Bruno Woltzenlogel Paleo

Stefan Hetzl, Alexander Leitsch, Tomer Libal, Daniel Weller,

Theoretische Informatik und Logik
Institut fir Computersprachen
Technische Universitat Wien

2009, July 24th

«O» «F»r « > > a

it
a
it



@ Clarify (some of) the essential differences between CERes

(cut-elimination by resolution) and reductive methods of cut-elimination,
in terms of the normalized proofs that they produce.
methods.

@ Define methods that are “intermediary” between CERes and reductive
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P(u) + P(u)

Q(u) + Q(u)
P(u), P(u) - Q(u) + Q(u)

P(u) » Q(u) + P(u) = Q(u) - P(a) —» Q(v) + P(a) = Q(v) -
P(u) — Q(u)  Fy(P(u) — Q(y)) P(a) - Q(v) + Iy(P(a) - Q(y))
Vx(P(x) > Q(x)) + Iy(P(u) - Qy))

Yx(P(x) = Q(x)) + YxAy(P(x) — Q(y))

P(a) + P(a)

r

Q(v) FQ(v)
P(a), P(a) —» Q(v) + Q(v)

r
r

Jy(P(a) - Q(y)) + Iy(P(a) > Q(y)) .
VxAy(P(x) — Q(y)) F Ay(P(a) — Q(y))
Vx(P(x) = Q(x))  Ay(P(a) — Q(y))

!
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P(u) + P(u)

Q(u) + Q(u)
P(u), P(u) - Q(u) + Q(u)

P(u) » Q(u) + P(u) = Q(u) - P(a) —» Q(v) + P(a) = Q(v) -
P(u) — Q(u)  Fy(P(u) — Q(y)) P(a) - Q(v) + Iy(P(a) - Q(y))
Vx(P(x) > Q(x)) + Ay(P(u) - Qy))

Yx(P(x) = Q(x)) + YxAy(P(x) — Q(y))

P(a) + P(a)

r

Q(v) FQ(v)
P(a), P(a) —» Q(v) + Q(v)

r
r

Jy(P(a) - Q(y)) + Iy(P(a) > Q(y))
VxAy(P(x) — Q(y)) F Ay(P(a) — Q(y))
Vx(P(x) = Q(x))  Ay(P(a) — Q(y))

!
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P(a) + P(a) Q(a) + Q(a) P(a) + P(a) Q(v) + Q(v)
P(a),P(a) — Q(a) + Q(a) N P(a), P(a) —» Q(v) + Q(v) N
P(a) - Q(a) + P(a) — Q(a) 5 P(a) —» Q(v) + P(a) = Q(v)
P(a) - Q(a) r Jy(P(a) - Q(y))
Vx(P(x) > Q(x)) + Iy(P(a) > Q(y))

P(a) - Q(v) - dy(P(a) — Q(y))
Jy(P(a) - Q(y)) - Fy(P(a) — Q(y))
Vx(P(x) = Q(x)) - Ay(P(a) = Q(y))

r

1
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P(a) + P(a) Q(v) + Q(v)
P(a) + P(a) Q(a)r Q(a) . P(a),P(a) — Q(v) + Q(v) .
P(a) P(a) —» Q(a)r Q(a) | ’ P(a) — Q(v) + P(a) — Q(v)
P(a) — Q(a) + P(a) — Q(a) 3, P(a) > Q(v) r Ay(P(a) > Q(y))
P(a) — Q(a) + Ay(P(a) — Q(y)) Jy(P(a) — Q(y)) F Ay(P(a) — Q(y))
P(a) » Q(a) r Jy(P(a) — Q(y))

|

cut
Yx(P(x) = Q(x)) - Ay(P(a) = Q(y))
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P(a) + P(a) Q(a)+ Q(a) 5
P(a) + P(a) Q(a)+ Q(a) o P(a), P(a) - Q(a) + Q(a) N :
P(a),P(a) —» Q(a) + Q(a) N P(a) - Q(a) + P(a) —» Q(a)
P(a) » Q(a) - P(a) — Q(a) P(a) - Q(a) - Jy(P(a) > Q(y))
P(a) — Q(a) r Jy(P(a) - Q(y))
Yx(P(x) = Q(x)) v Jy(P(a) — Q(y))

!
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P(a)r P(a)

Q(a) - a(a)
P(a)/ P(a) b Q(a) F Q(a)

, farra Q(a)+ Q(a)
P(a) — Q(a) + P(a) — Q(a) .

