises are lower sequents of the 32: r and
32: [ rules:

¢l d)r
Ik Ay AX/ABF) AX)Y), Ty Ay
N A (FPX)A T @PX)A L A,
I, I = Ay Ay

2.

cut

transforms to
ol or(Y/AZ.F)
I F AL AX/ A2 F) A(X/ 2. F), Iy F Ay
I, I = Ay, Ay

cut

Rank Reduction Rules Let us list all rank reduction rules in this subsection.

caseLeft Axiom. Cut rule left premise is an axiom:

br

br
AFA ATHA transforms to
AT A cut ATHFA
caseRight Axiom. Cut rule right premise is an axiom:
” o]
I'AA AFA transforms to
TEAA cut I'EAA
caseLeft WeakR. Cut rule left premise is the lower sequent of the w: r rule:
ol
Ik 4, br
—_——w:r
I+ AL A A, Ty A, .
I, Iy = Ay, Ay .
transforms to
ol
= w, 7 lx
I, I+ A

W, T T*

I, Ih = Ay Ay
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If I is empty and/or Ay is empty, then the corresponding weakening and
permutation rules are omitted.
caseRightWeakL. Cut rule right premise is the lower sequent of the w: [ rule:

o
(bl FQ"AQ l
N EALA AL A “"t
I, Ih = Ay, Ay cu
transforms to
Or
I+ Ay
———w,m: Ix*
I, Iy Ay
w, T T*
I, I = Ay, Ay

If I is empty and/or 4A; is empty, then the corresponding weakening and
permutation rules are omitted.
caseLeftContrR. Cut rule left premise is the lower sequent of the c¢: r rule:

b1
nEa, A .
n-ALA T A TrE A, ;
F17F2'_A17A2 o
transforms to
(bl ¢r
I+ A A™ A TrF A, ;
cu
I‘17F2|_A1;An717A2 T ¢?71
Fl,FQFAhAQ,Anil . A,FQFAQ .
(&0)
F17F2;F2}7A17A23An727A2 T
F17F2)F2|_A17A23A27An_2
: 1
Fl,FQ,...,FQFAl,AQ,...,AQ,A A,FQFAQ .
T Do, ... IoF A Ay, ..., Ay e
m,c: Ik
Fl,FQ}_Al,AQ,...,AQ
T, CoT*

I, I - Ay, Ay

Where ¢ is a variant of ¢, for all i = 1,...,n — 1, such that the (first- and

second-order) eigenvariables are renamed. If I's and/or Ay is empty, then

the corresponding contraction and permutation rules are omitted.
caseRightContrL. Cut rule right premise is the lower sequent of the c: [ rule:

o
(bl An,FQ |_A2 .
I AL A AT, FA, ©
cut

I, I = Ay, Ay
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transforms to

(bl (br
NEALA A" T A,
n—1 1 cut
! I, A" Iy = Ay, Ay -
Fll_Al,A A7L—1,F17F2|_A1,A2 "
cu
DA 0, T E Ay Ay, Ay .l
ArN I T B Ay Ay, Ay "
1
i :
NFALA AT DTk Ay Ay
Th, D IsF A AL A, e
m,c: %
Fl,FQ}_A:l’...’Al’AQ
T, C: T

I, o - Ay, Ay

Where ¢! is a variant of ¢, for all i = 1,...,n — 1, such that the (first- and
second-order) eigenvariables are renamed. If I} and/or A; is empty, then
the corresponding contraction and permutation rules are omitted.

caseLeftUnary. Cut rule left premise is the lower sequent of an arbitrary unary
rule, except the m: r rule:

o]
Aunary ¢
Tk ALA ATsEdy
I, I = Ay, Ay v
transforms to
]
rea .. Or
TEA A ATEDy
I ThF A A, o
unary, T T
In, I = Ay, Ay

If A = A, then the corresponding permutation rules are omitted.
caseRightUnary. Cut rule right premise is the lower sequent of an arbitrary
unary rule, except the 7: [ rule:

o
Z _reada unary
InNkFALA AT F Ay ;
I, In = A, Ay cu
transforms to
o
o] rea
Ik-ALA AT'FA .t
N I'FALA u

unary, m: lx

I, Ih = A, Ay



Implementation of Second-Order Cut-Elimination 9

If Iy = I' then the corresponding permutation rules are omitted.
caseLeftBinary. Cut rule left premise is the lower sequent of an arbitrary
binary rule, except the cut rule:

o1 ®2
IN-A A Ip = Ay bi b
TFAA AT A TE A .
IITFAA e
transforms to
d)l ¢r
NEALA  AEA b
LI - A A A, .
T IIFA A wmary
Or if cut-formula comes from the right premise of the binary rule:
o1 b2
I -4 InkE Ay A bi Or
TFAA MATY AT A .
T IIFAA e
transforms to
¢2 (br
01 IhE Ay A AIT- A ;
I - A L T A A u
IIIFA A mary

caseRightBinary. Cut rule right premise is the lower sequent of an arbitrary
binary rule, except the cut rule:

