Bounded Łukasiewicz Logics

Agata Ciabattoni^1 and George Metcalfe^2

1 Institut für Algebra und Computermathematik, Technische Universität Wien Wiedner Haupstrasse 8-10/118, A-1040 Wien, Austria agata@logic.at 2 Department of Computer Science, King’s College London, Strand, London WC2R 2LS, UK metcalfe@dcs.kcl.ac.uk

Abstract. In this work we investigate bounded Łukasiewicz logics, characterised as the intersection of the k-valued Łukasiewicz logics for k = 2, . . . , n (n ≥ 2). These logics formalise a generalisation of Ulam’s game with applications in Information Theory. Here we provide an analytic proof calculus GŁBn for each bounded Łukasiewicz logic, obtained by adding a single rule to GŁ, a hypersequent calculus for Łukasiewicz infinite-valued logic. We give a first cut-elimination proof for GŁ with (suitable forms of) cut rules. We then prove completeness for GŁBn with cut and show that cut can also be eliminated in this case.

1 Introduction

Łukasiewicz logics were introduced for philosophical reasons by Jan Łukasiewicz in the 1920s [8] and are among the first examples of many-valued logics. Currently they are of great importance in several areas of research. Firstly, in fuzzy logic [15], where infinite-valued Łukasiewicz logic Ł, along with Gödel logic and Product logic, emerges as one of the fundamental “t-norm based”^1 fuzzy logics [7]. From an algebraic perspective, Chang’s MV-algebras [2] for Łukasiewicz logics are of great interest and form the subject of a recent monograph containing many deep mathematical results [5]. Łukasiewicz logics can also be viewed from a geometric perspective via McNaughton’s representation theorem [9] which establishes that formulae in Ł stand to particular geometric functions as formulae in classical logic stand to boolean functions. Finally, various semantic interpretations of Łukasiewicz logics have been provided, most importantly via Ulam’s game, a variant of the game of Twenty Questions where errors/lies are allowed in the answers [11, 12]. Ulam’s game models situations in the processing and sending of information that might be affected by “noise” (see e.g. [13]), and strategies for the game lead naturally to the theory of error-correcting codes.

In [10] an analytic proof calculus GŁ was defined for Ł using hypersequents, a natural generalisation of Gentzen sequents introduced by Avron in [1]^2. Soundness and completeness for GŁ were proved semantically in [10] via an embedding

1 T-norms are widely used to combine vague information in applications for approximate reasoning, knowledge representation and decision making.

2 Note that a single sequent calculus for Ł has also been defined in [?]

of Ł into Meyer and Slaney’s abelian logic A, the logic of abelian groups. Hence “cut” rules, which permit the introduction of lemmas or intermediary steps into proofs, were shown to be admissible for GŁ without proving cut-elimination, i.e. without providing an algorithm for obtaining proofs in GŁ from proofs in GŁ with cut.

Bounded Łukasiewicz logics ŁB_n (n ≥ 2) arise as the intersection of k-valued Łukasiewicz logics, for k = 2 . . . n. Informally they capture the notion of having “at most” n truth values, as expressed by the validity of the following sequentstyle rule: Γ, n times z }| { A, . . . , A ⊢ Δ Γ, A, . . . , A | {z } n-1 times ⊢ Δ (n-contraction)

Note that in the particular cases where n = 2 and n = 3, ŁB_n coincides with classical logic and 3-valued Łukasiewicz logic respectively. Other families of logics satisfying (n-contraction) were investigated in [14, 3], and in [3] also an analytic calculus for ŁB_4 was defined.

In this work we introduce semantic interpretations and analytic proof calculi for the family of bounded Łukasiewicz logics. We start in Section 2 by introducing finite-valued, infinite-valued and bounded Łukasiewicz logics. We then show in Section 3 that bounded Łukasiewicz logics can be interpreted in terms of a generalised version of Ulam’s game with applications in Information Theory (see e.g. [4]). In Section 4 we recall the hypersequent calculus GŁ presented in [10], and give first proofs of cut-elimination for GŁ with two forms of cut rules. Finally in Section 5 we define calculi for the bounded Łukasiewicz logics by adding a single rule to GŁ in each case. We then prove completeness syntactically using cut and show that the cut-elimination proofs of Section 4.1 can be extended in the presence of this extra rule.

2 Łukasiewicz Logics

We start by defining the infinite-valued Łukasiewicz logic Ł, noting that in this work we identify theoremhood in a logic with derivability in the corresponding Hilbert-style system.

Definition 1 (Łukasiewicz Infinite-Valued Logic, Ł). A Hilbert-style system for Ł, using the connectives ⊃ and ⊥, consists of the rule:

(mp) A ⊃ B, A B together with the axioms:

Ł1 A ⊃ (B ⊃ A) Ł3 ((A ⊃ B) ⊃ B) ⊃ ((B ⊃ A) ⊃ A) Ł2 (A ⊃ B) ⊃ ((B ⊃ C) ⊃ (A ⊃ C)) Ł4 ((A ⊃ ⊥) ⊃ (B ⊃ ⊥)) ⊃ (B ⊃ A)

Other connectives are defined as follows: ¬A =^{def} A ⊃ ⊥, A ⊕ B =^{def} ¬A ⊃ B and A ⊙ B =^{def} ¬(A ⊃ ¬B). We also adopt the notation below:

A ⇔ B = (A ⊃ B) ⊙ (B ⊃ A) n.A = n A ⊕ . . . ⊕ A A^n = n A ⊙ . . . ⊙ A

Remark 1. An alternative Hilbert-style system for Ł is obtained by adding axioms Ł1 and Ł3 to any axiomatization of the multiplicative additive fragment of linear logic^3 (see [14]). In particular, axiom Ł3 allows the additive connectives ∨ and ∧ to be defined over the multiplicative ones (⊙ and ⊕ or, equivalently, ⊃) as follows: A ∨ B =^{def} (A ⊃ B) ⊃ B and A ∧ B =^{def} ¬(¬A ∨ ¬B).

