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@ Cut-Elimination by Resolution

@ Atomic-Cut-Introduction by Resolution
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P(u) = Q(u) F Ay(P(u) = Q(y)) ’VI P(a) - Q(v) F Ay(P(a) - Q(y)) ’31
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Atomic-Cut-Introduction by Resolution
A Few Interesting Facts about CERes

@ ACNFs produced by Reductive methods have atomic cuts in the top of
the proof (closer to leaves).

@ ACNFs produced by CERes have atomic cuts in the bottom of the proof
(closer to the root).

@ |f CERes is applied to a proof already in ACNF, but with cuts in the top,
CERes produces a new ACNF with cuts in the bottom.

@ The ACNF produced by CERes might be smaller than the original ACNF.
(CERes is somehow capable of exploiting redundancies when pushing
down the atomic cuts).

@ This leads to a simple idea for atomic-cut-introduction (and possibly
proof-compression) by resolution.
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Atomic-Cut-Introduction by Resolution
The Method

@ The method CIRes for introducing atomic cuts in a cut-free proof ¢
follows the two steps below:
@ Obtain ¢’ by replacing every axiom-sequent A + A in ¢ by an atomic cut:
ArA AFA
AFA

@ Apply CERes to ¢’ (thus obtaining a possibly compressed proof ¢* with
atomic cuts in the bottom)

cut
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Testing the Method (can it really compress proofs?)
A Simple Example: AVA-AAA

A short proof ¢ with cut (length 5, atomic size 26, symbolic size 32):

AFA ArFA ArFA AFA

Vv A
AVArAA ! AAFAANA '
AVAFA

' ArAnA .
AVALFAAA
One of the shortest proofs without cut, ¢ (length 6, atomic size 32, symbolic
size 41):

AFA AI—A/\ AFA AFA
AAFANA Q’ AAFANA
ArAAA ArAAA

AVAFAAAAAA
AVAFAAA

Can CIRes output i when given ¢ as input?

Ar

C
Vi

r
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¢’ (with atomic cuts added to the top):

ArA ArA ArA ArA ArA ArA ArA
——————— cut - = = — — — — cut - = = - — — — cut - = = - — — — cut
ArA ArA ArA ArA
Ar Ar
AAFANA AArANA
ArAAA A-ANA v,
AVALAANAANA .
"
AVArAAA
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ArA ArA ArA ArA ArA ArA ArA
——————— cut - = = — — = = cut - = = = — = — cut - = = - — = — cut
ArA ArA AFA AFA
Ar Ar
AAFAANA AAFANA
AFAANA ArANA
AVAFANAANA c
AVArARA ’

Sy = (A®-A)®" (Ad-A)) & (Ad-A)®" (A®-A))
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ArA ArA ArA ArA ArA ArA ArA
——————— cut - = - — — — — cut - = — - — — — out - = = - — — — cut
ArA ArA ArA ArA
Ar Ar
AAFAANA AAFANA
AFAANA ! ArAANA v
AVAFANAANA . !
AVALARA ’
Sq,/ = (Ae-A)" (Ae-A))®"" (Ae-A)®" (A®-A))
~ezy (ABAB(-A®" -A)) @ (Ae-A)®" (Ao -A))
~egy (AGAB(RARY -A)) R (ABA®(-AB®" -A))
~egy (AT A)B (AR A)e (AT A)e (AT A)e (mAR" —A) 8 (-A R -A)
w _
C‘P, =
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ArA ArA ArA ArA ArA ArA ArA
——————— cut - = — — — — — ocut - = — — — — — oqut - — = - — — — ocut
ArA ArA ArA ArA
Ar Ar
AAFANA AAFANA
ArAANA ArAANA
AVAFAANAANA
AVALAANA
w _—
C{D' = { F A,A

M

FAA

FAA G FAA G FAA G AAE AAR )
FA f

A AL p
Ar
v R
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AVA_ _ _ArA o ARA_ _ _ArA o ArA_ _ _ArA
AvA - Av A v AvA e
AALANA r AATARA r
ArAANA ArAANA
AVAFrANAANA . i
AVALANA ’
FAA ‘ A AL ‘
FA T Ar RI
'_
o . o .
Lo Soa o' 1z A
ArA ArA v ArA
AVARLAA

ArA A
AAFAANA '
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AFA AFA ArFA ArFA A
AVARLAA c AAFAANA §
AVAFA "

ArANA C
AVAEFAAA

cut
@ Can CIRes output 1 when given ¢ as input?
o Yes, ¢* equal to ¢!
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Testing the Method

A More Interesting Example

@ Consider the sequence of unsatisfiable sets of clauses:

@ For example:

T,={P'vP%,-P'vP?P'v-P% P Vv -P?
@ It is known (from [Cook-Reckhow, 1971]) that:

0 |Tmls = s(m) € O((2m)2™).
@ [6ml = Ig(m) € O(2™), if 6m is an optimal resolution refutation of T, (or a
sequent calculus refutation (possibly with cuts)).

