A Natural Deduction System for

Intuitionistic Fuzzy Logic

Matthias Baaz^{1⋆}, Agata Ciabattoni^{1⋆⋆}, and Christian G. Fermüller^2

1 Institut für Algebra und Computermathematik E118.2, Technische Universität Wien, A–1040 Vienna, Austria, 2 Institut für Computersprachen E185, Technische Universität Wien, A–1040 Vienna, Austria {baaz, agata, chrisf}@logic.at

Abstract. Intuitionistic fuzzy logic IF was introduced by Takeuti and Titani. This logic coincides with the first-order Gödel logic based on the real unit interval [0, 1] as set of truth-values. We present a natural deduction system NIF for IF . NIF is defined by suitably translating a first-order extension of Avron’s hypersequent calculus for Gödel logic. Soundness, completeness and normal form theorems for NIF are provided.

1 Introduction

Intuitionistic fuzzy logic IF was defined by Takeuti and Titani [18] as the logic of the complete Heyting algebra over the real unit interval [0, 1]. IF turned out to coincide with the first-order Gödel logic based on the truth-value set [0, 1].

The finite-valued propositional versions of this logic were introduced by Gödel in 1933 to show that intuitionistic logic does not admit a characteristic finite matrix [11]. Dummett later generalized these to the infinite set of truth-values [0, 1], and showed that the set of its tautologies LC is axiomatized as intuitionistic logic extended by the linearity axiom (A ⊃ B) ∨ (B ⊃ A).

Together with Łukasiewicz and product logic, LC is also one of the most important formalizations of fuzzy logic [12].

Cut-free sequent calculi for LC have been defined in [16, 1, 8]. However these calculi make use of rules with an arbitrary number of premises. A cut-free calculus for LC which does not have this drawback has been introduced in [2]. This calculus, called GLC, is based on hypersequents — a simple and natural generalization of Gentzen’s sequents to multisets of sequents (see [3] for an overview). Contrary to the other calculi for LC , in GLC the rules introducing the connectives are exactly those of Gentzen’s sequent calculus LJ for intuitionistic logic. In [7] the hypersequent calculus GLC^{∀∃} was defined by extending GLC with rules for quantifiers. It was shown that GLC^{∀∃} is sound and complete for IF .

⋆ Research supported by the Austrian Science Fund under grant P–12652 MAT ⋆⋆ Research supported by EC Marie Curie fellowship HPMF–CT–1999–00301

In this paper we introduce a natural deduction system NIF for IF . NIF is defined by suitably translating GLC^{∀∃}. NIF is based on a natural deduction system for intuitionistic logic — called NJ^′ — that is different from the usual one. Albeit equivalent to Gentzen’s original system NJ for intuitionistic logic [10], NJ^′ is more perspicuously related to the sequent calculus LJ than NJ.

We prove that any cut-free proof in GLC^{∀∃} translates into a normal natural deduction derivation in NIF, where “normal” essentially means that for no branch of the derivation tree an elimination of a formula follows an introduction of the same formula. Moreover we show that any derivation in NIF can be translated into a proof in GLC^{∀∃}. These results, in particular, imply that NIF is sound and complete for IF .

In future work we will investigate the possibility of strong normalization for NIF. That is we aim at a non-deterministic procedure that stepwise converts any given derivation into a unique normal form. We also plan to investigate the relationships between LC and parallel computation (see [2] for some hints). The analysis of NIF can be seen as a first step to achieve these research goals.

2 Syntax and Semantic of Intuitionistic Fuzzy Logic

The language of Gödel logics is the same as that of classical and intuitionistic logic. More precisely, we use the binary connectives ∧, ∨, and ⊃ and the truth constant ⊥ and abbreviate A ⊃ ⊥ by ¬A. Object variables are denoted by x, y, . . . ; the usual existential and universal quantifiers, ∀ and ∃, refer to these variables. Bound and free occurrences of variables are defined as usual. Moreover, for every n ≥ 0, there is an infinite supply of n-ary predicate symbols and function symbols. Constants are considered as 0-ary function symbols. Terms and formulas are inductively defined in the usual way. Propositional variables are identified with predicate symbols of arity 0.

In this work we consider intuitionistic fuzzy logic IF , that is the first-order Gödel logic defined over the real unit interval [0, 1]. In general, the truth-values of Gödel logic can be taken from a set W such that {0, 1} ⊆ W ⊆ [0, 1]. Note that whereas for propositional Gödel logic, the tautologies coincide for all infinite W, uncountably many different Gödel logics are induced by different infinite W . (This is proved in [6].)