Hilbert-style systems extending Ł were provided for the finite-valued Łukasiewicz logics by Grigolia in [6].

Definition 2 (N-Valued Łukasiewicz Logic, Ł_n). A Hilbert-style system for Ł_n consists of the same axioms and rules as Ł and also:

Ł_n5 n.A ⊃ (n − 1).A and Ł_n6 (p.A^{p−1}) ⇔ n.A^p

for every integer p = 2, . . . , n − 2 that does not divide n − 1.

Remark 2. Axiom Ł_n5 corresponds to the (n-contraction) rule (see [14]).

Algebraic structures for the above logics are defined as follows, using the same notation for algebraic operations as the corresponding connectives.

Definition 3 (MV-Algebra). An MV-algebra^4 is an algebra AŁ = ⟨A, ⊕, ¬, ⊥⟩ with a binary operation ⊕, a unary operation ¬ and a constant ⊥, satisfying the following equations:

MV 1 x ⊕ (y ⊕ z) = (x ⊕ y) ⊕ z MV 2 x ⊕ y = y ⊕ x MV 3 x ⊕ ⊥ = x MV 4 ¬¬x = x MV 5 x ⊕ ¬⊥ = ¬⊥ MV 6 ¬(¬x ⊕ y) ⊕ y = ¬(¬y ⊕ x) ⊕ x

We also define: x ⊃ y =^{def} ¬x ⊕ y and ⊤ =^{def} ¬⊥.

Definition 4 (MV_n-algebra). An MV_n-algebra is an MV-algebra satisfying the equations:

(E_{n0}) n.x = (n − 1).x and (E_{np}) (p.x^{p−1})^n = n.x^p

for every integer p = 2, . . . , n − 2 that does not divide n − 1.

Valuations for these algebraic structures are defined in the usual way (see, e.g., [5]). We say that a formula Φ is valid in an MV-algebra A (resp. in an MV_nalgebra A) if for all valuations v on A, v(Φ) = ⊤.

We now introduce some important MV-algebras and MV_n-algebras.

3 I.e. linear logic without exponential connectives. 4 MV stands for many-valued.

Definition 5 ([−1, 0]Ł, [−1, 0]Ł_n ). Let x ⊕ y = min(0, x + y + 1), ¬x = −1 − x and ⊥ = −1, then [−1, 0]Ł = ⟨[−1, 0]_R, ⊕, ¬, ⊥⟩ is an MV-algebra and [−1, 0]Ł_n = ⟨[−1, −(n−2)/(n−1), . . . , −1/(n−1), 0], ⊕, ¬, ⊥⟩ is an MV_n-algebra.

In fact these algebras are characteristic for Ł and Ł_n.

Theorem 1 ([2]). The following are equivalent: (1) ϕ is a theorem of Ł. (2) ϕ is valid in all MV-algebras. (3) ϕ is valid in [−1, 0]Ł.

Theorem 2 ([6]). The following are equivalent: (1) ϕ is a theorem of Ł_n. (2) ϕ is valid in all MV_n-algebras. (3) ϕ is valid in [−1, 0]Ł_n .

We now introduce bounded Łukasiewicz logics.

Definition 6 (N-Bounded Łukasiewicz Logic, ŁB_n). A Hilbert-style system for n-bounded Łukasiewicz Logic ŁB_n consists of the same axioms and rules as Ł together with axiom Ł_n5.

Remark 3. ŁB_2 and ŁB_3 coincide with classical logic and Ł_3, respectively.

ŁB_n is characterised by the following algebraic structures.

Definition 7 (N-Bounded MV-Algebra). An n-bounded MV-algebra is an MV-algebra satisfying the equation (E_{n0}).

Remark 4. In the above definition, equation (E_{n0}) can be equivalently replaced by ¬x ∨ (n − 1).x.

Theorem 3 ([5]). The following are equivalent: (1) ϕ is a theorem of ŁB_n. (2) ϕ is valid in all n-bounded MV-algebras. (3) ϕ is valid in all MV_k-algebras for k = 2, . . . , n.

Corollary 1. The following are equivalent: (1) ϕ is a theorem of ŁB_n. (2) ϕ is a theorem of Ł_k for k = 2, . . . , n. (3) ϕ is valid in [−1, 0]Ł_k for k = 2, . . . , n.

Proof. Follows immediately from Theorems 2 and 3. □

3 Ulam’s Game Interpretation of ŁB_n

In [11, 12] a semantic interpretation of Łukasiewicz finite and infinite-valued logics is defined in terms of Ulam’s game – a variant of the game of Twenty Questions, where lies, or errors, are allowed in the answers. Here we show that a useful generalisation of Ulam’s game is formalised by the family of bounded Łukasiewicz logics ŁB_n.

We first recall the connection between Ulam’s game with n − 2 lies and nvalued Łukasiewicz logic Ł_n presented in [5]. An instance of such a game proceeds as follows. An Answerer A chooses a number x from a finite subset S of natural numbers, called the search space. A Questioner Q then asks “questions” in the form of subsets of S. A, who is allowed to lie up to n − 2 times, responds “yes” meaning that x belongs to the chosen subset, or “no” meaning that it does not. Q’s objective is to identify x. It is well-known that Ulam’s game models situations in the processing and sending of information that may be altered by some kind of “noise” (e.g. such as transmissions from a satellite). Here Q’s aim can be interpreted as discovery of the most efficient way of recovering information in the presence of possible distortions; the strategies of Q then lead naturally to the theory of error-correcting codes.