@ [Yml =Ir(m)e O(220m), if m is an optimal tableaux refutation of T, (or a
cut-free sequent calculus refutation).
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¢ (length 17, atomic size 97, symbolic size 169):

PleP P2+ P2 .
PP P2+ P2 PPt PLoPH P?,-P2 v
PP PUaPE P2,-P? ¢ : P',=P"+ P2,P',=P'v =P+
Pl -P' P2,P1,~P' v P2+ P, P!, <P' v P2, -P v P2 P2+ P2
PP, ~P' v P2,—~P' VP2t v P',~P"V P2,~P' v P2t TP opP
P',=P'v P2,~P"v-P? c P2,P'v ~P2,-P'v P2,=P'v P2 "
PV P2, P!V P2,=P! v ~P2 Pl v P2, PV P2 ~P! v P2 -

a
PV P2,-P"V P?, P!V -P? PV P2, PV P2}

C
P'v P2 =PV P2 P!V -P2, =PV P2

Vi




2,52 P2 p2
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PP T vy T, R
[ 2Py PP !
vi
TV R, T v 72 P12, P v~ P v PPy
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PR

ey K
PIVPE P VP2, PT Ty

Sy =((P'@-Ph)&" (P'e-P)&" (P e-F") & ((P'®-P)&" (P'@-P")&" (P?®-P))&" (P:@&~F"))

Sy = ((P'e-Phe" ((P'e-P)e" (PLe-r))e™ ((P'e-P")&" (P'e-P")e" (PPe-P))e” (Pf@-F"))
(PTe=-P") & (PTe P’ @ (=P e =) & (P'@-P)&" (P'e-P')&" (P?&-F?))&" (P2 ®@=-F"))

(P'ePle (=P " P)@ (=P &" =P?)) & (PT@-P")&" (P'@-P")&" (P2&-P?)))&" (P2 &-F"))

(P'@P' @ (-P'®" P)@ (-P' " =F?)&™ (P'@-P")&" (P' ® P2® (~P' ®" -P?)))@" (P2 ®-F"))
(P'@P'@(-P'®" P)@ (-P' @ =FP?)&™ (P! @ P' @ (-P'®" P?)® (=P' ®" -P?))&" (P2 ®=F"))
(P'@P'®(-P'®" P?)@ (-P' @ —=FP?)) @ ((P' & -F")® (P' & -F?)®(-P'®" P2)® (-P' & ~P?)® P?)
(PTe&™ P2)@ (P &™ P2)@ (-P'@" P )@ (=P ®" =)@ ((P' @ ~F") e (P'®" -F") @ (-P'&" P?)® (-P' &" -P?
(P& P?)e (P'®™ P2)®(-P'&" P @ (-P' & =P’ @ (P'&" =F" )& (P'&" -F%)®(-P' " P?)®(-P' " ~F?)

Cy={+P P2 P PL; PP PP R PP PP PIRPR; PLPRL )
FPLPE PP P! PlvpP2 PLPZE
+ PP PP+
RaLEL S Ty
+ P! P R
+
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Plypt Plypt
T e T
e P2, pT Pl v P2y "
PR P PPl VP2 Pl vl s
[P — 2P~ P v PP Py
TV P, T v P2 P12, P v~ P v PPy
BN T P
Ty e T
o
1 p2 2 1
FPLP2 PTEP R P'vP2 PPk
FPLP PLP v 4
FP T [
- R
/o . 919 o
LEVIE ¥ e
2 2
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V) 1 1 2 2
PV PE T P, P P+ P P?,=P% ¢ :
i P?,Ptv =P? + P!
: 710 .
L JF'}»P% L JP‘,P?F'
Pl pl Py p PeR P
P —PTr P2 p2 T _pt 2 per !
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¢ (length 13, atomic size 70, symbolic size 105):

Pt - PPl Plepl PErpr
PP R PR R e e R | Eeee
PlvP2 Pl P2 P2, P v =P? 1 Pl P1,-PTy P2y P2 ! Pl P2, Pty P2 i
PlvP2,Ply P2 P1, P! o o P1,P1, Pl v P2, oPTv P2 b . ot
PlvP2,pPly-p? P P1,-P1 v P?,oPT v P2
PV P2,P1v=P?, Pl v P2, =Pl v -P2 b e
¢ (length 17, atomic size 97, symbolic size 169):
PIvP P2rpP2
Plep PP plept o PLoPE ' TRy v:
plp _ PLoPH PEoPEr P',=P"+ P2,P',-P'V P2
P',-P" v P?,P',-P' v -P? + P',P',<P'V P2,-P" v P2 P2+ P2
P, PT,~P" v P2, <P v ~PZ v PP VPPV P2 2T
PPV PE P VPR P2 PTV P2, <PTV PE PT v PP 1 Y
PV P2, PTV PESPTV PR PTV P2 SPTV PRIV PR v
P'Vv P2,~P'vP2,=P'v~P2 P'v=P% PV -P?

C
PV P2,-P"v P2, Plv P2 <PV -P?




Future Work

@ Enrich the clause set with more information from the cut-free proof, and
use the additional information to constrain the search for refutations of
the clause set.

@ Try to extend the method so that complex propositional cuts could also
be introduced. (This might be possible with a mixed structural clause
form transformation of the cut-pertinent struct).

@ Modify the concept of projection and modify how they are combined with
the refutation, so that atomic cuts do not necessarily appear in the
bottom of the proof.
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@ Thanks!

@ An announcement: 24th of July, 18:00 (at ESSLLI SD09, in Bordeaux):
Methods”

“Resolution Refinements for Cut-Elimination based on Reductive

@ Questions? Comments? Suggestions?
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