Resolution-based Theorem Proving for SHn-Logics

extended abstract Viorica Sofronie-Stokkermans Max-Planck-Institut für Informatik, D-66123 Saarbrücken, Germany e-mail: sofronie@mpi-sb.mpg.de

Abstract

In this paper we illustrate by means of an example, namely SHn-logics, a method for translation to clause form and automated theorem proving for first-order manyvalued logics based on distributive lattices with operators.

1 Introduction

The main goal of this paper is to present a method for translation to clause form and automated theorem proving in finitely-valued logics having as algebras of truth values distributive lattices with certain types of operators. Many non-classical logics that occur in practical applications fall in this class. One of the advantages of distributive lattices (with well-behaved operators) is the existence, in such cases, of good representation theorems, such as the Priestley representation theorem. The method for translation to clause form we present uses the Priestley dual of the algebra of truth values. The ideas behind this method are very natural, even if the algebraic notions used may at first sight seem involved. This is why in this paper we illustrate the ideas by one example, namely SHn-logics. The particular properties of SHn-logics allow us to further improve the efficiency of the automated theorem proving procedure for certain types of formulae in SHn-logics, by exploiting the structure of the Priestley dual of the algebra of truth values. This effect is difficult to explain in a general setting; the case of SHn-logics can be considered a case-study, in which we take first steps in this direction.

The main sources of inspiration for our work are the many-valued resolution method of Baaz and Fermüller [2], and the results due to Hähnle [5]. In this paper we use the particular structure of the algebra of truth values: our method leads to a reduction of the number of clauses compared to methods using the algebra of truth values, when the difference between the number of elements of the algebra of truth values and the number of elements of its Priestley dual is large. Moreover, resolution procedures are discussed (in particular, a negative hyperresolution procedure that extends the results established for regular clauses in [5]).

The paper is structured as follows. In Section 2 we briefly present the main notions needed in the paper. In Section 3 SHn-logics are defined. In Section 4 our method for translation to clause form for SHn-logics is presented. In Section 5 resolution-based methods for automated theorem proving are briefly presented.

2 Preliminaries

Partially-ordered sets and lattices. In what follows we assume known standard notions, such as partially-ordered set and lattice, order-filter and order-ideal in partiallyordered sets, meet- and join-irreducible elements, and (prime) filter and (prime) ideal in lattices. For the definitions and further informations we refer to [3]. Given a partiallyordered set (P, ≤), by O(P ) we will denote the set of order-filters of P ; for every i ∈ P , we will use the following notations: ↑ i = {j ∈ P | j ≥ i}, and ↓ i = {j ∈ P | i ≥ j}. Note also that every ideal in a finite distributive lattice is of the form ↓ i and every filter is of the form ↑ i for some element i in the lattice); such an ideal (resp. filter) is prime iff i is meet-irreducible (resp. join-irreducible).

Priestley duality. The Priestley representation theorem [3] states that every distributive lattice A is isomorphic to the lattice of clopen (i.e. closed and open) order filters of the ordered topological space having as points the prime filters of A, ordered by inclusion, and the topology generated by the sets of the form X_a = {F | F prime filter, a ∈ F } and their complements as a subbasis. The partially ordered set of all prime filters of A, ordered by inclusion, and endowed with the topology mentioned above will be denoted D(A) (we will refer to it as the dual of A). Given an ordered topological space X = (X, ≤, τ), its lattice of clopen order filters will be denoted by ClopenOF(X) or E(X). In particular, if A is finite, the topology on D(A) is discrete, and A is isomorphic to O(D(A)). Many-valued logics. We briefly define the syntax and semantics of many-valued logics. Let A be a (finite) set of truth values. The semantics of a many-valued logic L with language (X, O, P, Σ, {Q_1, . . . , Q_k}) (where X is an infinite (countable) set of variables; O a set of function symbols; P a set of predicate symbols; Σ = {σ_1, . . . , σ_r} a set of logical operators; and Q_1, . . . , Q_k are (one-place) quantifiers) is given as follows: (i) to every σ ∈ Σ with arity n we associate a truth function σ_A : A^n → A; (ii) to every quantifier Q we associate a truth function Q : P(A)\∅ → A. An interpretation for a language (X, O, P, Σ, {Q_1, . . . , Q_k}) and a set of truth values A is a tuple (D, I, d) where D is a nonempty set, the domain, I is a signature interpretation, i.e. a function assigning a function I(f) : D^n → D to every n-ary function symbol f ∈ O, and a function I(R) : D^n → A to every n-ary predicate symbol R ∈ P , and d : X → D a variable assignment. Every interpretation I = (D, I, d) induces a valuation v_I : Fma(L) → A on the set Fma(L) of formulae of L. For details we refer to [2]. A formula ϕ will be called valid iff for all interpretations I, v_I(ϕ) = 1; ϕ will be called satisfiable iff there exists an interpretation I with v_I (ϕ) = 1.