P(a)P(a) > Q(a)r Q@)
P(a) - Qa) r P(a) — Q(a)
Pla) - Q(a) r P(a) - Q(a)
P(a) - Q(a) - Fy(P(a) —» Q)
Vx(P(x) = Q(x)) + Jy(P(a) = Q(y))

I
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P(a) + P(a)

Q(a)r Q(a)
P(a),P(a) —» Q(a) + Q(a)

. P(a)+ P(a) Q(a)+ Q(a) .
P(a) - Q(a) + P(a) — Q(a) P(a),P(a) = Q(a) + Q(a)
P(a) —» Q(a),P(a) + Q(a) 5
P(a) —» Q(a) + P(a) — Q(a)
P(a) » Q(a) r Jy(P(a) — Q(y))
Yx(P(x) = Q(x)) + Jy(P(a) - Q(y))
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P(a)  P(a)

Q) r a(a)
P(a) P(a) ~ Q(a) - Q(a)
P(a) + P(a)

Q@)+ a()
P(a)/ P(a) - Q(a) F Q(a)
P(a) > Q(a)P(a)rQa)
P(a) ~ Q(a)r P(a) — Q(a)
P(a) - Q(a) + y(P(a) = Q(y))
Vx(P(x) = Q(x)) + Ay(P(a) — Q(y))

cut

r

1
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Cut-Elimination by Resolution (CERes)
CR-Simulation of > by CERes

The Problem of Resolution Proof Search in CERes
Some Properties of >

Resolution Refinements (Proof Search Restrictions) for CERes based on
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P(u) + P(u)

Q(u) + Q(u)
P(u), P(u) - Q(u) + Q(u)

P(u) » Q(u) + P(u) = Q(u) - P(a) —» Q(v) + P(a) = Q(v) -
P(u) — Q(u)  Fy(P(u) — Q(y)) P(a) - Q(v) + Iy(P(a) - Q(y))
Vx(P(x) > Q(x)) + Iy(P(u) - Qy))

Vx(P(x) = Q(x)) + ¥x3y(P(x) - Q(y))

P(a) + P(a)

r

Q(v) FQ(v)
P(a), P(a) —» Q(v) + Q(v)

r
r

Jy(P(a) - Q(y)) + Iy(P(a) > Q(y)) .
VxAy(P(x) — Q(y)) F Ay(P(a) — Q(y))
Vx(P(x) = Q(x))  Ay(P(a) — Q(y))

!
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P(u) + P(u) Q(u) + Q(u) P(a)+ P(a) Q(v) +Q(v)
P(u), P(u) - Q(u) v Q(u) . P(a),P(a) —» Q(v) F Q(v) .
P(u) —» Q(u) - P(u) = Q(u) Pla) - Q(v)r P(a) = Q(v)
P(u) - Q(u) + Ay(P(u) - Q(y)) P(a) - Q(v) r y(P(a) > Q(y)) ’3
Vx(P(x) > Q(x)) + Ay(P(u) - Q(y)) Jy(P(a) — Q)+ Iy(P(a) > Q)
VX(P(x) - Q(x) FVxTy(P(x) - Q(y)) ' Yx3y(P(x) - Q(y)) + Iy(P(a) > Q(y)) c’ut
Vx(P(x) = Q(x)) + Ay(P(a) - Q(y))
Sp = (=P(u)® Q(u))® (P(a) @ =Q(v))
Cy ={P(u)rQ(u) ; FP(a) ; Q(v)+
+ P(a) P(u) + Q(u)
FQ(a) Q(v) +
|_
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P(u) + P(u)

Q(u) + Q(u) P(a) + P(a) Q(v) + Q(v)
P(u), P(u) = Q(u) + Q(u) . P(a),P(a) = Q(v) F Q(v) N
P(u) = Q(u) - P(u) = Q(u) P(a) = Q(v) F P(a) = Q(v)
P(u) - Q(u) FAy(P(u) » Q) P(a) > Q(v) FIy(P(a) » Q) "
Vx(P(x) = Q(x)) + Ay(P(u) - Q(y)) Ay(P(a) — QU)) F y(P(2) > Q)
Vx(P(x) > Q(x)) F VxAy(P(x) > Q(y)) VxAy(P(x) —» Q) F Ay(P(2) - Qy))
Yx(P(x) = Q(x)) F Ay(P(a) - Q(y))
FP(a) P(u) + Q(u) A
FQ(a) Q(v) +
r R
L(pJPP(a):
P(a)+ P(a)