An interpretation I consists of a non-empty domain D and a valuation function val_I that maps constants and object variables to elements of D and n-ary function symbols to functions from D^n into D. val_I extends in the usual way to function mapping all terms of the language to an element of the domain. Moreover, val_I maps every n-ary predicate symbol P to a function from D^n into [0, 1]. The truth-value of an atomic formula A ≡ P (t_1, . . . , t_n) is thus defined as

val_I (A) = val_I (P )(val_I (t_1), . . . , val_I (t_n)).

For the truth constant ⊥ we have val_I (⊥) = 0.

The semantics of propositional connectives is given by

val_I (A ⊃ B) = { 1 if val_I (A) ≤ val_I (B) val_I (B) otherwise,

val_I (A ∧ B) = min(val_I (A), val_I (B)), val_I (A ∨ B) = max(val_I (A), val_I (B)).

To assist a concise formulation of the semantics of quantifiers we define the distribution of a formula A and a free variable x with respect to an interpretation I as Distr_I (A(x)) = {val_I′ (A(x)) | I^′ ∼_x I}, where I^′ ∼_x I means that I^′ is exactly as I with the possible exception of the domain element assigned to x. The semantics of quantifiers is given by the infimum and supremum of the corresponding distribution:

val_I ((∀x)A(x)) = inf Distr_I (A(x)),

val_I ((∃x)A(x)) = sup Distr_I (A(x)).

A formula A is a tautology iff for all val_I , val_I (A) = 1. Moreover A is a logical consequence of a set of formulas Γ (in symbols Γ |=_{IF} A) iff, for all val_I , min{val_I (γ) | γ ∈ Γ } ≤ val_I (A). Note that, for Gödel logics, this condition is equivalent to the alternative definition: for all val_I , either there is a formula γ ∈ Γ such that val_I (γ) < 1 or val_I (A) = 1.

Remark 1. Equivalent semantics for LC which stress the close relationship with intuitionistic logic are provided by linearly ordered Heyting algebras [13] and by the class of all rooted linearly ordered Kripke models [9].

A Hilbert style calculus for LC is obtained by extending the intuitionistic propositional calculus

I1 A ⊃ (B ⊃ A) I6 B ⊃ (A ∨ B) I2 (A ∧ B) ⊃ A I7 (A ∧ ¬A) ⊃ B I3 (A ∧ B) ⊃ B I8 (A ⊃ ¬A) ⊃ ¬A I4 A ⊃ (B ⊃ (A ∧ B)) I9 ⊥ ⊃ A I5 A ⊃ (A ∨ B) I10 A ⊃ ⊤ I11 (A ⊃ (B ⊃ C)) ⊃ ((A ⊃ B) ⊃ (A ⊃ C)) I12 ((A ⊃ C) ∧ (B ⊃ C)) ⊃ ((A ∨ B) ⊃ C)

with the following axiom (see [9]) which expresses the linearity of the ordering of truth-values or linear Kripke models, respectively:

(Linearity) (A ⊃ B) ∨ (B ⊃ A).

A Hilbert style calculus for IF is obtained by adding to the above calculus the following axioms and rules for quantifiers:

∀xA(x) ⊃ A(t) A(t) ⊃ ∃xA(x)

⊢ B ⊃ A(x) =⇒ ⊢ B ⊃ ∀xA(x) ⊢ A(x) ⊃ B =⇒ ⊢ ∃xA(x) ⊃ B together with axiom:

(∀-shift) ∀x(A(x) ∨ B) ⊃ ∀xA(x) ∨ B

The axioms and rules for quantifiers are subject to the usual variable conditions: t is free for x and x does not occur free in B.

Remark 2. The above Hilbert style axiomatization for IF was introduced by Horn [13]. Takeuti and Titani axiomatized IF in a different way, see [18]. Indeed they added to the sequent calculus for first-order intuitionistic logic a number of extra axioms as well as the following inference rule:

Γ ⇒ A ∨ (C ⊃ p) ∨ (p ⊃ B)

Γ ⇒ A ∨ (C ⊃ B)

where p is a propositional variable that does not occur in the lower sequent. This rule expresses the fact that the set of truth-values is densely ordered.

3 A Hypersequent Calculus for IF

In this section we describe Avron’s hypersequent calculus GLC for LC and its first-order version GLC^{∀∃}.

Definition 3. A hypersequent is a multiset

Γ_1 ⇒ Δ_1 | Γ_2 ⇒ Δ_2 | · · · | Γ_n ⇒ Δ_n

where every Γ_i ⇒ Δ_i is an ordinary sequent, called component of the hypersequent. We say that a hypersequent is single-conclusioned if for all i = 1, . . . , n, Δ_i consists of at most one formula.

The intended interpretation of the symbol “ | ” is disjunctive.

Henceforth we will only consider single-conclusioned hypersequents. As a matter of convenience, we follow [17] in assuming the left hand sides of sequents to be sets instead of sequences of formulas.