3 SHn-logics

The propositional SHn-logics were introduced by Iturrioz in [7]. The language of SHnlogics is a propositional language, whose formulas are built from propositional variables taken from a set Var, with operations ∨ (disjunction), ∧ (conjunction), ⇒ (intuitionistic implication), ∼, ¬ (a De Morgan resp. an intuitionistic negation), and a family {S_i | i = 1, . . . , n − 1} of unary operations (expressing the degree of truth of a formula). Recently, Iturrioz noticed that SHn-logics provide a relevant source of examples for L_{tf} -logics, which have been introduced by Rasiowa to formalize the reasoning of a poset of intelligent agents. A Hilbert style axiomatization of SHn-logics is given in [8] and [9]. We present it below:

Axioms: (A1) a ⇒ (b ⇒ a) (A2) (a ⇒ (b ⇒ c)) ⇒ ((a ⇒ b) ⇒ (a ⇒ c)) (A3) (a ∧ b) ⇒ a (A4) (a ∧ b) ⇒ b (A5) (a ⇒ b) ⇒ ((a ⇒ c) ⇒ (a ⇒ (b ∧ c))) (A6) a ⇒ (a ∨ b) (A7) b ⇒ (a ∨ b) (A8) (a ⇒ c) ⇒ ((b ⇒ c) ⇒ ((a ∨ b) ⇒ c)) (A9) ∼∼ a ↔ a (A10) S_i(a ∧ b) ↔ S_i(a) ∧ S_i(b) (A11) S_i(a ⇒ b) ↔ ( ⋀n k=i S_k(a) ⇒ S_k(b)) (A12) S_i(S_j(a)) ↔ S_j(a), for every i, j = 1, . . . , n − 1 (A13) S_1(a) ⇒ a (A14) S_i(∼ a) ↔∼ S_{n−i}a, for i = 1, . . . , n − 1 (A15) S_1(a) ∨ ¬S_1(a) where ¬(a) = (a ⇒∼ (a ⇒ a)) and a ↔ b is an abbreviation for (a ⇒ b) ∧ (b ⇒ a).

Inference rules:

(R1) a, a ⇒ b b (R2) a ⇒ b ∼ b ⇒∼ a (R3) a ⇒ b S_1(a) ⇒ S_1(b)

3.1 Algebraic semantics for propositional SHn-logics

In [7, 8], Iturrioz gave a lattice-based semantics for SHn-logics, by means of symmetrical Heyting algebras of order n, or for short SHn-algebras.

Definition 1 An abstract algebra A = (A, 0, 1, ∧, ∨, ⇒, ¬, ∼, S_1, . . . , S_{n−1}) is said to be a symmetric Heyting algebra of order n (SHn-algebra for short) if:

(1) (A, 0, 1, ∧, ∨, ⇒, ¬) is a Heyting algebra,

(2) ∼ is a De Morgan negation on A,

(3) For every a, b ∈ A and for all i, j ∈ {1, . . . , n − 1}, the following equations hold:

(S1) S_i(a ∧ b) = S_i(a) ∧ S_i(b), (S2) S_i(a ⇒ b) = ( ⋀n k=i S_k(a) ⇒ S_k(b)), (S3) S_i(S_j(a)) = S_j(a), for every i, j = 1, . . . , n − 1, (S4) S_1(a) ∨ a = a, (S5) S_i(∼ a) =∼ S_{n−i}(a), for i = 1, . . . , n − 1, (S6) S_1(a) ∨ ¬S_1(a) = 1, with ¬a = a ⇒ 0.

The class of SHn-algebras is a variety, which will be denoted SHn in what follows. Iturrioz [8] proved that this variety is generated by one finite SHn-algebra S_n2 (represented in the left-hand side of Figure 1) defined as follows.

Definition 2 Let n ≥ 2 and let S_n2 be the cartesian product L_n × L_n where L_n = {0,^1_{n−1} , . . . ,^{n−1}_{n−1} }. Consider the following operations on S_n2 :

(1) (x_1, y_1) ∧ (x_2, y_2) = (min(x_1, x_2), min(y_1, y_2)),

(2) (x_1, y_1) ∨ (x_2, y_2) = (max(x_1, x_2), max(y_1, y_2)),

(3) ∼ (x, y) = (1 − y, 1 − x) for every (x, y) ∈ S_n2 ,

(4) S_i(x, y) = (S_i(x), S_i(y)), where S_i(^j_{n−1} ) = { 1 if i + j ≥ n, 0 if i + j < n, (5) (x_1, y_1) ⇒ (x_2, y_2) = (x_1 ⇒ x_2, y_1 ⇒ y_2), where ⇒ is the Heyting relative pseudocomplementation^1 on L_n,

(6) ¬(x, y) = (x ⇒ 0, y ⇒ 0).