P@rP@,Qv)
+ P(a),P(a) = Q(v)

"
EN
FP(a),y(P(a) = Q(y))
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P(u) + P(u)

Q) raw) P(a) + P(a) Q(v) F Q(v)
P(u), P(u) = Q(u) + Q(u) . ! P(a),P(a) - Q(v) F Q(v) .
P(u) - Q(u) + P(u) — Q(u) P(a)> Q) r P(a) — a(v)
P(u) - Q(u) + Ay(P(u) - Q(y)) P(a) - Q(v) Fy(P(a) > Q(y))
Vx(P(x) = Q(x)) + Ay(P(u) - Q(y)) Ay(P(a) — QU)) F y(P(2) > Q)
Vx(P(x) > Q(x)) F VxAy(P(x) > Q(y)) VxAy(P(x) —» Q) F Ay(P(2) - Qy))
Vx(P(x) = Q(x)) F Jy(P(a) - Q(y))
FP(a) P(u) + Q(u) A
FQ(a) Q(v) r
'_
|'(pJQ(V :
Q(v) F Q(v)

e, P@ram
Q(v)F P(a) » Q(v)
a

"
EN
(V) F3y(P(a) = Q)
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P(u) + P(u)

Q(u) + Q(u) P(a) + P(a) Q(v) + Q(v)
PW),PW) - QW FAW) P@),Pla > QWray)
P(u) - Q(u) + P(u) » Q(u) P(a) - Q(v)+ P(a) - Q(v)
P(u) - Q(u) F Ay(P(u) > Q(y)) P(a)— Q(v) F3y(P(a) > Qy)) "
Vx(P(x) = Q(x)) + Ay(P(u) - Q(y)) Ay(P(a) — QU)) F y(P(2) > Q)
vx(P(x) - Q(x)) FVxTy(P(x) > Q(y)) VxJy(P(x) — Q(y)) - Ay(P(a) » Q(y)) CLt
Yx(P(x) = Q(x)) F Ay(P(a) - Q(y))
+ P(a) P(u) + Q(u)
FQ(a) Q(v) +
}_
|-(PJP(u FQ(u
P(u) + P(u) Q(u) F Q(u)
P(u), P(u) = Q(u) + Q(u)
P(u), ¥x(P(x) = Q(x)) + Q(u)

it
v
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v
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P(u) v P(u) Q(u) + Q(u) P(a) + P(a) Q(v) F Q(v)
P(u), P(4) — Q(u) Q) P@),Pla) > aWraw)
P(u) » Q(u) + P(u) - Q(u) P(a) -» Q(v) F P(a) - Q(v)
P(u) - Q(u) + Ay(P(u) —» Q(y)) P(a) » Q(v) + Ay(P(a) » Q(y)) ra
Vx(P(x) > Q(x)) r Iy(P(u) - Q(y)) | 3y(P(a) » Q) r J(P(a) > Q) .
VX(P(x) » Q(x) F¥xAy(P(x) » Q(y)) YxJy(P(x) = Qy)) F Ay(P(a) > Q(y)) Cl/”
Yx(P(x) = Q(x)) + Ay(P(a) - Q(y))
P(a) r P(a)
P(a) + P(a),Q(v) . P(u) + P(u) Q(u) F Q(u) Q(v) + Q(v) W
F P(a),P(a) = Q(v) 5 P(u), P(u) = Q(u) - Q(u) ) Q(v),P(a)r Q(v) N
FP(a),Ay(P(a) = Q(y)) P(u),Yx(P(x) = Q(x)) v Q(u) Q(v)+ P(a) » Q(v)
FQ(a) Q(v) +3y(P(a) > Q(y))
n-

it
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P(u) v P(u)

Q(u) + Q(u) P(a)+ P(a) Q(v) + Q(v)
P(u), P(u) — Q(u) + Q(u) P(a),P(a) —» Q(v) F Q(v) N
P(u) - Q(u) v P(u) — Q(u) 3 P(a) - Q(v) r P(a) = Q(v) '
P(u) = Q(u) F Ay(P(u) = Q(y)) ’VI P(a) - Q(v) F Ay(P(a) - Q(y)) ’31
Yx(P(x) = Q(x)) v Jy(P(u) - Q(y)) y(P(a) —» Qy)) F Ay(P(a) — Q(y))
Vx(P(x) > Q(x)) F VxAy(P(x) > Q(y)) Vxay(P(x) - Q) F Ay(P(a) — Qy))
Yx(P(x) = Q(x)) + Jy(P(a) = Q(y))
P(a)+ P(a) w
P@FP@, AV P(u) + P()
F P(a), P(a) » Q(v) 3
F P(a),dy(P(a) - Q(y))