Like in ordinary sequent calculi, in a hypersequent calculus there are axioms and two types of rules: logical rules and structural rules. The logical rules are essentially the same as those in sequent calculi, the only difference being the presence of dummy contexts G and G^′ called side hypersequents which are used as meta-variables for (possibly empty) hypersequents. The structural rules are divided into internal and external rules. The former deal with formulas within components. If they are present, they are the same as in ordinary sequent calculi. The external rules manipulate whole components within a hypersequent. By the presence of these structural rules, multiplicative and additive versions of the rules are interderivable (see, e.g., [19] for this terminology). The connection to natural deduction as presented in Section 4, however, is more direct using additive logical rules with multiplicative side hypersequents.

We first display a hypersequent calculus for propositional intuitionistic logic. Note that the underlying sequent calculus is a variant of Gentzen’s calculus LJ. Axioms

(id) A ⇒ A (⊥) ⊥ ⇒ A

Cut Rule

G | Γ ⇒ A G^′ | A, Γ ⇒ C

G | G^′ | Γ ⇒ C

(cut)

Internal Structural Rule

G | Γ ⇒ C G | Γ, B ⇒ C

(w, l)

External Structural Rules

G | Γ ⇒ C G | Γ ⇒ C | Γ^′ ⇒ D

(EW )

G | Γ ⇒ C | Γ ⇒ C

G | Γ ⇒ C

(EC)

Logical Rules

G | Γ ⇒ A G^′ | Γ, B ⇒ C

G | G^′ | Γ, A ⊃ B ⇒ C

(⊃, l)

G | Γ, A ⇒ B G | Γ ⇒ A ⊃ B

(⊃, r)

G | Γ, A ⇒ C G^′ | Γ, B ⇒ C

G | G^′ | Γ, A ∨ B ⇒ C

(∨, l)

G | Γ ⇒ A_i G | Γ ⇒ A_1 ∨ A_2

(∨_i, r)_{i=1,2}

G | Γ, A_i ⇒ C G | Γ, A_1 ∧ A_2 ⇒ C

(∧_i, l)_{i=1,2}

G | Γ ⇒ A G^′ | Γ ⇒ B G | G^′ | Γ ⇒ A ∧ B

(∧, r)

Remark 4. The “hyperstructure” of the above calculus is redundant, in the sense that a hypersequent Γ_1 ⊢ A_1| . . . |Γ_k ⊢ A_k is derivable iff for some i ∈ {1, . . . , k}, Γ_i ⊢ A_i is derivable.

In hypersequent calculi it is possible to define further structural rules which simultaneously act on several components of one or more hypersequents. It is this type of rule which increases the expressive power of hypersequent calculi compared to ordinary sequent calculi.

Avron’s calculus GLC for LC is obtained by adding to the above hypersequent calculus for intuitionistic logic the following two rules (see [2]):

G | Π, Γ ⇒ A G | Π ⇒ A | Γ ⇒ A

(S_I ) and

G | Γ_1 ⇒ A G^′ | Γ_2 ⇒ B G | G^′ | Γ_2 ⇒ A | Γ_1 ⇒ B

(com)

Remark 5. As pointed out by Avron, a hypersequent can be thought of as a specification of a multi-process. With respect to this interpretation the (com) rule models the exchange of information within multi-processes.

Alternative cut-free hypersequent calculi for LC have been presented in [2] (see also [3]). These calculi are obtained by extending the hypersequent calculus for intuitionistic logic with either the rule

G | Γ_1, Γ_2 ⇒ A G | Γ_1, Γ_2 ⇒ B G | Γ_1 ⇒ A | Γ_2 ⇒ B

(com^′) or G | Γ_1, Γ^′_1 ⇒ A G | Γ_2, Γ^′_2 ⇒ B G | Γ_1, Γ_2 ⇒ A | Γ^′_1, Γ^′_2 ⇒ B

(com^{′′})

It is not hard to show that all these calculi are equivalent.

As an example, we display a proof of the linearity axiom in GLC. Recall that this axiom is not valid intuitionistic logic.

A ⇒ A B ⇒ B (com) A ⇒ B | B ⇒ A (⊃, r) A ⇒ B | ⇒ B ⊃ A (⊃, r) ⇒ A ⊃ B | ⇒ B ⊃ A (∨_2, r) ⇒ A ⊃ B | ⇒ (A ⊃ B) ∨ (B ⊃ A) (∨_1, r) ⇒ (A ⊃ B) ∨ (B ⊃ A) | ⇒ (A ⊃ B) ∨ (B ⊃ A) (EC) ⇒ (A ⊃ B) ∨ (B ⊃ A)

A cut-free calculus for IF is defined by adding to GLC the following rules for quantifiers (see [4])

G | Γ ⇒ F (x) G | Γ ⇒ ∀xF (x)

(∀, r)

G | Γ, F (t) ⇒ C G | Γ, ∀xF (x) ⇒ C

(∀, l)

G | Γ ⇒ F (t) G | Γ ⇒ ∃xF (x)

(∃, r)

G | Γ, F (x) ⇒ C G | Γ, ∃xF (x) ⇒ C

(∃, l)

where x does not occur as a free variable in the lower hypersequents of (∀, r) and (∃, l).

