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Outline

The first part of the talk is devoted to survey some recent
developments on fuzzy modal logics. We will mostly focus
on fuzzy modal logics Λ(Fr,A) (which are generalizations of
the minimum classical modal logic K).
The second part will consist on some “philosophical”
remarks about these logics.
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Classical Modal Logics
The non-modal consequence relation `2 is defined by

Γ `2 ϕ ⇐⇒ ∀h ∈ Hom(Fm,2), if h[Γ ] ⊆ {1} then h(ϕ) = 1.

The semantics of the modal language (i.e., the Boolean
expanded with a unary 2) is based on Kripke models
〈W ,R,V 〉, where V : Fm ×W −→ 2.
Every world w ∈W in a Kripke model can be identified with
the map V (•,w) : Fm −→ 2.
Let us assume that we know how to characterize these
maps; in the sense that given a non-modal homomorphism
h : Fm −→ 2 it holds that

I h is semantically arising from a Kripke model, iff
I h[L] = 1 where L is the set of formulas . . .

Thus, the minimum modal logic (i.e., K) is the closure of L
under `2.
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Basic Definitions

Replacing 2 with a residuated lattice A
We fix a complete residuated lattice A = 〈∧,∨,�,→,1,0〉
(in the sense of a FLew algebra).

Sometimes we will add
canonical constants a, and then we will write Ac.
The modal language is the expansion of the non-modal one
with a unary operator 2.
(Many-valued) Kripke models are triples 〈W ,R,V 〉 where
W is a set (of worlds), R : W ×W −→ A and
V : Fm ×W −→ A such that for every world w ,

1 V (•,w) is a non-modal homomorphism,
2 V (2ϕ,w) =

∧
{R(w ,w ′)→V (ϕ,w ′) : w ′ ∈W},

w0

p = 0.2
q = 0.4

w1

p = 0.6
q = 0.4

0.5

0.3

2p = (0.3→0.2) ∧ (0.5→0.6)
2q = (0.3→0.4) ∧ (0.5→0.4)
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Basic Definitions

Some Examples of Valid Formulas
21,

2(p ∧ q)↔ (2p ∧2q),

[using x→(y ∧ z) ≈ (x→ y) ∧ (x→ z)]

¬¬2p→2¬¬p,
2(a→ϕ)↔ (a→2ϕ),

[using
∧

i(x→ yi) ≈ x→
∧

i yi ]

Unfortunately, sometimes the normality axiom
2(p→q)→(2p→2q) is not valid

(the same for
(2p �2q)→2(p � q)).

w
p = 0.5
q = 0

0.5

2(p→q) = 0.5→(0.5→0) = 1 (in L3)
2p = 0.5→0.5 = 1
2q = 0.5→0 = 0.5
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Some Frame Definability Issues

Some classes of frames over A

Fr: Kripke frames.

IFr: idempotent Kripke frames (i.e.,
R(w ,w ′) = R(w ,w ′)� R(w ,w ′)).
BFr: Boolean Kripke frames (i.e., R(w ,w ′) ∨ ¬R(w ,w ′) = 1
and R(w ,w ′) ∧ ¬R(w ,w ′) = 0).
CFr: crisp Kripke frames (i.e., R(w ,w ′) ∈ {0,1}).

To denote the set of valid formulas in these classes of frames
we use the notation Λ(Fr,A), Λ(Fr,Ac), Λ(IFr,A), Λ(IFr,Ac), . . .
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Some Frame Definability Issues

Modal Characterization of these basic
classes of Kripke frames

IFr is definable by the normality axiom
2(p→q)→(2p→2q).

And also by (2p �2q)→2(p � q)
and (2p �2p)→2(p � p).
CFr and BFr are in general not definable by modal axioms.
BFr (when A is finite) is definable by modal axioms if we
allow canonical constants. Then, it is definable by the set
{2(k ∨ p)→(k ∨2p) : k ∈ CoAtom(A)}.
CFr is in general not definable by modal axioms even if
there are canonical constants.

This is so because indeed
Λ(BFr,Ac) = Λ(CFr,Ac) (when A is finite).
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Some Axiomatizability Issues

How to axiomatize these modal logics?
The non-modal consequence relation `A is defined by

Γ `A ϕ ⇐⇒ ∀h ∈ Hom(Fm,A), if h[Γ ] ⊆ {1} then h(ϕ) = 1.

Analogously, `Ac is defined by

Γ `Ac ϕ ⇐⇒ ∀h ∈ Hom(Fm,Ac), if h[Γ ] ⊆ {1} then h(ϕ) = 1.

It is easy to prove that for every K ∈ {Fr, IFr,CFr} there is
some set L such that

1 h : Fm −→ A is arising from a Kripke model in K, iff
2 h : Fm −→ A is a non-modal homomorphism such that

h[L] = {1}.

Hence, Λ(K,A) is the closure of L under `A.

The same holds when there are canonical constants.
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Some Axiomatizability Issues

The case of standard Gödel Algebra [0,1]G
Theorem (Caicedo-Rodríguez, Metcalfe-Olivetti)
Let h : Fm −→ [0,1]G be a non-modal homomorphism. The
following statements are equivalent.

1 h is semantically arising from a Kripke model,

2 h[L] = 1 where L is the smallest set such that it
(i) is closed under `[0,1]G

,
(ii) contains the axioms 21, 2(ϕ→ψ)→(2ϕ→2ψ) and
¬¬2ϕ→2¬¬ϕ,

(iii) is closed under the Necessity rule ϕ
(N)2ϕ

3 h is semantically arising from a crisp Kripke model.

So, Λ(Fr, [0,1]G) coincides with this set L. And also
Λ(CFr, [0,1]G) is the same set.
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Some Axiomatizability Issues

The case of a finite MV chain Ln

Theorem (Hansoul-Teheux)
Let h : Fm −→ Ln be a non-modal homomorphism. The
following statements are equivalent.