Q(u) F Q(u)
P(u), P(u) = Q(u) + Q(u)

P(u), Vx(P(x) — Q(x)) + Q(u)
Vx(P(x) = Q(x)) - Q(a), Iy(P(2) = Q(y))

Q(v) FQ(v) W
Q(v),P(a)+ Q(v) .
Q(v)+P(a) -» Q(v)

VX(P(x) = Q(x)) F Jy(P(a) - Q(y)),dy(P(a) » Q(y))

1

Q(v) +Ay(P(a) = Q(y))
Yx(P(x) = Q(x)) - Ay(P(a) = Q(y))

r
ar
R
Cr
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P(u) v P(u)

Q(u) + Q(u) P(a)+ P(a) Q(v) + Q(v)
P(u), P(u) — Q(u) + Q(u) P(a),P(a) —» Q(v) F Q(v) -,
P(u) - Q(u) v P(u) — Q(u) 3 P(a) - Q(v) r P(a) = Q(v)
P(u) = Q(u) r Fy(P(u) = Q) ’VI P(a) = Q(v) F Iy(P(a) = Q(y)) ’31
Yx(P(x) = Q(x)) v Jy(P(u) - Q(y)) Jy(P(a) - Q(y)) + Fy(P(a) - Q(y))
Vx(P(x) > Q(x)) FVxTy(P(x) - Q(y)) VxAy(P(x) = Q) F Iy(P(a) - Qy))
Yx(P(x) = Q(x)) F Ay(P(a) — Q(y))
P(a) r P(a) w,
P(a) + P(a),Q(a) P(a)+ P(a) Q(a)+ Q(a) Q(a) + Q(a)
+ P(a),P(a) = Q(a) —); P(a),P(a) - Q(a) + Q(a) ) Q(a),P(a)+ Q(a) o
FP(a),Ay(P(a) - Q(y)) P(a),¥x(P(x) - Q(x)) + Q(a) Q(a)r P(a) - Q(a)
¥x(P(x) - Q(x)) + Q(a),3y(P(a) - Q(y)) Q(a) + Iy(P(a) — Q(y))
Yx(P(x) = Q(x)) F Jy(P(a) - Q(y)),Ay(P(a) - Q(y))
¥x(P(x) = Q(x))  Jy(P(a) — Q(y))

N
cut

Cr
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Let ¢ be the proof below:

ArA Wi B+ B -

ACHA A AFA + B,-B

AACHA ArB,AA-B
AACHFB,AAN-B

,
cut
AANCFB,AA-B

A canonic refutation CR(¢) can be easily extracted from ¢:

B+ B
cut
FA

A+ B
+ B R

B+
'_

R
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CR(¢) is a refutation of Cy.

«0)>» «F»r « =>» Q>
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CR-Simulation of > by CERes

Canonic Refutations

Let ¢ be the proof below:

ArA ArA cut B+ B B+ B cut
ArA W B+ B
A~ Vr Wr
ArAC

B+B,D
A BrA B, CAD

r

@ can be reduced (>>¢g) to the following two proofs ¢4 and ¢,:

ArA ArA cut B+ B B+ B cut
ArA B+ B

* *

ABrABCAD " ABrABCAD

Canonic refutations CR(¢+) and CR(¢2) can be extracted:

FA AI—R + B BI—R

And then: Scr(¢) = {CR(p1), CR(p2)}

Bruno V | Paleo Resolution Refinements for Cut-Elimination



Two proofs @1 and ¢, (with equal end-sequents) with atomic cuts only are
strongly CR-equivalent, denoted @1 =scr @2, if and only if

Scr(@1) = Scr(p2). They are weakly CR-equivalent, denoted @1 =ucr @2, if
and only if Scr(@1) N Scr(p2) # 0.

v
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and @1 =wcr Q2.