Henceforth we shall refer to this calculus as GLC^{∀∃}.

Theorem 6. [7] GLC^{∀∃} is sound and complete for IF .

Theorem 7 (Cut-elimination). [4, 7] If a hypersequent H is derivable in GLC^{∀∃} then it is derivable in GLC^{∀∃} without using the cut rule.

4 Natural Deduction

In his seminal paper [10] Gentzen formulated the system NJ of natural deduction for intuitionistic logic. In correspondence with the sequent calculus LJ for intuitionistic logic, where the right hand side of a sequent is restricted to at most one formula, NJ deals with inference patterns (“Schlußweisen”) of one conclusion from a set of assumptions. At the application of rules, assumptions of a certain form can be cancelled in parts of the proof. A proof of a formula is a derivation tree where all assumptions have been cancelled. A natural deduction system NK for classical logic is obtained by either adding to NJ some rule or axiom corresponding to tertium non datur, or by dropping the restriction to one formula in the conclusion and allowing multi-conclusions, i.e., sets of formulas as nodes of a derivation tree, instead. In [5] it has been shown how to generalize the multi-conclusion version of NK to natural deduction systems for each finite-valued logic.

Here, we first describe a version of natural deduction for intuitionistic logic called NJ^′. NJ^′ is equivalent to the Gentzen’s original system NJ, but more perspicuously related to the sequent calculus LJ than NJ. In a second step we build on NJ^′ to define a system of natural deduction NIF that is sound and complete for IF . NIF is defined by suitably translating GLC^{∀∃}.

4.1 An alternative natural deduction system for intuitionistic logic

As usual, a derivation in NJ^′ consists in an upward rooted tree, where the inner nodes are formulas and the leaf nodes are multisets of formulas called assumptions. We say that A is derivable from assumptions Γ and write Γ. . . A if there is a derivation ν with root A such that the union of all assumptions of ν is a subset of the set Γ .

Derivations in NJ^′ are generated inductively as follows:

1. Initial derivations are of the form: α A where A is any formula and α (i.e., the assumptions of this derivation) is any multiset of formulas containing A or ⊥.

2. New derivations can be generated from given ones using the following rules for the elimination and introduction of connectives: Γ· · A Γ· · B (i ∧) A ∧ B

Γ· · A_1 ∧ A_2

Γ, [A_j ] · · C (e ∧_j ) j = 1, 2 C Γ· · A_j

(i ∨_j ) j = 1, 2 A_1 ∨ A_2

Γ· · A ∨ B

Γ, [A] · · C Γ, [B] · · C (e ∨) C Γ, [A] · · B (i ⊃) A ⊃ B

Γ· · A ⊃ B Γ· · A Γ, [B] · · C (e ⊃) C ⊥ A (e ⊥)

The application of a rule is to be understood as follows: The formula below the line is appended as a new root to the derivations rooted in the formulas indicated above the line. In writing

Γ, [F ]. . . G for the premise of a rule we mean that the formula F may be (but need not be) cancelled from some or all the assumptions (leaf nodes) of the derivation of G from Γ ∪ {F } when applying the rule. Cancelled formulas are marked as such in the leaf nodes and cannot be used anymore in later applications of rules.

3. The elimination and introduction rules of NJ^′ for quantifiers are: Γ· · A(x)

(i ∀) ∀xA(x)

Γ· · ∀xA(x)

Γ, [A(t)] · · C (e ∀) C where in (i ∀) x neither occurs free in any assumption that A(x) depends on, nor free in ∀xA(x). Moreover: Γ· · A(t)

(i ∃) ∃xA(x)

Γ· · ∃xA(x)

Γ, [A(x)] · · C (e ∃) C where in (e ∃) x neither occurs free in any assumption that C depends on except A(x) nor free in ∃xA(x), C.

The application of these rules is defined as for the case of connectives above.

In an elimination rule — i.e., (e ∧_i), (e ∨), (e ⊃), (e ∃), or (e ∀) — the premise containing the occurrence of the connective or quantifier being eliminated is called major premise; all the other premise(s) are called minor premise(s) of the rule. In the case of (e ⊃), we also refer to the exhibited occurrence of A in Γ. . . A as the left minor premise.

Remark 8. In order to be able to recognize effectively wellformed derivations one should not only label the inner nodes of the derivation tree with the names of the applied rules as indicated above, but also point to the formulas that are cancelled at the application of the rules. This can be achieved, e.g., by labelling the formulas in assumptions and referring to these labels in denoting applications of rules. In our context it is not necessary to make this more explicit. We rather refer to [19] and [14] for more exact definitions.