Q’s state of knowledge regarding x is uniquely determined at each point in time by a “conjunction” of the answers given by A. In general this conjunction fails to obey the rules of classical logic. For example, neither the principle of noncontradiction nor idempotency hold. If A answers “x is 2” and then “x is not 2”, this is not inconsistent, it just means that A has one less lie to use. Similarly, repeated assertions that “x is 2” are more informative than one such assertion; indeed n − 1 such assertions guarantee truth. One way of describing Q’s state of knowledge is by a function τ : S → {0, 1/(n − 1), . . . , (n − 2)/(n − 1), 1} that assigns to each number y ∈ S the truth-value:

τ(y) = 1 − answers falsified by y (n − 1)

Intuitively τ(y) measures, in units of n − 1, how far y is from falsifying too many answers. Accordingly the initial state of the game is the constant function 1 over S. Moreover, as demonstrated in [11, 12], at each stage of the game both Q’s state of knowledge and A’s replies can be expressed by formulae in n-valued Łukasiewicz logic Ł_n. Hence Q’s ith-state of knowledge is given by the Łukasiewicz conjunction ⊙ of the formulas expressing the jth-state of knowledge, for j = 1, . . . , i − 1. If we also define, for every state of knowledge τ, a “coarsest” state ¬τ that is incompatible with τ, in the sense that τ ⊙ ¬τ = 0 (with ¬τ = 1 − τ), then we obtain the following characterisation for Ł_n. Proposition 1 ([5]). A formula Φ is a theorem of Ł_n if and only if Φ represents the initial state for every Ulam’s game with n − 2 lies.

We now consider a generalised version of Ulam’s game. In this version A and Q agree to split the search space S into n − 2 “parts” S_1, . . . , S_{n−2}, where for each S_i, A is allowed to lie i times. Equivalently, we could permit the initial state to be taken from any of Q’s intermediate states of knowledge of an instance of Ulam’s game with n − 2 lies. Here the formulae representing the initial state for every generalised Ulam’s game with n − 2 parts coincide with the common tautologies of Ł_k for k = 2, . . . , n. More formally:

Proposition 2. A formula Φ is a theorem of ŁB_n if and only if Φ represents the initial state for every Ulam’s game with k lies, with k = 0, . . . , n − 2.

Proof. Follows by Corollary 1 and Proposition 1. □

This generalised version of Ulam’s game has important applications in Information Theory, modelling search procedures for information with different probabilities of distortions; for example in transmitting “large” or “short” numbers or using different channels or frequency bands to send information (see e.g. [4]).

4 The Hypersequent Calculus GŁ

In this section we present and prove cut-elimination for the hypersequent calculus GŁ defined for Ł in [10]. Hypersequents were introduced by Avron in [1] as a natural generalisation of Gentzen sequents, consisting of a multiset of sequents and permitting the definition of rules that “exchange information” between different sequents. More precisely:

Definition 8 (Hypersequent). A hypersequent is a multiset of the form

Γ_1 ⊢ Δ_1 | . . . | Γ_n ⊢ Δ_n

where for i = 1, . . . , n, Γ_i and Δ_i are multisets^5 of formulae, and Γ_i ⊢ Δ_i is an ordinary sequent, called a component of the hypersequent.

The symbol “|” is intended to denote meta-level disjunction. In [10] hypersequents for Ł are interpreted using the characteristic model [−1, 0]Ł as follows:

Definition 9 (Interpretation of Hypersequents for Ł). We say that a hypersequent Γ_1 ⊢ Δ_1| . . . |Γ_n ⊢ Δ_n is valid in Ł, in symbols |=^∗Ł Γ_1 ⊢ Δ_1| . . . |Γ_n ⊢ Δ_n, iff for all valuations v for [−1, 0]Ł there exists i such that Σ_{A∈Γi} v(A) ≤ Σ_{B∈Δi} v(B), where Σ_{A∈∅}v(A) = 0.

Remark 5. We emphasize that for formulae, this interpretation gives the usual notion of validity for Ł, ie we have that a formula A is a theorem of Ł iff |=^∗Ł⊢ A.

Like ordinary sequent calculi, hypersequent calculi consist of axioms, logical rules and structural rules. However for hypersequent calculi the structural rules are divided into internal and external rules. The former deal with formulas within components, while the latter manipulate whole components of a hypersequent. Standard external structural rules are external weakening (EW ) and external contraction (EC): G G|Γ ⊢ Δ

(EW )

G|Γ ⊢ Δ|Γ ⊢ Δ G|Γ ⊢ Δ

(EC)

where G represents a (possibly empty) side hypersequent. These rules do not really increase the expressive power of hypersequent calculi with respect to ordinary sequent calculi since they only apply to one component at a time. A rule that allows interactions between different components is the splitting rule (S):

G|Γ1, Γ2 ⊢ Δ1, Δ2 G|Γ1 ⊢ Δ1|Γ2 ⊢ Δ2 (S) The hypersequent calculus GŁ is defined as follows:

5 Note that by using multisets we avoid the need for exchange rules in our calculi

Definition 10 (GŁ). GŁ has the following axioms and rules: Axioms (ID) A ⊢ A (Λ) ⊢ (⊥) ⊥ ⊢ A Internal structural rules G|Γ ⊢ Δ G|Γ, A ⊢ Δ

(W L)

G|Γ1 ⊢ Δ1 G|Γ2 ⊢ Δ2 G|Γ1, Γ2 ⊢ Δ1, Δ2 (M) External structural rules (EW ), (EC) and (S) Logical rules^6

G|Γ, B ⊢ A, Δ|Γ ⊢ Δ G|Γ, A ⊃ B ⊢ Δ

(⊃, l)

G|Γ ⊢ Δ G|Γ, A ⊢ B, Δ G|Γ ⊢ A ⊃ B, Δ

(⊃, r)

Example 1. We give a proof in GŁ of Ł4, the characteristic axiom for Ł:

⊢ ⊢ (A ⊃ B) ⊃ B ⊢

(W L)

B ⊢ B A ⊢ A B, A ⊢ A, B (M) B, A ⊢ A, B|B ⊢ A

(EW ) B, B ⊃ A ⊢ A

(⊃, l)

B ⊢ B A ⊢ A B, A ⊢ A, B (M) B, B ⊃ A, A ⊢ A, B

(W L) B, B ⊃ A ⊢ A, A ⊃ B

(⊃, r) B, B ⊃ A ⊢ A, A ⊃ B|B ⊃ A ⊢ A

(EW ) (A ⊃ B) ⊃ B, B ⊃ A ⊢ A

(⊃, l) (A ⊃ B) ⊃ B ⊢ (B ⊃ A) ⊃ A

(⊃, r) ⊢ ((A ⊃ B) ⊃ B) ⊃ ((B ⊃ A) ⊃ A)

(⊃, r)

Soundness and completeness of GŁ are proved in [10] by relating GŁ to a hypersequent calculus for abelian logic, and then proving the soundness and completeness for this latter calculus semantically.

Theorem 4 (Soundness and Completeness of GŁ [10]). A hypersequent G is derivable in GŁ iff |=^∗Ł G.

4.1 Cut-Elimination for GŁ Cut-elimination is one of the most important procedures in logic. The removal of cuts corresponds to the elimination of “lemmas” from proofs. This renders a proof analytic, in the sense that all formuale occurring in the proof are subformulae of the formula to be proved.

In [10] it was shown that the following cut rules are admissible for GŁ.

G|Γ, A ⊢ Δ G|Π ⊢ A, Σ G|Γ, Π ⊢ Δ, Σ

(cut)

G|Γ, A ⊢ A, Δ G|Γ ⊢ Δ

(gencut)

6 In the logical rules, A ⊃ B is called the principal formula.

Here we prove a stronger result, namely that in GŁ cut-elimination holds for these rules, i.e. that there is an algorithm for transforming a proof of a hypersequent G in GŁ + (gencut) (resp. GŁ + (cut)) into a proof of G in GŁ. First observe that the above cut rules are interderivable in GŁ:

Γ, A ⊢ A, Δ Γ ⊢ Δ|Γ, A ⊢ A, Δ

(EW )

Γ, A ⊃ A ⊢ Δ

(⊃, l) ⊢ A ⊢ A ⊢ A ⊃ A

(⊃, r)

Γ ⊢ Δ

(cut)

Γ, A ⊢ Δ Π ⊢ A, Σ Γ, Π, A ⊢ A, Δ, Σ (M) Γ, Π ⊢ Δ, Σ

(gencut)

We therefore prove cut-elimination for GŁ + (gencut) and obtain cut-elimination for GŁ + (cut) as a corollary. Our strategy is as follows. We show that the logical rules of GŁ are invertible (i.e. that the premises of the rule are derivable if the conclusion is derivable); this allows us to reduce all applications of (gencut) to applications of (gencut) on atomic cut formulae. We then show that applications of (cut) on atomic cut formulae can be eliminated (required to deal with the rule (M)), and finally that applications of (gencut) on atomic cut formulae can be eliminated.

To aid exposition, we adopt the following conventions, where A is a formula and Σ is a multiset of formulae:

λA = { λ A, . . . , A} and λΣ = λ Σ ∪ . . . ∪ Σ for λ ≥ 0

The following lemmas will be useful.

Lemma 1 ([10]). If G|Γ ⊢ ⊥, Δ is derivable in GŁ, then G|Γ ⊢ A, Δ is derivable in GŁ.

Lemma 2. If G|Γ ⊢ Δ, Σ is derivable in GŁ, then G|Γ ⊢ Δ is derivable in GŁ.

Proof. An easy induction on the height of a derivation of G|Γ ⊢ Δ, Σ. □

In the next two propositions we establish the invertibility of the logical rules.

Proposition 3. If G|Γ, A ⊃ B ⊢ Δ is derivable in GŁ, then G|Γ ⊢ Δ|Γ, B ⊢ A, Δ is derivable in GŁ.

Proof. We actually prove a more general result (required to deal with the rule (EC)), namely that:

If Q = Γ_1, λ_1(A ⊃ B) ⊢ Δ_1| . . . |Γ_k, λ_k (A ⊃ B) ⊢ Δ_k is derivable in GŁ for λ_1, . . . , λ_k ≥ 0, then Q^′ = Γ_1 ⊢ Δ_1|Γ_1, λ_1B ⊢ Δ_1, λ_1A| . . . |Γ_k ⊢ Δ_k|Γ_k, λ_kB ⊢ Δ_k, λ_kA is derivable in GŁ.

We proceed by induction on h, the height of a proof of Q. We assume λ_i > 0 for some i, 1 ≤ i ≤ k, as otherwise the proof is trivial. If h = 0 then Q = A ⊃ B ⊢ A ⊃ B and Q^′ = ⊢ A ⊃ B|B ⊢ A ⊃ B, A which is derivable in GŁ. For h > 0 there are several cases for the last rule r applied.

– r is (W L) and we step to:

Γ_1, (λ_1 − 1)(A ⊃ B) ⊢ Δ_1| . . . |Γ_k, λ_k(A ⊃ B) ⊢ Δ_k so by the induction hypothesis:

Γ_1 ⊢ Δ_1|Γ_1, (λ_1 − 1)B ⊢ Δ_1, (λ_1 − 1)A| . . . |Γ_k ⊢ Δ_k|Γ_k, λ_kB ⊢ Δ_k, λ_kA is derivable in GŁ; hence Q^′ is derivable by repeatedly applying (M) and (S) (λ_1 − 1) times together with (EC) and (EW ) as necessary.