Let »4 and »5 be two cut-elimination methods. »; CR-simulates »5 if and
only if, for any proofs ¢ and @, with @ »5 @, there exists ¢4 such that ¢ »1 ¢4

it
v
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If o > ¢’ then for any ~ s, -normal-form S’ of S, there exists a
~eay -Normal-form S of S,, such that S < S'.

it
v
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Sp

% Sor
P1 p :
r+A,B l2+ A, C B,C,M+A
M, T2+ Ay,A,BAC r BACTIFA A
Fi:fo Ml E A1 Ao A cut
(Sp1 @S )85,
U
" Sor
: . Pr
P2 I +Ay,B BCEA
MoF A, C C,I, M+ AN ot
M, Mo, ME Ay, As A iy
Spp®(Spy ©Sp,)

i
v
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If o > @’ then for any ~ s, -normal-form S’ of S, there exists a
~ g, -normal-form S of S, such that S < S'.

Let Sy and S, be structs in ~ g, -normal-form such that S; <* S,. Then, any
resolution refutation 6 of cl(S,) is also a refutation of cl(Sy).

CERes CR-simulates >'.

No cut-elimination method based on > CR-simulates CERes.
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Cut-Elimination by Resolution (CERes)
CR-Simulation of > by CERes

The Problem of Resolution Proof Search in CERes
Some Properties of >

Resolution Refinements (Proof Search Restrictions) for CERes based on
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The Problem of Resolution Proof Search in CERes

Let ¢ be the proof below:

ArA _AFA BrB _,
I-ﬁA,A B+ B -Ar-A ﬁB,BI-
| V)
A—->B+-AB -B,-AVBt-A
A—>Br-AvB ' ~AVBF-B— —-A Cu’t

A—->B+r-B—--A
Then, its cut-pertinent struct is:

S,=(-A®B)o(A®-B)
And its clause set is:

C)/={A+rB; +rA; Br )

Bruno V | Paleo Resolution Refinements for Cut-Elimination



The Problem of Resolution Proof Search in CERes

Let ¢ be the proof below:

ArA _ _AFA BrB _
I-—\A,A B+ B -Ar-A —\B,BI—
| vV
A—-Br-AB -B,-AV B+ -A
r _)f

A—->B+r-AVB -AVB+r-B—-A
A—>Br-B— -A

The formula corresponding to end-sequent of ¢ is:

cut

Fo=F(A—-Br-B—-A)=((A—B)—(-B—-A))

The clause form of =F,, is:

C={A+B ; +A; B+ }

Bruno V | Paleo Resolution Refinements for Cut-Elimination



The Problem of Resolution Proof Search in CERes

Let ¢ be the proof below:

ArA _ArA . _BrB _,
I-ﬁA,A B+B -Ar-A ﬁB,BI-
- VI
A—->B+-AB v -B,-AVBtr-A
A->Br-AvB ' ~AVBF-B— —-A Cu’t

A—-Br-B—-A

The clause set is:

C)/={A+rB; rA; Br)

The clause form of =F,, is:

C={A+B; +A; B+ }

Both are equally hard to refute!!

Bruno V | Paleo Resolution Refinements for Cut-Elimination



The Problem of Resolution Proof Search in CERes

A Practical Problem

@ Consider a formalization of Fuerstenberg’s proof of the infinitude of
primes.

@ By skolemization, we get a schematic proof ¢y proving that there are
more than k primes.

@ Current theorem provers like Otter and Prover9 cannot refute the clause
set of gy for k > 3 (in a reasonable time).

Bruno V | Paleo Resolution Refinements for Cut-Elimination
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cut-linked to each other.

P(a)+ P(a)
P(a),~P(a)  P(a)

In the proof ¢ below, occurrences highlighted with the same color are
P(s) + P(s)
P(a), + =P(a) = P(a)

(YX)P(x), F =P(a) = P(a)

-

-r
+=P(s), P(s)

P(s) + P(s) N
=P(s) = P(s) v P(s),P(s) !
3 SRCRLELLONM ’ P(s) + P(s)
(YX)(=P(x) = P(x)) r P(s) P(s)+ (Jy)P(y)
(YX)P(x), + (YX)(=P(x) = P(x)) i (YX)(=P(x) = P(x)) v (Ay)P(y)
(YX)P(x) v (Ay)P(y)

it
v
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atomically cut-linked to each other.