Remark 9. The above system is sound and complete for first-order intuitionistic logic. Note that the (e ∧_i), (e ⊃) and (e ∀) rules differ from those given by Gentzen for NJ. We follow [5] in the definition of them. They are more close to the corresponding rules of LJ than that of NJ. Moreover, as we shall see, the NJ^′-rules allow for a direct translation of cut-free LJ-proof into normal derivations. This transfers also to the level of hypersequents and hyperderivations, respectively, as shown in Theorem 19, below.

Is easy to check that NJ and NJ^′ are equivalent. For instance, the usual version for the elimination rules for the conjunction connective are Γ· · A_1 ∧ A_2 (e ∧_1)^′ A_1 and Γ· · A_1 ∧ A_2 (e ∧_2)^′ A_2

These rules are obtained from (e ∧_1) and (e ∧_2) by simply instantiating C with A_1 and A_2, respectively, and disregarding the redundant minor premise.

On the other hand, an application of (e ∧_i) can be replaced by an application of (e ∧_i)^′ by substituting each assumption (i.e., each leaf node) in

Γ ∪ {A_i} · · C that contains A_i, by an instance of a derivation Γ· · A_1 ∧ A_2 (e ∧_i)^′ A_i

The equivalence of the rules (e ⊃) and (e ∀) to the corresponding formulations in NJ is handled similarly.

Remark 10. As usual, in NJ^′ we have no rules corresponding to the (w, l) rule of GLC^{∀∃}. This is in accordance to the traditional understanding of natural deduction: A derivation of a formula A from assumptions Γ is, by definition, also a derivation of A from assumptions containing Γ .

As usual in natural deduction we are interested in normal proofs; i.e., proofs that do not contain redundancies corresponding to cuts and enjoying a properly defined subformula property (see [14, 19]).

Definition 11. A maximum segment or cut sequence in a derivation ν of NJ^′ is a sequence of consecutive occurrences A^1, . . . , A^n of a formula A in ν such that A^1 is the conclusion of an introduction rule and A^n is the major premise of an elimination rule.

Note that while in NJ, for i < n, A^i can only be a minor premise of an elimination rule for either ∨ or ∃, in NJ^′ it can also be a minor premise of the rules (e ∧_i), (e ⊃) or (e ∀).

Definition 12. An NJ^′-derivation ν is called normal when it contains no maximum segment.

It is not hard to see that both the proof transformations described in Remark 9 — that from NJ to NJ^′ and that from NJ^′ to NJ — preserve normality.

To define paths in NJ^′, we suitably adapt the notion of tracks in [19].

Definition 13. A path in a derivation ν of NJ^′ is a sequence of occurrences of formulas A_0, . . . , A_n such that

1. A_0 is a formula in an assumption (leaf node) of ν that is not cancelled by an application of an elimination rule in ν;

2. A_i for i < n is not the left minor premise of an instance of (e ⊃), and either (a) A_i is not the major premise of an application of an elimination rule and A_{i+1} is the conclusion for which A_i is a premise, or (b) A_i is the major premise of an application of an elimination rule, and A_{i+1} is a formula in an assumption cancelled by this rule application;

3. A_n is either

(a) the left minor premise of an instance of (e ⊃), or (b) the conclusion of ν, or

(c) the major premise of an application of an elimination rule, and no formulas are cancelled by this rule application.

Definition 14. A path of order 0 in a normal derivation ν of NJ^′ is a path ending in a conclusion of ν. A path of order n + 1 is a path ending in the left minor premise of (e ⊃), with major premise belonging to a path of order n.

Theorem 15 (Subformula Property). Let ν be a normal derivation in NJ^′ of A from Γ . Then each formula in ν is a subformula of a formula in Γ ∪ {A}.

Proof. By an easy induction on the order of paths in NJ^′.

4.2 Extending natural deduction to the hyper-level

In this section we extend NJ^′ to a natural deduction system for IF in analogy to the extension of LJ to GLC^{∀∃}. To this aim we have to generalize natural deduction derivations to operate on multisets of derivation trees called hyperderivations. We call the resulting calculus NIF. We use the symbol ∗ to separate the components (i.e., the derivation trees) which a hyperderivation consists of.

Naturally, the definition of NIF-hyperderivations refers to that for NJ^′- derivations above. In fact, as long as no rules corresponding to the external structural rules of GLC^{∀∃} is applied, the constructed hyperderivation will consist of a single component which is an ordinary NJ^′-derivation.