– r is (EW ), (EC), (S), (⊃, r) or (W L) and the weakened formula is in one of the Γ_i’s. These cases involve unproblematic applications of the induction hypothesis followed by applications of the corresponding rule.

– r is (M). We step to:

Γ^1_1 , μ(A ⊃ B) ⊢ Δ^1| . . . |Γ_k, λ_k(A ⊃ B) ⊢ Δ_k and Γ^2_1 , (λ_1 − μ)(A ⊃ B) ⊢ Δ^2_1| . . . |Γ_k, λ_k(A ⊃ B) ⊢ Δ_k hence by the induction hypothesis twice we get that: Γ^1_1 ⊢ Δ^1|Γ^1_1 , μB ⊢ Δ^1, μA| . . . |Γ_k ⊢ Δ_k|Γ_k, λ_kB ⊢ Δ_k, λ_k A and Γ^2_1 ⊢ Δ^2_1|Γ^2_1 , (λ_1 − μ)B ⊢ Δ^2_1, (λ_1 − μ)A| . . . |Γ_k ⊢ Δ_k|Γ_k, λ_kB ⊢ Δ_k, λ_kA are derivable in GŁ. Hence Q^′ is derivable in GŁ by suitable applications of (M) and (EW ).

– r is (⊃, l). There are two subcases:

(a) If the principal formula in (⊃, l) is in Γ_i, for some i, 1 ≤ i ≤ k, the claim follows by the induction hypothesis and two applications of (⊃, l). (b) Otherwise, we step to:

Γ_1, (λ_1 − 1)(A ⊃ B) ⊢ Δ_1|Γ_1, (λ_1 − 1)(A ⊃ B), B ⊢ A, Δ_1| . . . |Γ_k, λ_k(A ⊃ B) ⊢ Δ_k By the induction hypothesis we have:

Γ_1 ⊢ Δ_1|Γ_1, (λ_1 − 1)B ⊢ (λ_1 − 1)A, Δ_1|Γ_1, B ⊢ A, Δ_1|Γ_1, λ_1B ⊢ λ_1A, Δ_1| . . . | Γ_k ⊢ Δ_k|Γ_k, λ_kB ⊢ Δ_k, λ_kA By (λ_1 − 1) applications of (M) followed by (λ_1 − 1) applications of (S) and (EC) we have:

Γ_1 ⊢ Δ_1|Γ_1, (λ_1 −1)B ⊢ (λ_1 −1)A, Δ_1|Γ_1, λ_1B ⊢ A, λ_1Δ_1|Γ_1, λ_1B ⊢ λ_1A, Δ_1| . . . |Γ_k ⊢ Δ_k|Γ_k, λ_kB ⊢ Δ_k, λ_kA Hence Q^′ is derivable by repeatedly applying (M) and (S) (λ_1 − 1) times together with (EC) and (EW ) as necessary. □

Proposition 4. If G|Γ ⊢ A ⊃ B, Δ, then G|Γ ⊢ Δ and G|Γ, A ⊢ B, Δ are derivable in GŁ.

Proof. Similar to that of Proposition 3. □ We now show that applications of (cut) on atomic^7 formulae are eliminable. Proposition 5. If G|Γ, λq ⊢ Δ and G^′|Π ⊢ λq, Σ are derivable in GŁ for q atomic and λ ≥ 0, then G|G^′|Γ, Π ⊢ Δ, Σ is derivable in GŁ. Proof. We prove the more general result that:

If Q = Γ_1, λ_1q ⊢ Δ_1| . . . |Γ_k, λ_kq ⊢ Δ_k and Q^′_i = G_i|Π_i ⊢ Σ_i, μ_iq for i = 1, . . . , k are derivable in GŁ for q atomic and μ_i ≥ λ_i ≥ 0 for i = 1, . . . , k, then Q^′ = G_1| . . . |G_k|Γ_1, Π_1 ⊢ Δ_1, Σ_1, (μ_1 − λ_1)q| . . . |Γ_k, Π_k ⊢ Δ_k, Σ_k, (μ_k − λ_k)q is derivable in GŁ.

We proceed by induction on h, the height of a proof of Q. We assume that μ_i ≥ λ_i > 0 for some i, 1 ≤ i ≤ k as otherwise Q is derivable easily using (EW ) and (M). For h = 0 there are two possibilities. If Q = q ⊢ q then Q^′ = Q^′_1 = G_1|Π_1 ⊢ Σ_1, μ_1q which is derivable in GŁ. If Q = ⊥ ⊢ A then Q^′ = G_1|Π_1 ⊢ Σ_1, A, (μ_1 − 1)⊥ which is derivable by Lemma 1. For h > 0 we have several cases according to the last rule r applied. – r is (W L). There are two subcases.

(a) We step to: Q^{′′} = Γ_1, (λ_1 − 1)q ⊢ Δ_1| . . . |Γ_k, λ_kq ⊢ Δ_k Since μ_1 ≥ λ_1 ≥ 1 we have by Lemma 2 that Q^{′′}_1 = G_1|Π_1 ⊢ Σ_1, (μ_1 − 1)q is derivable in GŁ. Hence by the induction hypothesis applied to Q^{′′}, Q^{′′}_1 , Q^′_2, . . . , Q^′_k we get that Q^′ is derivable in GŁ.

(b) We step to: Q^{′′} = Γ_1 − {A}, λ_1q ⊢ Δ_1| . . . |Γ_k, λ_kq ⊢ Δ_k and the claim follows by the induction hypothesis and (W L).

– r is (EW ), (EC), (⊃, l) or (⊃, r). These involve straightforward applications of the induction hypothesis and the corresponding rule.