In the proof ¢ below, occurrences highlighted with the same color are
P(a) - P(a)
P(a),=P(a)+

P(s)+ P(s)
we F=P(s), P(s) A P(s)+ P(s)
P(a) =P(s) - P(s)+ P(s),P(s) o
P(a), + =P(a) - P(a) =P(s) - P(s)F P(s) v P(s) F P(s)
(PR, r ~P@) » Pla) | ((0-P(x) = P+ P(s) P F PY)
(7P, r ()P - PG) (=PC) = PO BPY)
(H0PGO  (3)PK)

it
a
it
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Let ¢ be a proof with cuts and ¢* a proof such that ¢ >* ¢*. Let p be a cut in
@* with auxiliary occurrences v; and v,. Then, for any position 7,
cutlink,("v,™™, ) = cutlinka("v, ™™, @).

«0O0)» «F» « =) Q>

v



P1 P2 Pr
r1 F A1,F1 [B]n1 F2 F Ag, Fg[C]nz A F1 [B]n1/ FZ[C]ngr MrA A
F1, rg F A1,A2, F1 [B]T,1 A\ F2[C]-n2 r F1 [B],-[1 A Fz[C]nz, MrEA ’t
Mo T2 N F Ar, Az A o

U
®1 Pr

Q2 M+ Ay, Fi[Bly, Fi[Blr,, F2[Clry, MEA t

M2 B2, Fa[Cln, FolClog T IV E Ay, A o
[y, T2, M Ay, Az, A

cut

it
v
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cutlink(Tv, ™, @) = cutlink(Tv, ™™, ).

Let ¢ be a proof with cuts and ¢* a proof such that ¢ >* ¢*. Let p be a cut in
@* with auxiliary occurrences v; and v,. Then, for any position 7,

«0O0)» «F» « =) Q>

v



P(a) F P(a)!

_ PPl P(1) + P(t) P(s) + P(s)
(Y2)P(z) F P(a)! P(0) + (Aw)P(w) P(s)"  (Aw)P(w) A
(V2)P(2) F (Y)P(x)) VX)PO) - @w)P(w) P F @Aw)Pw) !
(V2)P(2) F (YX)P(x)!, (¥y)P(y)' v, (YX)P(x)" v (Yy)P(y)" + (Aw)P(w), (Aw)P(w) .
(V2)P(2) F (YX)P(x)" v (Yy)P(y)' (YX)P(x)"V (Yy)P(y)" + (w)P(w) cut '

(Y2)P(2) v (3w)P(w)

«0O0)>» «4F» « =) «

it
v
it

12N G4



Let ¢ be a proof with cuts and ¢* a proof such that ¢ >* ¢*. Let p be a cut in
cutside("v,™™, @) # cutside("v, ™™, p).

¢* with auxiliary occurrences v, and v,. Then, for any position m,

«0O0)» «F» « =) Q>

v



@ Reductive Cut-Elimination Methods ()

@ Cut-Elimination by Resolution (CERes)

@ CR-Simulation of > by CERes

@ The Problem of Resolution Proof Search in CERes
@ Some Properties of >

@ Resolution Refinements (Proof Search Restrictions) for CERes based on
the properties of >
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Resolution Refinements (Proof Search Restrictions) for CERes
Unrestricted CERes does not preserve Cut-Linkage

Let ¢ be the proof below.

P(s)F P(s)
P(a) - P(a) +=P(s), P(s) o P(s)F P(s) 5
P(a),=P(a) + P(a) =P(s) = P(s) + P(s), P(s) !
P(a), - =P(a) = P(a) ;‘r =P(s) = P(s) F P(s) v ’ P(s)r P(s)
(70P(),r Pla) = P@) | v (PG = PG P(s) | P(s)+ (A)P(y) c;f
(Y)P(x), F (¥X)(=P(x) = P(x)) (V)(=P(x) = P(x)) F (I)P(y)

cut
Then its clause set is:

Cy = 1{r P(a); P(s) F P(s); P(s) - P(s); P(s) +}

Let 6 be the following R-refutation of CY:

@

C C.
#r
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Unrestricted CERes does not preserve Cut-Linkage

Resolution Refinements (Proof Search Restrictions) for CERes

Let ¢ be the proof below.
P(s) + P(s)
P(a) - P(a) F=P(s), P(s) P(s)F P(s) 5
(a),=P(a) F P(a) =P(s) = P(s) + P(s), P(s) !
P(a), + =P(a) = P(a) =P(s) = P(s) F P(s
(H0P(), - ~P(a) - Pla) |
(YX)P(x), F (VX)(=P(x) = P(x))

),
)
Y
(Yx)(=P(x) = P(x)) + P(s)
(1P() - (Iy)P(Y)
Then its clause set is:

P(s)r P(s)

(V)(=P(x) = P(X)) F (I)P(y)

C1

C;" = {r P(a); P(s) v P(s); P(s) + P(s); P(s) +}
e

C2
Let 6 be the following R-refutation of C

N——
c3 [
w.