1. Initial NJ^′-derivations are also initial NIF-hyperderivations. 2. The rules for introducing and eliminating connectives and quantifiers are the same as for NJ^′. However, their interpretation is slightly changed in the context of NIF. Applying, e.g., the rule (e ∃) here means that the two hyperderivations N_1 ∗ ν_1 and N_2 ∗ ν_2 are replaced by the hyperderivation N_1 ∗ N_2 ∗ ν, where N_1 and N_2 denote arbitrary side hyperderivations and ν denotes the derivation resulting from the application of (e ∃) to ν_1 and ν_2, where the eigenvariable conditions refer to the whole hyperderivation. (Analogously for all the other rules of NJ^′).

3. The additional rules of NIF correspond to the external structural rules (EW ), (EC), (S_I ), and (com) of GLC^{∀∃}. In their formulation the double bar shall indicate that the upper hyperderivation is replaced by the lower one. Let N and N^′ be metavariables for hyperderivations. (a) For external weakening we have the following rule: N N ∗ Γ A (EW )

Observe that the new component is a tree with exactly two nodes: a leaf node consisting in a finite multiset of formulas Γ and a root node consisting in the formula A.

(b) For external contraction we have: N ∗ Γ. . . A ∗ Γ^′. . . A

N ∗ Γ. . . A Γ^′. . . A A (EC)

Applying this rule means the following: Given a hyperderivation in which

there are two components that end with occurrences of the same formula A we combine these two components into one by appending another

occurrence of A as a common root node to the components.

(c) In applying the splitting rule

N ∗ Γ, Γ^′. . . A

N ∗ Γ. . . A A (S_I ) ∗ Γ^′. . . A A (S_I )

the set of formulas occurring in leaf nodes of the indicated component

of the upper hyperderivation is split into two (not necessarily disjoint) subsets Γ and Γ^′. The application itself can be described in two steps.

First, the indicated component of the upper derivation is duplicated.

Second, we remove formulas not occurring in Γ^′ from the assumptions of the first copy, and formulas not occurring in Γ from the assumptions

of the second copy of the original component, respectively.

(d) In applying the communication rule N ∗ Γ. . . A N^′ ∗

Γ^′. . . B

N ∗ N^′ ∗ Γ. . . A B (com) ∗ Γ^′. . . B A (com)

two hyperderivations — one containing a derivation of A from Γ , the

other one containing a derivation of B from Γ^′ — are replaced by a hyperderivation consisting of the two indicated components with their

conclusions interchanged, together with the union of the respective side

hyperderivations.

As an example we give a proof of the linearity axiom in NIF. It starts by taking the two initial derivations: {A} A and {B} B and applying (com) to obtain the hyperderivation {A} A B (com) ∗ {B} B A (com)

In both components we now apply (i ⊃), thereby discarding the assumptions:

{[A]} A B (com) A ⊃ B

(i ⊃) ∗ {[B]} B A (com) B ⊃ A

(i ⊃)

We then introduce ∨ in both components and obtain

{[A]} A B (com) A ⊃ B

(i ⊃)

(A ⊃ B) ∨ (B ⊃ A)

(i ∨_1) ∗

{[B]} B A (com) B ⊃ A

(i ⊃)

(A ⊃ B) ∨ (B ⊃ A)

(i ∨_2)

Since the two components end with the same formula we can apply external contraction (EC) to obtain the following proof (i.e., a hyperderivation with a single component in which all assumptions are discarded).

{[A]} A B (com) A ⊃ B

(i ⊃)

(A ⊃ B) ∨ (B ⊃ A)

(i ∨_1)

{[B]} B A (com) B ⊃ A

(i ⊃)

(A ⊃ B) ∨ (B ⊃ A)

(i ∨_2)

(A ⊃ B) ∨ (B ⊃ A)

(EC)

Remark 16. The rules (S_I ) and (com) allow to move assumptions and formulas, respectively, between different components. Thus the components of a hyperderivation need not be NJ^′-derivations generated according to the rules of Section 4.1.

A similar remark holds for the definition of a maximum segment. In the communication rule, as formulated above, the lower occurrence of B is not to be understood as “consecutive” to the upper occurrence of A but rather is defined to be consecutive to the upper occurrence of B. (The same also holds for A and B interchanged, of course.) Given this modification, the definition of normality for NIF-hyperderivations is the same as for NJ^′-derivations (see Definition 12).

Definition 17. A path in an NIF-hyperderivation is defined exactly as a path for NJ^′ (Definition 13) except for keeping track with the exchange of assumptions and formulas between different components. More exactly, let A be a premise of (com), i.e., A is moved from one component ν of a hyperderivation to another component ν^′ by an application of (com). Then any path containing the indicated occurrence of A crosses from ν to ν^′ at the position of A. I.e., the predecessor of A (occurring in ν^′, by the application of (com)) in the path is the occurrence of the premise (possible assumption) in ν that was used to deduce A. Similarly, for (S_I ).

Another small modification concerns external contraction. In any path A_0, . . . , A_n the successor A_{i+1} of A_i for i < n may also be the conclusion in the new component arising from an application of (EC), where A_i is the conclusion of one of the combined components.