01 b2
ay A A InF Ay bi
T+ A A ATFA mary
I,TFAA e
transforms to
) o1
IT-AA ATV F A . o))
I, F A A, U E A, .
I.TFAA wmary

Or if cut-formula comes from the right premise of the binary rule:

P1 $2
(bl Fll_Al A,FQ"AQ
I A A ATFA
I,TFAA

binary

cut
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transforms to

] 02
b1 TFAA AT A,
e A .15 - 4 A, bmar;“t
TTFAA

caseLeftPermR. Cut rule left premise is the lower sequent of the 7: r rule:

P . br
IFALA A T - Ay ;
I, Iy = Ay, Ay “
We distinguish cases according to &.
¢
@ r fa transforms ¢ fir4d l
= 1 ransforms to —w, T %
w:r I, I A
- ALA AT o2 w, T T*
I, Iy - Ay Ay

Where Ay = A}, AY. If I, is empty and/or A; = A and A, is empty, then
the corresponding weakening and permutation rules are omitted.

o
&= kA . transforms to
Fl '_AllvAu Alll .
o
nEA . Or
nEALA AT A, .
I, Ih - Ay, Ay cu
o
o= Ik ALA A AY
I ALA AT
transforms to
o
Ik ALA A AY
i
LA AA " or
Ink-AL A ' A TL A, .
I, I - Ay Ay cu
®
- / / "
o= I7FALA A nary

Iy F Ay A A

transforms to
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¢
I AL A AY o
m.r
I AL A A AT+ Ay
I, Ty F A AT A,

cut

unary,mw: rx

N, LF A, A
Where Ay = A}, AY" and unary is an arbitrary unary rule.
o1 G2
S= 01+ ALA A I, kA, binary
I - AL A AL AL
transforms to
$1
It ALA A . by
In-ALALLA AT F Ay
ML E ANl Ay wt
I, I = A Ay, AY I,k A, binary
I, I F A Ay
Where Ay = A, Aj, Al and binary is an arbitrary binary rule.
o1 P2
o= I+ A I+-A A A binary
I+ AL AL A AL
transforms to
P2
IFALA A b
LFALA A AL A,
b1 LA AL Ay cut
I+ A4 I Ihb A, Ay AV binary
I, I = Ay, Ay

Where Ay = A}, A, Al and binary is an arbitrary binary rule.

o) &

11

caseRightPermL. Cut rule left premise is the lower sequent of the 7: [ rule:

N-ALA AT F A ”:tl
[, T F Ay A “
We distinguish cases according to @.
5 ¢
re-A
¢ = 'k A, ] transforms to ﬁ w, T l*
Iy, A T = Ay w: L-2 2w,k

I, Ih - Ay, Ay
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Where I = I, I3, If I = I' and I is empty and/or A; is empty, then
the corresponding weakening and permutation rules are omitted.

8 ¢
¢l F"Ag
P = t fi t R —
— j;NAiA ol ranstorms to IFALA AL A W_t
e ? I, I = Ay, Ay “

¢
b= I AATYF A,
I3 A TYF Ay

c:l

transforms to
¢
LA A TY - Ay
o] A A L A,
InHALA ATy A,

¢
b= Iy AT A
Iy A TS Ay

m:l
c:

cut

unary

transforms to
o)
¢l F2//7A7F2/}_Al2
InEALA A TY, 5= A
I, 1Y I - Ay Ay
F17F2 }_ AlvAQ

m:

cut

unary, w: x

Where I, = I'Y’, I’} and unary is an arbitrary unary rule.
®1 P2
o= ]}//,A,Fll—Al I, FA,
1—}/7147]—‘la[17‘ = AQ

binary

transforms to
$1
1 IV, A LI F A
InE AL A ATV, LA
I T AL A, cut s
[T A, A " LA,
I, Iy E A, Ay

el

binary

Where I, = I}, I}, I and binary is an arbitrary binary rule.
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o1 o2
b= NFA TV ALEA,

b
[T A I F Ay mary
transforms to
o2
¢l levAaFrl_Ar I
NFALA  ATI T F A, ”'t
b1 I, TV, T F A, A, o
L+ [V, IFALA, T
binary

I, In = Ay, Ay

Where I, = I/, I}, I, and binary is an arbitrary binary rule.

