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Abstract

This paper introduces the reader to the Godel logic and to several
related calculi.

1 Introduction

Within the last years multiple-valued logics, introduced in the 1920’s indepen-
dently by Lukasiewicz and Post, have attracted considerable attention by the
computer science community due to their potential in the verification of soft-
and hardware, in modelling epistemic states of knowledge in knowledge base
systems etc. [7]. The practical success of a logic depends crucially on the avail-
ability of computational calculi for this logic. Without such calculi, the study
of a logic in relation to its application in computer science and artificial intel-
ligence is destined to remain purely theoretical. In the case of many-valued
logics, computational calculi can be given.

Analytic calculi for many-valued logics have been known for quite some
time. Sequent systems similar to those presented here have also been intro-
duced by Schréter [13], Rousseau [10], Takahashi [15], and Carnielli [5]; equiva-
lent tableaux formulations were given by Surma [14] and Carnielli [4] (Hahnle’s
work is based on the latter [6, 8, 7]). Many-valued natural deduction systems
have been investigated in Baaz, Fermiiller and Zach [3]. Calculi for automated
theorem proving in many-valued logics are also legion. Apart from Héhnle’s
work on tableaux-based theorem proving, various resolution methods have been
proposed, e.g., by O’Hearn and Stachniak [9] or Baaz and Fermiiller [1, 2]. For
more detailed surveys of the work done in these areas see [7, 16].

In this paper we present optimized calculi for the 3-valued Gédel logic, ap-
plying the algorithms developed in Salzer [12, 11]. After defining basic notions
and notations in the next section, we define the Gdédel logic in Section 3. The
following sections are devoted to calculi for this logic: Section 4 describes a
sequent calculus, and Section 5 gives a natural deduction system. The paper
concludes with an outlook on future research topics.



2 The Syntax of the Godel Logic

2.1. DEFINITION The first order language L for the Godel logic consists of

1. free variables: ag, a1, as,...

2. bound variables: xq,x1, X2, ...

3. function symbols of arity i(i € N), including constants: f&, fi, f4, ...
4. predicate constants of arity i(i € N): P¢, P P, ...
5

. propositional connectives, arity given in parenthesis: T(0) , L (0), = (1),
A (2), V (2) and D (2)

6. quantifiers: V and 3
7. auxiliary symbols: “(”, “)” and ¢

Terms are defined inductively: Every individual constant, free or bound
variable is a term. If f™ is a function symbol of arity n, and tq,...,t, are
terms, then f™(¢1,...,t,) is a term.

Formulae are also defined inductively:

1. If P™ is a predicate symbol of arity n, and ti,...,%, are terms, then
P™(t1,...,t,) is a formula. It is called atomic or an atom.

2. If Aq,..., A, are formulae and O" is a propositional connective of arity n,
then O"(A4,...,A,) is a formula.

3. If A is a formula not containing the bound variable z, a is a free variable
and Q is a quantifier, then (Qx)A(z), where A(x) is obtained from A by
replacing a by x at every occurrence of a in A, is a formula.

A formula is called open, if it contains free variables, and closed otherwise. A
formula without quantifiers is called quantifier-free.

As a notational convention, lowercase letters from the beginning of the al-
phabet (a,b,c,...) will be used to denote free variables, f,g,h,... for function
symbols and constants, x,y, z, . . . for bound variables, all possibly indexed. Up-
percase letters A, B,C, ... will stand for formulae, greek letters I'; A, A, ... for
sequences and sets of formulae, ¢ and s for terms. The symbols O and Q stand
for general propositional connectives and quantifiers, respectively.

2.2. DEFINITION We will use « as a variable for free variables (eigenvariable)
and 7 as a variable for terms (term wariable). A formula consisting of some
formula variables, eigenvariables and term variables is called a schema.
A pre-instance A’ of a schema A is an actual formula from the formulae of
L which contains occurrences of the eigenvariables and term variables of A.
An instance A" of A is a pre-instance A’ of A, where the eigenvariables and

term variables have been replaced by free variables and terms not occurring in
Al



3 The Semantics of the Godel Logic

3.1. DEFINITION The matriz for the language L of the Gdédel logic is given by:
1. the set of truth values V = {f,*,t},
2. a subset V¥ C V of designated truth values,

3. for every propositional connective O an associated truth function, as given
below.