[

Cq Cy
m r

Bruno V

| Paleo
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P(s)+ (Jy)P(y)

r

cut
cut




Resolution Refinements (Proof Search Restrictions) for CERes
Restricting CERes to preserve Cut-Linkage: Rgs

@ Resolution Rule (using cut-linkage):

Iy l-A1,A1 Az,rgl-Ag

o, Moo+ A1U, AQU r((T)
only if cutlink (Ay) = cutlink (Az).
@ Factoring Rules:
AA THA (0) r-AAA (o)
Ao, To+ Ao o Fo+ Ao, Ao o

only if cutlink(A) = cutlink(A”").
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Resolution Refinements (Proof Search Restrictions) for CERes
Unrestricted CERes does not preserve Cut-Side

Let ¢ be the following proof:

P(t)+ P(t) _
P(a) F P(a) . “POPOF
P(a) F -P(a), P(a) SP(r-P() | P(i)rP(t)
P(a) F =P(a) v P(a) —P(t) v P(1) + P(1),-P(1)
VX)PO) F =P() v P(a) " —P(t) vV P(1) - P(1) vV —P(1)
(PR - ()P V PO (X)(PO) VPX) F PO V=P

(YX)P(x) + P(t) v =P(t)
Its clause set is:
qu]v = {r P(a);+ P(t); P(t) +}

——— —— e ——
C4 C2 C3

A possible Rgs-refutation of C(‘(’,V is shown below:

C C
2 3 r

Bruno V | Paleo Resolution Refinements for Cut-Elimination
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Resolution Refinements (Proof Search Restrictions) for CERes
Unrestricted CERes does not preserve Cut-Side

Let ¢ be the following proof:

PO P(Y

P(a) F P(a)l w, —P(t)", P(t) r _

’fz(a) H ﬂg(a)j, PL&)’ v, —P(t) r —r-P(t) r’ P(t)" + P(t)
e
(YX)P(x) F (YX)=P(x) v P(x)| " (7x)(=P(x)"V P(x)") ¥ P(t) vV =P(t) CLt

(VX)P(x) - P(t) v =P(1)
Its clause set is:
Cl = {+ P(a);+ P(1)'; P(1)" )
—— — Y—

A possible Rgs-refutation of C(‘(’,V is shown below:

C C
2 3 r
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Resolution Refinements (Proof Search Restrictions) for CERes
Restricting CERes to preserve Cut-Side: Rggl

@ Resolution Rule (using cut-side and cut-linkage):

kA A

Ao, Tk Ay
o, Moo+ A1G, AgU

r(o)
only if cutlink(A+) = cutlink(Az) and cutside(A+) # cutside(Az).
@ Factoring Rules (using cut-side and cut-linkage):

AA THA

(o) r-AAA
Ao, To+ Ao "o

o+ Ao, Ac fr(0)
only if cutlink(A) = cutlink(A’) and cutside(A) = cutside(A’).

Bruno V
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Resolution Refinements (Proof Search Restrictions) for CERes
Unrestricted CERes does not preserve Atomic Cut-Linkage

Let ¢ be the proof below:

Pl)rPla) P(1)"  P(t) P(s) + P(s)
(Vz)P(z) + P(a)! v, P(1) F Aw)P(w) CP(s)" F (Aw)P(w)
(Vz)P(2) + (Yx)P(x)! w, (VX)P(X)" F Aw)P(w) (Yy)P(y)" + 3Aw)P(w)
(Vz)P(2) F (Yx)P(x)', (Y¥)P(y)’ v, (I)PX)TV (Yy)Py)" r (Aw)P(w), Aw)P(w)
(Vz)P(2) F (Yx)P(x)' v (Yy)P(y)’ (YX)P(x)" v (Yy)P(y)"  (Gw)P(w)

(V2)P(z) + (IW)P(w) out

Its clause set is:
w — I. .
C, ={rP(a); P(t)" - P(s)" +}

———— —— —— —
S C2 ]