In [7] it is proved that SHn-logics are sound and complete with respect to the variety of SHn-algebras. Since the variety SHn is generated by S_n2 it follows that the SHn-logics can be regarded as many-valued logics having S_n2 as an algebra of truth values.

A Priestley representation theorem for SHn-algebras is established in [8], see also [12]. In particular we give a description of the dual of the generator S_n2 of the variety of SHnalgebras. The Priestley dual of S_n2 , D(S_n2 ) is the set of prime filters of S_n2 , with the

Figure 1: S_n2 and its Priestley dual D(S_n2 )

discrete topology, and ordered by inclusion. Every prime filter of S_n2 is of the form ↑ a where a is a join-irreducible element of S_n2 . The set of join-irreducible elements of S_n2 (encircled in Figure 1) is {(0,^i_{n−1} ) | i = 1, . . . , n − 1} ∪ {(^i_{n−1} , 0) | i = 1, . . . , n − 1} with the order defined pointwise. Thus, D(S_n2 ) (the right-hand side of Figure 1) is the set {↑ (0,^i_{n−1} ) | i = 1, . . . , n − 1} ∪ {↑ (^i_{n−1} , 0) | i = 1, . . . , n − 1}. Additional operations g, s_1, . . . , s_{n−1} are defined for every prime filter F of S_n2 by g(F ) = S_n2 \ ∼^{−1} (F ), and s_i(F ) = S^{−1}_i (F ). Therefore, g(↑ (0,^i_{n−1} )) = ↑ (^{n−i}_{n−1} , 0); g(↑ (^i_{n−1} , 0)) = ↑ (0,^{n−i}_{n−1} ); and, for every j = 1, . . . , n − 1, s_j(↑ (0,^i_{n−1} )) = ↑ (0,^{n−j}_{n−1} ); s_j(↑ (^i_{n−1} , 0)) = ↑ (^{n−j}_{n−1} , 0). By

1The Heyting relative pseudocomplementation on Ln is defined by: a ⇒ b is the largest element c of Ln

such that a ∧ c ≤ b. Hence, for every a, b ∈ Ln, a ⇒ b = { 1 if a ≤ b b if a > b . The pseudocomplementation

induced by ⇒ is defined by ¬a := a ⇒ 0. Hence, ¬a = { 1 if a = 0 0 if a > 0 .

the Priestley representation theorem for SHn-algebras, since the topology of D(S_n2 ) is discrete, it follows that there exists an isomorphism η : S_n2 ≃ O(D(S_n2 )).

3.2 A finite Kripke-style frame for SHn-logics In [9], Iturrioz and Orłowska give a completeness theorem for SHn-logics with respect to a Kripke-style semantics. We will show that one can regard D(S_n2 ) as a particular Kripke-style frame for SHn-logics, and that a formula is an SHn-theorem if and only if it is valid in this frame. As in [9] where Kripke-style models for SHn-logics are investigated, we will assume that all meaning functions for D(S_n2 ) have as values order-filters.

Definition 3 Let m : Var → O(D(S_n2 )) be a meaning function, and let m : Fma(Var) → O(D(S_n2 )) be the unique extension of m to formulae. We define: (i) D(S_n2 )^r|=_{m,x}

ϕ iff x ∈ m(ϕ); (ii) D(S_n2 )^r|=_m ϕ iff m(ϕ) = D(S_n2 ); (iii) D(S_n2 )^r|= ϕ iff D(S_n2 )^r|=_m ϕ for every m: Var → O(D(S_n2 )).

Proposition 1 ([12]) Every formula ϕ of SHn-logic is a SHn-theorem iff D(S_n2 )^r|= ϕ.