4. for every quantifier Q an an associated truth function, as given below.

The truth functions for connectives T, 1, =, A, V and D are defined by

- | A | fox t Y |f * D | f o=t
_ _ flt Fyrrr flfr =t flt ¢t
T=t L=f x | f x| f % % * | x % ¢ x| f ot t
t|f t|f = t t|t t t t|f = t
The truth functions for quantifiers V and 3 are defined by
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3.2. DEFINITION A structure M = (D, ® ) for a language £ (an L-structure)
consists of the following:

1. A nonempty set D, called the domain (elements of D are called individu-
als).

2. A mapping ¥ satisfying the following;:

(a) Each free variable of £ is mapped to an element of D.

(b) Each n-ary function symbol f of £ is mapped to a function faq :
D™ — D, or to an element of D if n = 0. Additionally, ®, maps
elements of D to themselves.

(c) Each n-ary predicate symbol P of £ is mapped to a function Py :
D™ — V, or to a element of V if n = 0.

3.3. DEFINITION Let M be an L-structure. An assignment s is a mapping from
the free variables of Lto individuals.

An interpretation I = (M, s) is an L-structure M = (D, ® () together with
an assignment s. The mapping P4 can be extended in the obvious way to a
mapping Py from terms to individuals:



1. If t is a free variable, then ®5: = s(t).

2. If ¢ is of the form f(t1,...,tx), where f is a k-ary function symbol and
t1,...,t, are terms, then @1 := fuy (@I(tl), e ‘I)I(tk>)-

3.4. DEFINITION Given an interpretation I = (M, s), we define the valuation
valy for formulae A to truth values as follows:

1. If A is atomic, A = P(t1,...,t,), where P is an n-ary predicate symbol
and ti,...,t, are terms, then let vali(A) = P (<I>I(t1), e @I(tn)).

2. f A=0(A4y,...,A,), where Ay,..., A, are formulae, and O is the asso-
ciated truth function to O, then valy(A) = O(valy(A1),. .., valy(A,)).

3. If A = (Qu)(B(z)), and Q is the associated truth function to Q, then
vali(A) = Q{valy(B(d))|d € D}).

3.5. DEFINITION A formula A is called satisfiable iff there is an interpretation I
so that valf(A4) € V*, in symbols I = A, and unsatisfiable otherwise. A is called
a many-valued tautology iff it is satisfiable for every interpretation I.

Signed Formulae

The truth of many-valued formulae can be expressed by means of the truth
of formulae in two-valued logic: We “sign” a formula A with a truth value v
writing it as its exponent. The intended meaning is: AY is considered true if A
takes the truth value v and false otherwise.

3.6. DEFINITION A signed formula is an expression of the form A", where A is
a many-valued formula and v a truth value. A signed formula expression (sfe)
is a formula built up from signed formulae using =, V, A, ¥ and 3.

A signed formula expression of the form AY or =AY is called a signed literal.
It is called an atomic literal iff A is atomic or signed atom.

Thus the logic of signed formula experssions is nothing but classical logic
based on signed formulae.

4 A Sequent Calculus for the Godel Logic

4.1. DEFINITION (Syntax of Sequents) A sequent I' of L is a triple I';|T',|T';, of
finite sequences I';, of formulae, where v € V. The T, are called the components
of T.

For a sequence of formulae, A, and W C V', let [W: A] denote the sequent
whose component T',, is A if v € W and empty otherwise. For [{wq,...,wx}: A
we also write [wq,...,wi: A]. If T and I are sequents, then I', I denotes the
sequent I'y, I | ... [['¢, I'}.