Let 6 be the following Rsqi-refutation of C}):

C C
1 3 r
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Resolution Refinements (Proof Search Restrictions) for CERes
Unrestricted CERes does not preserve Atomic Cut-Linkage

Let ¢ be the proof below:

P(a) + P() / P(t) r P(t) ; P(s) + P(s) ;
(Y2)P(2) F P(a) y P(t)  (Gw)P(w) v’ P(s) + (Aw)P(w) v’
(V2)P(z) F (VX)P(x) ' w, (V)P(x) F Aw)P(w) | (Yy)P(y) F (Aw)P(w) vI,
(Y2)P(2) + (YX)P(x), (Vy)P(y) v (YX)P(x) v (Yy)P(y) + (Aw)P(w), (Aw)P(w) '
(Y2)P(2) v (YX)P(x) V (Yy)P(y) (VX)P(x) v (Yy)P(y) + (Qw)P(w)

(V2)P(2) - (Iw)P(w) out

Its clause set is:
Cy = 1{r P(a); P(t) F; P(s) H}

—— ——— S——
C1 C2 C3

Let 6 be the following Rsg-refutation of CY:

[

C C
1 3 r
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Resolution Refinements (Proof Search Restrictions) for CERes
Restricting CERes to preserve Atomic Cut-Linkage: Rsgl

@ Resolution Rule (using atomic cut-linkage):

Iy l-A1,A1 Az,rgl-Ag

r
o, Moo+ A1U, AQU (G)
only if cutlink ,(Ay) = cutlink ;(Az).
@ Factoring Rules:
AA THA (0) r-AAA (o)
Ao, To+ Ao o Fo+ Ao, Ac '

only if cutlink;(A) = cutlinkz(A").
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Conclusions

We have defined 3 refinements/restrictions for CERes (and we could
have defined more).

Each refined CERes is intermediary (with respect to CR-simulation)
between the unrefined CERes and reductive methods.

The design of such refinements helped to further clarify the differences
between CERes and reductive methods. In particular, they clarify why
reductive methods do not CR-simulate the unrestricted/unrefined
CERes.

By using the refinements, we can have a trade-off between the easiness
of the refutation search and the “non-confluence” of CERes.
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(Possible) Connections with other Works presented at this Workshop

@ Proof Procedures for lterated Schemata:
e Proof schemata (e.g. the skolemized Fuerstenberg’s proof) lead to
schemata of clause sets, which could perhaps be more easily refuted using
proof procedures for iterated schemata.

@ Curry-Howard Isomorphism:
@ Proofs < programs.
@ Reductive cut-elimination < execution of programs.
e Cut-elimination by resolution « ?7?
@ Permutability in the Sequent Calculus:
e Profile Clause Set ~ Inference Permutations + Standard Clause Set
e Swapped Clause Set = Inference Permutations + Standard Clause Set

e Profile and Swapped Clause Sets are largely invariant to inference
permutations

Bruno V | Paleo Resolution Refinements for Cut-Elimination



(Possible) Connections with other Works presented at this Workshop

@ ETPs/Herbrand-proofs/Proof-Forests with cuts:

e “Describing Proofs by Short Tautologies” (Stefan Hetzl) - Relates clause sets

and Herbrand-sequents with cuts.
@ Deep Inference:

e Reductive cut-elimination methods are “shallow” (grade reduction operates
on the shallowest connectives of cut-formulas). CERes is “deep” (it works
only with the atomic components of the cut-formulas).

e Normalization of structs is similar to the switch rule in some cases.

@ Redundancy/Bureaucracy:

e CERes is capable of eliminating certain kinds of redundancies from proofs
(non-elementarily smaller “cut-free” proofs) ...

@ ...but it also introduces some redundancies in some cases (exponentially
larger “cut-free” proofs).

e Structs and clause sets can be seen as compact representations of (the
cut-pertinent part of) a proof.

e The relation between clause sets and proof nets has been studied in Stefan
Hetzl’s PhD thesis.

Bruno Wc | Paleo Resolution Refinements for Cut-Elimination



Future Work

Implementation of the refinements
Conjecture: > CR-simulates CERes with Rag.
Refinements in the case of higher-order logics

Even more restrictive refinements, based on particular reductive
strategies (e.g. Gentzen’s, Tait’s).

Restrictions of paramodulation.
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@ Thanks!

@ Questions? Comments? Suggestions?
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