– r is (M). We step to:

Q_1 = Γ^1_1 , λ^1q ⊢ Δ^1| . . . |Γ_k, λ_kq ⊢ Δ_k and Q_2 = Γ^2_1 , λ^2_1q ⊢ Δ^2_1| . . . |Γ_k, λ_kq ⊢ Δ_k By the induction hypothesis applied to Q_1 and Q^′_1, . . . , Q^′_k we get that: Q^{′′} = G|G_1|Γ^1_1 , Π_1 ⊢ Δ^1, Σ_1, (μ_1 − λ^1)q where G = G_2| . . . |G_k|Γ_2, Π_2 ⊢ Δ_2, Σ_2, (μ_2 − λ_2)q| . . . |Γ_k, Π_k ⊢ Δ_k, Σ_k, (μ_k − λ_k )q 7 Note that an atomic formula is either a propositional variable or ⊥.

is derivable in GŁ. Now we apply the induction hypothesis again, this time to Q_2 and Q^{′′}, Q^′_2,. . . , Q^′_k, giving that: G|G_1|Γ^1_1 , Γ^2_1 , Π_1 ⊢ Δ^1, Δ^2_1, Σ_1, ((μ_1 − λ^1) − λ^2_1)q|G is derivable in GŁ. Hence Q^′ is derivable in GŁ using (EC).

– r is (S). We step to:

Q_1 = Γ_1, Γ_2, λ_1q, λ_2q ⊢ Δ_1, Δ_2| . . . |Γ_k, λ_kq ⊢ Δ_k Since G_i|Π_i ⊢ Σ_i, μ_iq is derivable in GŁ for i = 1, 2 we have that: Q^′_{1,2} = G_1|G_2|Π_1, Π_2 ⊢ Σ_1, Σ_2, (μ_1 + μ_2)q is derivable in GŁ by (M) and (EW ). So now by the induction hypothesis applied to Q_1 and Q^′_{1,2}, Q^′_3, . . . , Q^′_k we get that:

G_1| . . . |G_k|Γ_1, Γ_2, Π_2, Π_2 ⊢ Δ_1, Δ_2, Σ_1, Σ_2, ((μ_1 + μ_2) − (λ_1 + λ_2))q|G is derivable in GŁ where G = Γ_3, Π_3 ⊢ Δ_3, Σ_3, (μ_3 − λ_3)q| . . . |Γ_k, Π_k ⊢ Δ_k, Σ_k, (μ_k − λ_k)q Hence Q^′ is derivable in GŁ by (S). □ We now show that applications of (gencut) on atomic cut formulae can be eliminated.

Proposition 6. If Q = Γ_1, λ_1q ⊢ Δ_1, λ_1q| . . . |Γ_k, λ_kq ⊢ Δ_k, λ_kq is derivable in GŁ for q atomic and λ_1, . . . , λ_k ≥ 0, then Q^′ = Γ_1 ⊢ Δ_1| . . . |Γ_k ⊢ Δ_k is derivable in GŁ.

Proof. We proceed by induction on h, the height of a proof of Q. We assume that λ_i > 0 for some i, 1 ≤ i ≤ k, as otherwise the claim is trivial. If h = 0 then Q = q ⊢ q and Q^′ = ⊢ which is derivable by (Λ). For h > 0 we have several possibilities for the last rule r applied. We outline the only non-trivial case, where r is (M) and we step to: Q_1 = Γ^1_1 , μq ⊢ Δ^1, γq| . . . |Γ_k, λ_kq ⊢ Δ_k, λ_kq and Q_2 = Γ^2_1 , (λ_1 − μ)q ⊢ Δ^2_1, (λ_1 − γ)q| . . . |Γ_k, λ_kq ⊢ Δ_k, λ_k q Without loss of generality we assume μ ≥ γ. By the induction hypothesis twice we get that:

Q^′_1 = Γ^1_1 , (μ − γ)q ⊢ Δ^1| . . . |Γ_k ⊢ Δ_k and Q^′_2 = Γ^2_1 ⊢ Δ^2_1, (μ − γ)q| . . . |Γ_k ⊢ Δ_k are derivable in GŁ, so Q^′ is derivable in GŁ by Proposition 5 and (EC). □ Finally we show that cut-elimination holds for GŁ + (gencut). Theorem 5. If G|Γ, A ⊢ A, Δ is derivable in GŁ, then G|Γ ⊢ Δ is derivable in GŁ.

Proof. We proceed by induction on c, the complexity of A. If c = 1 then the claim holds by Proposition 6. For c > 1 we use Propositions 3 and 4 and apply the appropriate logical rules to A = B ⊃ C on both sides, giving that: Q_1 = G|Γ ⊢ Δ|Γ, C ⊢ Δ, B and Q_2 = G|Γ, B, C ⊢ Δ, B, C|Γ, B ⊢ Δ, C are derivable in GŁ. By the induction hypothesis twice for Q_2 we have that: Q_3 = G|Γ ⊢ Δ|Γ, B ⊢ Δ, C is derivable in GŁ. By (M) applied to Q_1 and Q_3 we get that: Q_4 = G|Γ ⊢ Δ|Γ, Γ, B, C ⊢ Δ, Δ, B, C is derivable in GŁ. Hence, applying the induction hypothesis twice to Q_4: G|Γ ⊢ Δ|Γ, Γ ⊢ Δ, Δ is derivable in GŁ. The claim now follows using (EC) and (S). □ Corollary 2. Cut-elimination holds for GŁ + (cut).

Proof. By Theorem 5 and the derivability of (cut) in GŁ + (gencut). □

5 Hypersequent Calculi for Bounded Łukasiewicz Logics

We now return our attention to bounded Łukasiewicz logics, defining the validity of a hypersequent in ŁB_n in terms of its validity in the k-valued Łukasiewicz logics for k = 2, . . . , n.