4.2. DEFINITION (Semantics of Sequents) Let I be an interpretation. I satisfies
a sequent T' iff there is a v € V so that for some formula A € T, valy(F) = v.
I is called a model of T, in symbols I =T

T is called satisfiable iff there is an interpretation I so that I =T and valid
iff for every interpretation I, I =T

4.3. DEFINITION The sequent calculus SC for the Godel is given by:
1. axiom schemas of the form [V: 4],

2. weakening rules for every truth value v:

r
T, [v: 4]

WU

3. exchange rules for every truth value v:

T, [v: A, B], A
X

L, [v: B,A],A

4. contraction rules for every truth value v:

T, [v: A, A]

T oA

5. cut rules for every two truth values v # w:

T, [v: Al A, [w: A]
A

cut:vw

6. an introduction rule O: v for every connective O and every truth value v,
as specified below,

7. an introduction rule Q:v for every quantifier Q and every truth value
v, as specified below, where the free variables a occurring in the upper
sequents satisfy the so-called eigenvariable condition: No a occurs in the
lower sequent.

(2)—(5) are called structural rules. (6) and (7) are called logical rules.
The introduction rules for connective T are given by

r ) r . I
rren Y TEn ™ o

The introduction rules for connective L are given by

ro r
L[k L] T, [¢: 1]

-1

T, 1] 1:t



The introduction rules for connective — are given by
L, [, t: A] r L [f: A]

T, [f: 4] A oAl T [oA]

The introduction rules for connective A are given by

L,[f: A, B] [,[x,t:B] T,[«:A,B] T,[x,t:A]

ripang T, [ AN DB fo
T,[¢t:B] T,[t:A]

T, [t: AN B]

The introduction rules for connective V are given by
L, [f:B] T,[f:Al ,[f,«B] T,[xA,B] T,[f, 4]

I,[f: AV B] ’ T, [« AV B]
I[t:A B
T [:AvB "

Vik

The introduction rules for connective D are given by

T,[f: B] T,x,t:A4] o f [, [x:B] T,[t:A]
I,[f: AD B] ) T, [x: A D B]
L,[f: A],[*,t: B] T,[f,x*: A],[t: B] 4

T,[t:A> B >

The introduction rules for quantifier V are given by
L, [f: A(T)] . L, [« A(T)] T,[*t: A(a)] .
O (Vo)A O (Vo A@]
T, [t: A(a)]
T, [t: (Va)A(x)]

The introduction rules for quantifier 3 are given by

T, [f: A(@)] 3. L, [« A(T)] T,[f,* A(a)] -
L [f:G2)Ax)] L, [« (32)A(z)] '
D, [t: A(T)] .

T, [t: (3x)A(x)]

4.4. DEFINITION (Proof) An upward tree P of sequents is called a proof in the
sequent calculus SC iff every leaf is an instance of an axiom in SC, and all
other sequents in it are obtained from the ones standing immediately above it
by applying one of the rules of SC. The sequent at the root of P is called its
end-sequent. A sequent I' is called provable in SC, in symbols: FS€ T iff it is

the end-sequent of some proof in SC.

4.5. THEOREM (Soundness and Completeness for SC of the Gédel logic) A se-

quent is provable, if and only if it is valid.

For a proof of these theorems see Zach [16].



5 Natural Deduction

Let T be a (set) sequent, VT C V the set of designated truth values. The set
of non-designated truth values is then V= =V \ V. We divide the sequent T’
into its designated part I'" and its non-designated part I'™ in the obvious way:

' = (I)y|veV?)
r- = {I,|veV™)
5.1. DEFINITION The natural deduction system for the Godel logic is given by:
1. Assumptions of the form [V ~: A] where A is any formula.
2. A weakening rule for all v € V:
-
m w:v
Weakenings are considered as introduction rules.

3. For every connective O and every truth value v an introduction rule O:I,
(if v € V) or an elimination rule O:E,, (if v € V7).

4. For every quantifier Q and every truth value v; an introduction rule Q:I;
(if v; € VT) or an elimination rule Q:E; (if v; € V7).