1 h is semantically arising from a crisp Kripke model,

2 h[L] = 1 where L is the smallest set such that it
(i) is closed under `Ln ,
(ii) contains the axioms 21, 2(ϕ→ψ)→(2ϕ→2ψ),

2(ϕ⊕ ϕ)↔ (2ϕ⊕2ϕ) and 2(ϕ� ϕ)↔ (2ϕ�2ϕ),
(iii) is closed under the Necessity rule ϕ

(N)2ϕ

So, Λ(CFr,Ln) coincides with this set L.
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Some Axiomatizability Issues

The case of L3
Let h : Fm −→ L3 be a non-modal homomorphism. Then,

1 h is semantically arising from a Kripke model, iff

2 h[L] = 1 where L is the smallest set such that it
(i) is closed under `L3 , and contains the axioms 21 and

2(ϕ ∧ ψ)↔ (2ϕ ∧2ψ),

(ii) is closed under the Monotonicity rule ϕ→ψ
(Mon),

2ϕ→2ψ
(iii) is closed under the rules (where η0.5(ϕ) := ϕ⊕ ϕ and

η1(ϕ) := ϕ� ϕ)
(η0.5(ϕ2) ∧ η1(ϕ3))→ η0.5(ϕ)

(R0.5)
(η0.5(2ϕ2) ∧ η1(2ϕ3))→ η0.5(2ϕ)

(η0(ϕ2) ∧ η0.5(ϕ3))→ η0.5(ϕ) (η0.5(ϕ2) ∧ η1(ϕ3))→ η1(ϕ)
(R1)

(η0.5(2ϕ2) ∧ η1(2ϕ3))→ η1(2ϕ)

So, Λ(Fr,L3) coincides with this set L. It is not enough to add
2(ϕ→ψ)→(2ϕ→2ψ) in order to obtain Λ(CFr,L3).
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Some Axiomatizability Issues

The case of Ln

Let h : Fm −→ Ln be a non-modal homomorphism. Then,
1 h is semantically arising from a Kripke model, iff

2 h[L] = 1 where L is the smallest set such that it
(i) is closed under `Ln , and contains the axioms 21 and

2(ϕ ∧ ψ)↔ (2ϕ ∧2ψ),

(ii) is closed under the Monotonicity rule ϕ→ψ
(Mon),

2ϕ→2ψ
(iii) is closed under the rules (Ra) (for every a ∈ Ln \ {0})

(ηa2�b(ϕ2) ∧ ηa3�b(ϕ3) ∧ . . . ∧ ηan�b(ϕn))→ ηa�b(ϕ) for all b > ¬a
(Ra)

(ηa2(2ϕ2) ∧ ηa3(2ϕ3) . . . ∧ ηan(2ϕn))→ ηa(2ϕ)

where a2 = 1
n−1 , a3 = 2

n−1 , . . . , an−1 = n−2
n−1 and an = 1.

So, Λ(Fr,Ln) coincides with this set L.
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Some Axiomatizability Issues

The case of Ac with A finite

Let h : Fm −→ Ac be a non-modal homomorphism. Then,
1 h is semantically arising from a Kripke model, iff

2 h[L] = 1 where L is the smallest set such that it
(i) is closed under `Ac ,
(ii) contains the axioms 21, 2(ϕ ∧ ψ)↔ (2ϕ ∧2ψ) and

2(a→ϕ)↔ (a→2ϕ)

(iii) is closed under the Monotonicity rule ϕ→ψ
(Mon),

2ϕ→2ψ

So, Λ(Fr,Ac) coincides with this set L.
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Some Axiomatizability Issues

The case of Ac with A finite

Adding the normality axiom 2(ϕ→ψ)→(2ϕ→2ψ) it is
enough to axiomatize Λ(IFr,Ac).

If moreover we assume that Ac has a unique coatom k ,
then adding the normality axiom plus 2(k ∨ ϕ)→(k ∨2ϕ) it
is enough to axiomatize Λ(CFr,Ac).
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Some Axiomatizability Issues

What is the role of normality in fuzzy modal
logics?

Theorem
If A is a complete BL chain, then Λ(IFr,A) = Λ(CFr,A).

Informal Interpretation of the Previous Result
On the BL framework if the normality axioms holds then indeed
we are only considering crisp Kripke models.
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Some Axiomatizability Issues

Remark 1 (Fitting)

Let us assume that there are two experts e1 and e2 such that
each of the experts has their own classical Kripke model
〈W ,R,Vi〉.

And let us assume that e1 dominates e2.
Then, we can replace both classical Kripke models with just one
multi-valued Kripke model 〈W ,R,V 〉 over the three-valued
Gödel chain (with universe {∅, {e1}, {e1,e2}}).
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Some Axiomatizability Issues

Remark 2

From a classical perspective in some contexts it is interesting to
work with non-normal modalities (in the sense that 2 does not
distribute over ∧).

For example, we may be interested in that

2p ∧2¬p

is non contradictory. In these cases we need to forget the
(simple) Kripke model framework and use the (more artificial)
neighborhood semantics.
In the modal fuzzy setting we can keep these formulas as
consistent ones while remaining in the (simple) Kripke
framework. This is due to the fact that normality may fail even in
the Kripke semantics (e.g., Łukasiewicz semantics).
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Some Axiomatizability Issues

Remark 3

The addition of the necessity operator 2 (together with ∆)
provides formulas expressing that

some property is crisp,

i.e., we can talk about being crisp (crispness) inside this
formalism.
The idea is that the formula

2(ϕ↔ ∆ϕ)

is expressing the fact that “ϕ is crisp”.
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