2.3 Cut-elimination Algorithm

We decided to implement the following algorithm: the program eliminates the
leftmost upmost cut rule occurring into the proof. It goes through the proof,
starting from bottom and when it finds the upmost leftmost cut rule, first it
tries to reduce the grade if possible, then it tries to reduce the rank. For the
grade reduction, program first tries to remove from the cut-formula second-
order quantifiers, then first-order quantifiers, then implication, then A, then V,
and then —. If all these cases fail, then the program begins to apply the rank
reduction rules. First it tries to apply weakening rule cases, then axiom rule
cases, then contraction rule cases, then arbitrary unary and binary rule cases
and if none of them is applicable, then the program tries permutation rule cases.
For each rule case, the program first tries to reduce rank on the left and then
on the right cut-derivation. This procedure is applied repeatedly, while all cuts
are eliminated from the proof.

3 Implementation

The system CERES is written on C++. It is a quite complex system with his own
data-structures. Our cut-elimination algorithm for the second-order calculus is
implemented into two files: SecondOrder.h and SecondOrder.cpp. The class
SecondOrder is publicly derived from the class ProofOperation. A construc-
tor of the SecondOrder class receives the CeresInput object as input and extracts
from this object LK Proof, ProofDatabase and AziomSet. Also assigns the value
false to the global boolean variable error and creates LKProofVector. The last
one is used to hold intermediary proofs.

All reduction rules are implemented as methods of the SecondOrder class.
Each of them takes RuleCut as input and returns either transformed proof as a
ProofNode object, or the value NULL (if it was not a proper case, or there was
some error during the transformation of the proof).
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The algorithm, that was described in Section 2.3 is implemented as the
method executeCut. In this method after applying the reduction rules, we
test if none of reduction rules were applied correctly (i.e. all of them returned
the value NULL), then error messages are printed, error is set to be true and
the program terminates.

In the main.cpp file we added boolean variables arg_second_order and
arg_write_interm_proofs, which are false by default and they are set to be
true if user typed in command line the parameters -so and -w respectively. The
first one is a parameter to tell program that the input proof is a second-order
proof and the second one is to tell if we want to output intermediary proofs
or not. We test whether arg_second_order is set to be true, and if so, then the
constructor of SecondOrder object is called and the operation SecondOrder is
applied to the proof repeatedly, while proof is not a cut-free and there is no
an error. In the cycle we test if arg_write_interm_proofs is true, then lkproof is
added to LKProofVector. Here is the corresponding piece of code of the main

function:
SecondOrder xt;

if (arg_second_order) {
t = new SecondOrder(xinput);
LK Proof *lkproof =t — > getProof();
std :: string s = lkproof— > getName();
int 1 = 0;
while (It— > isCutFree(lkproof— > getRoot())&&!t— > hasError()) {
lkproof — > execute(t);
if (arg-write_interm_proofs) {
1+ +;
std :: stringstream s_1;
5.1 << 1
t— > setProofinProofVector(lkproof— > clone(s +“ " + s_1.str()));

}

}

}

To export resulted proof(s) into the XML file, we have modified the ex-
portceres.h and exportceres.cpp files. We have overloaded the method write
and operator < to output the SecondOrder object as an XML file. In the out-
put file the program writes resulted cut-free proof, original proof, intermediary
proofs that were saved in LK ProofVector and the axiom set, if there was any.

There are some auxiliary methods implemented in the SecondOrder class.
Most interesting one is renameEigenvariables, that takes a ProofNode object
as input and returns again a ProofNode object, where first- and second- order
eigenvariables are renamed to preserve the proof regularity. This method is nec-
essary when the reduction rules for contraction cases are executed. The method
calls the renameFirstOrderEigenvariables and renameSecondOrderEi-
genvariables methods. Later ones are implemented by the following algorithm
for first- and second-order eigenvariables respectively: first create blacklist, a list
of eigenvariables of the whole proof. Then create eigvlist, a list of eigenvari-
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ables of input ProofNode (in which eigenvariables should be renamed). Then go
through eigvlist and generate for each variable a fresh one, which is not in black-
list. Then construct a substitution and apply it to the input ProofNode. Then
return ProofNode.

To create a list of first- and second-order eigenvariables, the methods build-
EigvarList and buildSecondOrderEigvarVector are implemented. They take
ProofNode as input and output VariableList and SecondOrderVariable Vector re-
spectively. Algorithm is very simple: go throw the proof and find strong quantifier
rules. Get from this rules eigenvariables and add them into the list. Then return
the list.

The code, which was written in the SecondOrder.h and SecondOrder.cpp files
together is around 2000 lines.

4 Conclusion

The algorithm according to the Gentzen’s original method was implemented and
integrated into the existing CERES system. So, the CERES system was extended
for second-order proofs. Using the CERES system, it is possible to compare two
methods of cut-elimination (the CERES method and the Gentzen’s method) and
their performance. To call the program for second-order proofs user should use
the -so parameter from a command line and the optional parameter -w if he/she
wants to write all intermediary proofs in the output file.

The system was tested with some inputs and bugs that were found are cor-
rected.
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