The introduction and elimination rules for connective T are given by

FEJ[*:TH Iy Fo_if[f:Tﬂ Fi

T [6:T] Tf TH[t:T] T

0[+]+ L 1.5, o[+]+ L T.p, T,
rf, 1] rf, 1] [t:T]

The introduction and elimination rules for connective L are given by

Loy [l L] Lo [Ifs LT Ty Iy

Chled) . Thled) T ry

SRR Y = L, —2 1,
Iy rg. Tt AT

The introduction and elimination rules for connective — are given by

Lo, [ =AT Ty, [ Al Lo, [If:—A]] Ty
Ly, [t —A] L7, [t A Ly, [t:-4] Ty
ot —iEy o ik
Ly, Ty Lo, T
I T1f- Al
rf g
rf,[t-4)

The introduction and elimination rules for connective A are given by



Lo, [ ANB]T Ty, [1f: A, Bl

+ 1. +
If, [t AN B r] NE;
Ly, Ty
Lo, [If+ANB]] Ty, [l B]l Ty, [« A,B]] Ty, [[+ Al
Iy, (t:AANB]  TT,[t:B] ry Iy, [t: A
N:E,
ré,..., T4
Iy Ly

LT, [t:B] T, [t: A
I{, T3, [t: AN B]
The introduction and elimination rules for connective V are given by

Lo, [l AV BIT Ty, [[f:BlN Ty, [1f: Al

/\th

If,[t: AV B] rf s VE,
g, Iy, T3
Lo, [f:Av Bl Ty, [lf, + Bl FE,H*;A,BH F;Hf;*:AH
It [t:AVB rf r r
0 [ ] 1+ — 2 3 \/:E*
re,.... T3
Iy
Iy [t:A4,B]
I [tAvB]

The introduction and elimination rules for connective D are given by
Lo, [ ADBJ| Ty, [lf:B]] Ty, [[x Al
L'y, [t:AD B ry I, [t: A
+ rt et -
B F0_7F1 Ty B
Lo, [[f:AD BJ] Ty, [[x Bl Iy
Il [t:AD BJ T Iy, [t: 4]
RGN
Ly [If AL T BT Ty [+ Al
If, [t B I3, [t: B
'Y, T3, [t: AD B
The introduction and elimination rules for quantifier V are given by

Lo, [l (Va)A(@)]] - Ty, [[f: A(a)]]

:Ef

O:F,

D:It

+ . T T +
) T,
Lo [f:(Va)A@)]] Ty, [[=A)]] Ty, [lf, = A(a)]]
Iy, [t (Vo) Az)) ry ry
FJ,FT,F; V:E,
Iy
rfeAm]

Ly, [t: (V) A()]



The introduction and elimination rules for quantifier 3 are given by

Lo, [l Ga)A(@)]] Ty, [[f: Ala)]]

I [+ (3) A(w) rf
0 F8'7 I‘T HZEf
Lo, [f: Bz)A(x)]] Ty, [[x A To,[lf, = A(a)]]
I, [+ (G)A(x)] rf rf
T, Iy, T =B
Iy
FT, [t: A(T)] S,

Ly, [t: (3z)A()]

5.2. DEFINITION A natural deduction derivation is defined inductively as fol-
lows:

1. Let A be any formula. Then

[V~ A]
[VT: 4]

is a derivation of A from the assumption [V ~: A] (an initial derivation).

2. If Dy, are derivations of FZ, AZ‘ from the assumptions I'; , A,;, and

< FIZJA;_ZJ >
L

I+

is an instance of a deduction rule with A,; a subsequent of A, and all
eigenvariable conditions are satisfied, then

(Dr)kex
H+

is a derivation of IT* from the assumptions (J, ¢ I'; - The formulae in AI;
which do not occur in | J,c i I';; are said to be discharged at this inference.

5.3. DEFINITION We call a formula occurrence A

1. the conclusion formula of an introduction, if it is the formula being intro-
duced, i.e., it is F' in the conclusion [i: F;

2. a premise formula of an introduction, if it is one of the formulae in A%, , (j)™
in that introduction;

3. a major premise formula of an elimination, if it is among the formula being
eliminated, i.e., in the major premise [V *: F];



4. a minor premise formula of an elimination, if it is among the formulae in
A% ,;(j)F in that elimination,

5. a discharged assumption formula of an elimination, if it stands immedi-

ately below an assumption which contains the formulae in A}:i( j)~ being
discharged at that elimination.