Theorem 15 (subformula property) also holds for NIF.

Definition 18. The height of a derivation in GLC^{∀∃} is the maximal number of consecutive internal nodes (i.e., inferences) in it.

Theorem 19. Every cut-free GLC^{∀∃}-proof of a hypersequent

Γ_1 ⇒ A_1 | . . . | Γ_m ⇒ A_m

can be translated into a normal hyperderivation in NIF of the form Γ_1 · · A_1

∗ . . . ∗

Γ_m · · A_m Proof. We describe the construction of an appropriate hyperderivation π^∗ by induction on the height h of the cut-free proof π of Γ_1 ⇒ A_1 | . . . | Γ_m ⇒ A_m.

If h = 0, then π is an axiom either of the form A ⇒ A or of the form ⊥ ⇒ A. The corresponding hyperderivations π^∗ in NIF are the initial derivations of A from the assumptions {A} and {⊥}, respectively.

For h > 0 we distinguish the following cases according to the last inference rule applied in π:

1. π ends with an internal weakening rule: . . π_1 G | Γ ⇒ C G | Γ, B ⇒ C

(w, l)

By the induction hypothesis there exists a normal hyperderivation π_1^∗ corresponding to the GLC^{∀∃}-derivation π_1 of G | Γ ⇒ C. The hyperderivation π^∗ is then generated by adding (everywhere) B to the assumptions in Γ. . . C which, by definition, is a component of π_1^∗. Obviously π^∗ is normal, too.

2. π ends in a right hand side rule for either a connective or a quantifier. We present the case for conjunction. The other cases are analogous. Suppose π ends with an application of the (∧ r) rule: . . π_1 G | Γ ⇒ A . . π_2 G^′ | Γ ⇒ B G | G^′ | Γ ⇒ A ∧ B

(∧, r)

By the induction hypothesis we have the normal hyperderivations π_1^∗ and π_2^∗ of the form

N_G ∗ Γ. . . A and NG^′ ∗ Γ. . . B corresponding to π_1 and π_2, respectively. By applying the NIF-rule (i ∧) to these two hyperderivations we obtain π^∗ as

N_G ∗ N_G′ ∗ Γ. . . A Γ. . . B A ∧ B

(i ∧)

Since π^∗ is defined by adding an introduction rule at the end of two normal derivations π^∗ is normal.

3. π ends in a left hand side rule for either a connective or a quantifier. Then π^∗ is obtained by applying the corresponding elimination rule to the hyperderivation(s) corresponding to the GLC^{∀∃}-proofs of the premise(s) of this rule application. Again, we illustrate the case for conjunction. Suppose that π is of the form . . π_1 G | Γ, A_1 ⇒ C G | Γ, A_1 ∧ A_2 ⇒ C

(∧_1, l)

Then, by induction hypothesis there is a normal hyperderivation π_1^∗ of the form

N_G ∗

Γ, A_1. . . C By applying the rule (e ∧_1) to π_1^∗ and the initial derivation

{A_1 ∧ A_2} A_1 ∧ A_2

we obtain π^∗ as

N_G ∗

{A_1 ∧ A_2} A_1 ∧ A_2

Γ, [A_1]. . . C C (e ∧)

Since the elimination rule is applied immediately below the initial derivation, π^∗ is normal.

4. π ends with one of the rules: (EC), (EW ), (S_I ), or (com). Like in the cases above, π^∗ is obtained by applying the corresponding NIF-rule to the hyperderivation(s) that correspond to the GLC^{∀∃}-proof(s) of the premise(s) of this application of the rule. It is easy to see that π^∗ is normal.

Theorem 20. Every hyperderivation ν in NIF

Γ_1 · · A_1

∗ . . . ∗

Γ_m · · A_m

can be translated into a GLC^{∀∃}-proof σ(ν) of the hypersequent

Γ_1 ⇒ A_1 | . . . | Γ_m ⇒ A_m

Proof. We define σ(ν) by translating each inference step of ν into a corresponding inference of GLC^{∀∃}. More exactly, the proof is by induction on the number of inference steps applied to construct the derivation ν.

1. If ν is an initial derivation α A then either A or ⊥ occurs in α. In the first case σ(ν) starts with axiom A ⇒ A; in the second case with axiom ⊥ ⇒ A. The other formulas of α are then added to the left hand side of these sequents by internal weakenings.

2. If the last inference step in deriving ν is the application of an introduction rule (for either a connective or a quantifier). Then σ(ν) simply ends with the corresponding right hand side rule in GLC^{∀∃}.