Definition 11 (Interpretation of Hypersequents for Ł_k). A hypersequent G = Γ_1 ⊢ Δ_1| . . . |Γ_n ⊢ Δ_n is valid in Ł_k, in symbols |=^∗Ł_k G, iff for all valuations v for [−1, 0]Ł_k there exists i such that Σ_{A∈Γi} v(A) ≤ Σ_{B∈Δi} v(B), where Σ_{A∈∅}v(A) = 0.

Definition 12 (Interpretation of Hypersequents for ŁB_n). A hypersequent G is valid in ŁB_n, in symbols |=^∗ŁB_n G, iff |=^∗Ł_k G for k = 2, . . . , n. Remark 6. It follows from Corollary 1 that A is a theorem of ŁB_n iff |=^∗ŁB_n ⊢ A. We introduce analytic calculi for ŁB_n based on this interpretation. Definition 13 (GŁB_n). GŁB_n has the same axioms and rules as GŁ and: G| n−1 z }| { Π, . . . , Π, Γ, ⊥ ⊢ n−1 z }| { Σ, . . . , Σ, Δ G|Π ⊢ Σ|Γ ⊢ Δ

(nC)

Remark 7. To obtain a true subformula property for the calculus we can replace the occurence of ⊥ in the above rule by an atomic formula q with the added condition that q must occur in G ∪ Σ ∪ Δ.

Example 2. As an example we prove the characteristic axiom of ŁB_n.

¬A ⊢ ¬A

A ⊢ A

¬A ⊢ ¬A

⊥ ⊢ A

⊥ ⊢ ⊥ A ⊢ A ⊥, A ⊢ A, ⊥ (M) ⊥ ⊢ A, ¬A

(⊃, r) ⊢ (n − 3)¬A, ⊥ ⊢ A, (n − 2)¬A (M) (n − 2)¬A, ⊥ ⊢ A, (n − 1)¬A (M) (n − 2)¬A ⊢ A| ⊢ ¬A

(nC) (n − 2)¬A ⊢ A|A ⊢ A, ¬A (M) . . (⊃, l)

(n − 2)¬A ⊢ A|(n − 1).A, (n − 3)¬A ⊢ A

(⊃, l) (n − 2)¬A ⊢ A|(n − 1).A, (n − 2)¬A ⊢ A, ¬A (M) n.A, (n − 2)¬A ⊢ A

(⊃, l) . . (⊃, r)

n.A, ¬A ⊢ (n − 2).A

(⊃, r) n.A ⊢ (n − 1).A

(⊃, r) ⊢ n.A ⊃ (n − 1).A

(⊃, r) Theorem 6 (Soundness of GŁB_n). If a hypersequent G is derivable in GŁB_n, then |=^∗ŁB_n G.

Proof. We proceed by induction on the height of a proof of G, checking that the axioms are valid in GŁB_n and that the rules preserve validity, i.e. that if the premises are valid in GŁB_n then so is the conclusion. Since all but one of the cases are essentially the same as for the proof of Theorem 4 given in [10], we just check the rule (nC). Suppose that:

(1) |=^∗Ł_k n−1 Π, . . . , Π, Γ, ⊥ ⊢ n−1 Σ, . . . , Σ, Δ for k = 2, . . . , n We check that |=^∗Ł_k Π ⊢ Σ|Γ ⊢ Δ for k = 2, . . . , n.

Consider a valuation v for [−1, 0]Ł_k , 2 ≤ k ≤ n. If Σ_{A∈Π} v(A) ≤ Σ_{B∈Σ}v(B) then we are done. If Σ_{A∈Π} v(A) > Σ_{B∈Σ}v(B) then we get: 0 > Σ_{B∈Σ} v(B) − Σ_{A∈Π} v(A) and, since there are just k truth values: −1/(n − 1) ≥ −1/(k − 1) ≥ Σ_{B∈Σ} v(B) − Σ_{A∈Π} v(A) But now, since by (1), we have:

(n − 1)(Σ_{A∈Π} v(A)) + Σ_{A∈Γ} v(A) + (−1) ≤ (n − 1)(Σ_{B∈Σ} v(B)) + Σ_{B∈Δ}v(B) we get that Σ_{A∈Γ} v(A) ≤ Σ_{B∈Δ}v(B) and |=^∗Ł_k Π ⊢ Σ|Γ ⊢ Δ as required. □ We now turn our attention to proving the completeness of GŁB_n. As a first step we show that GŁB_n + (gencut) is complete.

Proposition 7. If ⊢ A and ⊢ A ⊃ B are derivable in GŁB_n + (gencut) then ⊢ B is derivable in GŁB_n + (gencut).

Proof. We have that ⊢ A and A ⊢ B are derivable in GŁB_n + (gencut). Hence by (M), A ⊢ A, B is derivable in GŁB_n + (gencut), and by (gencut), ⊢ B is derivable in GŁB_n + (gencut). □.

Theorem 7 (Completeness). If a formula A is a theorem of ŁB_n, then ⊢ A is derivable in GŁB_n + (gencut).

Proof. We use the completeness of the axiomatisation for ŁB_n of Definition 6. It is easy to check that GŁB_n + (gencut) proves all the axioms of ŁB_n, and by Proposition 7 also (mp) is admissible in GŁB_n + (gencut). □

We now show that (gencut) can be eliminated from derivations in GŁB_n + (gencut), by checking that the rule (nC) does not spoil the cut-elimination procedure for GŁ outlined in Section 4.1. It is easy to prove that the logical rules remain invertible in GŁB_n by extending the proofs of Propositions 3 and 4. The next step is to show that applications of (cut) on atomic cut formulae can be eliminated.

Proposition 8. If G|Γ, λq ⊢ Δ and G^′|Π ⊢ Σ, λq are derivable in GŁB_n for q atomic, then G|G^′|Γ, Π ⊢ Δ, Σ is derivable in GŁB_n.