A formula occurrence A is said to follow A’, if both are of the same form and
A’ stands immediately above A at the same position.

5.4. THEOREM (Soundness) If a partial sequent TV can be derived from the as-
sumptions I'™, then the following holds for every interpretation I: If no formula
in T, (v € V™) evaluates to the truth value v, then there is a w € VT and a
formula in T}, that evaluates to w.

5.5. THEOREM (Completeness) Natural deduction systems are complete.

For a proof see Zach [16].

6 Clause Formation Rules

6.1. DEFINITION A (many-valued) clause C' = {A}*, ..., A%~} is a finite set of
signed atoms (proper clause). The empty clause is denoted by O.
An extended clause is a finite set of signed formulae.

6.2. DEFINITION (Semantics of Clauses and Sets of Clauses) We translate clauses
(clause sets) into signed formula expression by defining:

sfe(C) ' wz [ L
LeC

sfe(C) e A ste(C)

ceC

Satisfiability and validity can then be expressed in terms of sfes: A clause C
(clause set C) is satisfiable (valid), if and only if sfe(C) (sfe(C)) is satisfiable
(valid).

The clause formation rules for connective T are given by

cu{Ccu{T/}} - cu{Cu{T*}} - Cu{Cu{T'}} -

cu{Ct ' Cu{C] * C &
The clause formation rules for connective 1 are given by
cu{Ccu{l'}} ¥ cu{cu{L}} cu{cu{Lt}}
c - cu{cy cu{C}

The clause formation rules for connective — are given by

10



CUfCU{CAY - cu{Cu{-ArY
cu{cu{a* At}} cu{c}
cu{cu{(-A)'}}

CU{CU{A’}}

The clause formation rules for connective A are given by

cu{CuU{(AAB)}}
cu{cu{af,B}}
CU{CU{(ANB)*}}
CU{CU{B*,B'}, CU{A*,B*}, CU{A" A'}}
CU{CU{(AAB)'}}
CU{CU{B'}, CU{A"}}

VAN S

N:t

The clause formation rules for connective V are given by
cu{cu{(Av By}
cu{cu{B’}, cu{a’}}
CU{CU{(AV B)*}} Y
*
CU{CU{B’,B*}, CU{A*,B*}, CU{AS A*}}
CU{CU{(AV B)'}}
CU{CU{At B'}}

V:f

Vit

The clause formation rules for connective D are given by

cu{Cu{(A>B)}} o f CU{CU{(ADB)*}}

CU{CU{B’}, Cu{a* A'}} CU{CuU{B*}, Cu{A*}}
Cu{CU{(ADB)'}}

CU{CU{A/,B*,B'}, CU{AS, A" B'}}

D:t

The clause formation rules for quantifier V are given by

CU{CU{((V2)A()’}}
CU{CU{A(f(#)}}
CU{CU{((vz)A(z))"}}
CU{CULAU @)}, CULAWD), A(B)'}}
Cu{Cu{((va)A(x))’ }}\”
Cu{Cu{A®)'}} '

v:f

Viox

The clause formation rules for quantifier 3 are given by

Cu{CU{(B2)A@)’}}
CU{CU{A(D
CU{CU{(Ba)A(x))"}}
CU{CU{A(f(#)}, CU{A(D)", A(b)}}
@)
)N

3f

0

A Jox
Cu{Cu{((B2)A(z)
CU{CU{A(f(y

)
(b
)’
)}

11



6.3. THEOREM Let D be the result of exhaustively applying the translation rules
to a clause set C. Then D is a set of proper clauses, i.e. D contains only signed
atoms (all many-valued connectives and quantifiers are eliminated). Further-
more, D is equivalent to C with respect to satisfiability.

7 Future directions of research

In this paper we presented an optimal sequent calculus, an optimal natural de-
duction system, and optimal clause formation rules. Currently we are searching
for optimized versions of other calculi for the Godel logic, like tableau systems
or negative variants of sequent calculus. Another interesting topic are calculi
based on sets as signs [7]. On the practical side, we intend to implement the
calculi in a prototype using Prolog.
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