3. If the last rule applied to derive ν is an elimination rule we combine the corresponding left hand side rule of GLC^{∀∃} with an application of cut to define σ(ν). We illustrate this for the case for implication. The other cases are analogous. ν is of the form Γ· · ν_1 A ⊃ B Γ· · ν_2 A Γ, [B] · · ν^3 C (e ⊃) C The corresponding derivation σ(ν) in GLC^{∀∃} is

· · σ(ν^1) Γ ⇒ A ⊃ B

· · σ(ν^2) Γ ⇒ A · · σ(ν^3) Γ, B ⇒ C (⊃, l) Γ, A ⊃ B ⇒ C (cut) Γ ⇒ C

4. If the last rule applied to derive ν is (EC), (EW ), (S_I ) or (com), then σ(ν) simply ends with the corresponding external structural rule in GLC^{∀∃}.

Corollary 21. NIF is sound and complete for IF .

Proof. Since GLC^{∀∃} is sound and complete for IF , the claim follows from Theorems 19 and 20.

Corollary 22 (Normal Form Property). For every derivation in NIF, there exists a normal derivation in NIF of the same formula from the same assumptions.

Proof. If there exists a derivation in NIF of A from assumptions Γ , then, by Theorem 20 there exists a proof in GLC^{∀∃} of Γ ⇒ A. By Theorem 7 there exists also a cut-free proof in in GLC^{∀∃} of Γ ⇒ A whose translation according to Theorem 19 yields a normal derivation of A from assumptions Γ .

References

[1] Avellone, A., Ferrari, M. and Miglioli P.: Duplication-free tableau calculi together with cut-free and contraction free sequent calculi for the interpolable propositional intermediate logics. Logic Journal of the IGPL, 7(4) (1999), 447–480.

[2] Avron, A.: Hypersequents, logical consequence and intermediate logics for concurrency. Annals for Mathematics and Artificial Intelligence, 4 (1991), 225–248.

[3] Avron, A.: The method of hypersequents in the proof theory of propositional nonclassical logics. In Logic: from Foundations to Applications, European Logic Colloquium, Oxford Science Publications. Clarendon Press. Oxford, 1996, 1–32.

[4] Baaz, M., Ciabattoni A., Fermüller, C.G., Veith, H.: On the Undecidability of Some Sub-classical First-Order Logics. Proceedings of FSTTCS’99. LNCS 1738, 1999, 258–268.

[5] Baaz, M., Fermüller, C.G., Zach, R.: Systematic Construction of Natural Deduction Systems for Many-valued logics. In: Proc. 23th International Symposium on Multiple-Valued Logics. Los Gatos, CA. IEEE Press. 1993, 208-213.

[6] Baaz, M., Veith, H.: An Axiomatization of Quantified Propositional Gödel Logic Using the Takeuti-Titani Rule. Proc. Logic Colloquium 1998, Lecture Notes in Logic, ASL, 2000.

[7] Baaz, M., Zach, R.: Hypersequents and the Proof Theory of Intuitionistic Fuzzy Logic. Proc. CSL’2000, 2000, 187–201.

[8] Dyckhoff, R.: A Deterministic Terminating Sequent Calculus for Gödel-Dummett logic. Logic Journal of the IGPL, 7 (1999), 319–326.

[9] Dummett, M.: A propositional calculus with denumerable matrix. J. Symbolic Logic, 24 (1959), 97–106.

[10] Gentzen, G.: Untersuchungen über das logische Schliessen I, II. Mathematische Zeitschrift, 39 (1934-35), 176–210, 405–431.

[11] Gödel, K.: Zum intuitionistischen Aussagenkalkül. Anz. Akad. Wiss. Wien, 69 (1932), 65–66.

[12] Hájek, P.: Metamathematics of Fuzzy Logic. Kluwer, 1998.

[13] Horn, A.: Logic with truth values in a linearly ordered Heyting algebra. J. Symbolic Logic, 27 (1962), 159–170.

[14] Prawitz, D.: Natural Deduction: A Proof Theoretical Study. Almquist and Wiksell.

1965.

[15] Prawitz, D.: Ideas and results in proof theory. In Proceedings of the Second Scandinavian Logic Symposium, North-Holland, Amsterdam, 1971, 235–307.

[16] Sonobe, O.: A Gentzen-type Formulation of Some Intermediate Propositional Logics. J. of Tsuda College, 7 (1975), 7–14.

[17] Tait, W.W.: Normal derivability in classical logic. In: The Syntax and Semantics of infinitary Languages. J. Barwise ed., Lectures Notes in Mathematics, Springer, Berlin. 72 (1968), 204–236.

[18] Takeuti, G., Titani, S.: Intuitionistic fuzzy logic and intuitionistic fuzzy set theory.

J. of Symbolic Logic, 49 (1984), 851–866.

[19] Troelstra, A.S., Schwichtenberg, H.: Basic Proof Theory. Cambridge Tracts in Theoretical Computer Science 43. Cambridge, 1996.