Proof. We follow exactly the proof of Proposition 5 and prove the more general result that:

If Q = Γ_1, λ_1q ⊢ Δ_1| . . . |Γ_k, λ_k q ⊢ Δ_k and Q^′_i = G_i|Π_i ⊢ Σ_i, μ_iq for i = 1, . . . , k are derivable in GŁB_n for q atomic and μ_i ≥ λ_i ≥ 0 for i = 1, . . . , k, then Q^′ = G_1| . . . |G_k|Γ_1, Π_1 ⊢ Δ_1, Σ_1, (μ_1 − λ_1)q| . . . |Γ_k, Π_k ⊢ Δ_k, Σ_k, (μ_k − λ_k)q is derivable in GŁB_n.

As before we proceed by induction on the height of a proof of Q. Here we just check the case where the last step is an application of the rule (nC). We step to:

Q_1 = (n − 1)Γ_1, Γ_2, ((n − 1)λ_1 + λ_2)q, ⊥ ⊢ (n − 1)Δ_1, Δ_2| . . . |Γ_k, λ_k q ⊢ Δ_k

Now, since G_i|Π_i ⊢ Σ_i, μ_iq is derivable in GŁB_n for i = 1, 2 we have that:

Q^′_{1,2} = G_1|G_2|(n − 1)Π_1, Π_2 ⊢ (n − 1)Σ_1, Σ_2, ((n − 1)μ_1 + μ_2)q

is derivable in GŁB_n by (M) and (EW ). So by the induction hypothesis applied to Q_1 and Q^′_{1,2}, Q^′_3, . . . , Q^′_k we get that:

G_1| . . . |G_k|(n − 1)Γ_1, (n − 1)Π_1, Γ_2, Π_2, ⊥ ⊢ (n − 1)Δ_1, (n − 1)Σ_1, Δ_2, Σ_2, (n − 1)(μ_1 − λ_1)q, (μ_2 − λ_2)q| . . . |Γ_k, Π_k ⊢ Δ_k, Σ_k, (μ_k − λ_k)q

is derivable in GŁB_n. Hence Q^′ is derivable in GŁB_n by (nC) as required. □

We now check that applications of (gencut) on atomic cut formulae can be eliminated in GŁB_n.

Proposition 9. If Q = Γ_1, λ_1q ⊢ Δ_1, λ_1q| . . . |Γ_k, λ_kq ⊢ Δ_k, λ_kq is derivable in GŁB_n for q atomic and λ_1, . . . , λ_k ≥ 0, then Q^′ = Γ_1 ⊢ Δ_1| . . . |Γ_k ⊢ Δ_k is derivable in GŁB_n.

Proof. We follow the proof of Proposition 6 and just check the extra case where the last step in the proof of Q is an application of (nC). We step to:

(n−1)Γ_1, Γ_2, ((n−1)λ_1 +λ_2)q, ⊥ ⊢ (n−1)Δ_1, Δ_2, ((n−1)λ_1 +λ_2)q| . . . |Γ_k, λ_kq ⊢ Δ_k, λ_kq. By the induction hypothesis we get that:

(n − 1)Γ_1, Γ_2, ⊥ ⊢ (n − 1)Δ_1, Δ_2| . . . |Γ_k ⊢ Δ_k.

is derivable in GŁB_n. Hence Q is derivable in GŁB_n by (nC). □

We arrive at the following cut-elimination theorem for GŁB_n.

Theorem 8. If G|Γ, A ⊢ Δ, A is derivable in GŁB_n, then G|Γ ⊢ Δ is derivable in GŁB_n.

References

1. A. Avron. A constructive analysis of RM. J. of Symbolic Logic, 52:939–951, 1987. 2. C.C. Chang. Algebraic analysis of many valued logics. Trans. Amer. Math. Soc., 88:467–490, 1958.

3. A. Ciabattoni. Bounded contraction in systems with linearity. In Proceedings of TABLEAUX 99, volume 1617 of LNAI, pages 113–127. Springer, 1999.

4. F. Cicalese. Reliable Computation with Unreliable Information. PhD thesis, University of Salerno, 2001. http://dia.unisa.it/cicalese.dir/thesis.html.

5. R. L.O. Cignoli, D. Mundici, and I. M.L. D’Ottaviano. Algebraic Foundations of Many-valued Reasoning. Kluwer, 2000.

6. R. Grigolia. Algebraic analysis of Łukasiewicz-Tarski n-valued logical systems. In R. Wòjciki and G. Malinowski, editors, Selected Papers on Łukasiewicz Sentential Calculi, pages 81–91. Polish Acad. of Sciences, 1977.

7. P. Hájek. Metamathematics of Fuzzy Logic. Kluwer, 1998. 8. J. Łukasiewicz. O logice tròjwartościowej. Ruch Filozoficzny, 5:169–171, 1920. 9. R. McNaughton. A theorem about infinite-valued sentential logic. Journal of Symbolic Logic, 16(1):1–13, 1951.

10. G. Metcalfe, N. Olivetti, and D. Gabbay. Sequent and hypersequent calculi for Abelian and Łukasiewicz logics. Submitted. http://arXiv.org/list/cs/0211, 2003.

11. D. Mundici. The logic of Ulam’s game with lies. In C. Bicchieri and M.L. Dalla Chiara, editors, Knowledge, belief and strategic interaction, pages 275–284. Cambridge University Press, 1992.

12. D. Mundici. Ulam’s game, Łukasiewicz logic and C^∗-algebras. Fundamenta Informaticae, 18:151–161, 1993.

13. A. Pelc. Searching with known error probability. Theoretical Computer Science, 63:185–202, 1989.

14. A. Prijatelj. Bounded contraction and Gentzen style formulation of Łukasiewicz logics. Studia Logica, 57:437–456, 1996.

15. L. A. Zadeh. Fuzzy sets. Information and Control, 8:338–353, 1965.