(D(S_n2 ), ≤, g, s_1, . . . , s_{n−1}) is in particular a Kripke-style frame as defined in [9], and the

relation^r|= defined above agrees with the satisfiability relation for SHn-models defined in [9], i.e. for every meaning function m : Var → O(D(A)), the following hold:

D(S_n2 )^r|=_{m,x}p iff x ∈ m(p), for p ∈ Var,

D(S_n2 )^r|=_{m,x}ϕ ∨ ψ iff D(S_n2 )^r|=_{m,x}ϕ or D(S_n2 )^r|=_{m,x}ψ,

D(S_n2 )^r|=_{m,x}ϕ ∧ ψ iff D(S_n2 )^r|=_{m,x}ϕ and D(S_n2 )^r|=_{m,x}ψ,

D(S_n2 )^r|=_{m,x}ϕ ⇒ ψ iff for all y, if x ≤ y and D(S_n2 )^r|=_{m,y}ϕ then D(S_n2 )^r|=_{m,y}ψ,

D(S_n2 )^r|=_{m,x}¬ϕ iff for all y, if x ≤ y then D(S_n2 ) ̸^ r|=_{m,y}ϕ,

D(S_n2 )^r|=_{m,x}S_i(ϕ) iff D(S_n2 )^r|=_{m,si(x)}ϕ,

D(S_n2 )^r|=_{m,x} ∼ ϕ iff D(S_n2 ) ̸^ r|=_{m,g(x)}ϕ.

3.3 First-order SHn-logics

Following [2] we define first-order SHn-logics as many-valued logics having S_n2 as set of truth values.

A first-order SHn-logic is defined by specifying a set X of variables, a set O of operation symbols and a set P of predicate symbols. The set of logical connectives is {∨, ∧, ⇒, ¬, ∼}, and they are interpreted in S_n2 as explained in Section 3.1. We allow only two quantifiers, namely ∃ and ∀ (interpreted as a generalized join, resp. meet).

Frames and interpretations are defined in the usual way; note that due to the fact that S_n2 is isomorphic to O(S_n2 ), an alternative (and equivalent) notion of frame (and resp. interpretation) can be defined, where the signature interpretation I assigns with every n-ary predicate symbol R ∈ P a function I(R) : D^n → O(D(A)). For every interpretation in O(D(A)), I = (D, I, d), the induced valuation function v_I : Fma(L) → O(D(A)) is defined in the usual way; so are the notions of validity and satisfiability. Taking into account the fact that the largest element of the lattice O(D(A)) is D(A), it follows that a formula ϕ is valid iff for all interpretations I in O(D(A)), v_I(ϕ) = D(A); and satisfiable iff v_I(ϕ) = D(A) for some interpretation I in O(D(A)).

4 Translation into clause form

The main idea of our approach is to use signed literals, where the signs are “possible worlds”, i.e. elements of D(S_n2 ) (corresponding to prime filters of truth values) instead of truth values (as done in [2]) or arbitrary sets of truth values (as done in [4, 5]). The idea of using “valuations in {0, 1}” instead of values appears already for instance in [11] for the case of Łukasiewicz logics. In what follows, given an interpretation I = (D, I, d) in O(D(S_n2 )) we use the following notation:

α ϕ^t in I means “ϕ is true at α” in the interpretation I (i.e. α ∈ v_I (ϕ)) α ϕ^f in I means “ϕ is false at α” in the interpretation I (i.e. α ∉ v_I (ϕ))

where α is an element of D(S_n2 ). Note that if β ϕ^t in I and β ≤ α then α ϕ^t in I.

Definition 4 (Literal, Clause, Signed CNF, Satisfiability) Let L be an atomic formula and α ∈ D(S_n2 ). Then α L^t is a positive literal (with sign α ) and α L^f is a negative literal (with sign α ). A set of (positive or negative) signed literals is called a (signed) clause. A formula in signed conjunctive normal form (CNF) is a finite set of signed clauses. We require that the clauses in a formula have disjoint variables.

A positive literal α L^t (resp. a negative literal α L^f ) is satisfiable if for some interpretation I of L in O(D(A)), L is true (resp. false) in I at α. A signed clause is satisfiable if at least one of its literals is satisfiable. A formula Φ in signed CNF is satisfiable if all clauses in Φ are simultaneously satisfiable by the same interpretation.

We give a structure-preserving transformation method to clause form in first-order logic. The main idea of such methods is to introduce, for every non-atomic subformula ψ of ϕ, a new atomic formula of the form P_ψ(x), where P_ψ is a new predicate symbol and x are the free variables in ψ.

The next result is a consequence of the fact that a formula ϕ is valid iff there exists no interpretation I in O(D(S_n2 )) such that ϕ is false in I at some world α ∈ D(S_n2 ) (and, thus, at some minimal world), taking into account the renamings mentioned before.

Proposition 2 The formula ϕ is valid if and only if there exists no interpretation I = (D, I, d) of L in O(D(S_n2 )) such that

↑ (0, 1) P^f_ϕ ∨ ↑ (1, 0) P^f_ϕ in I,

( α P_ψ(x_1, . . . , x_n)^t ∨ α σ(P_{ψ1} , . . . , P_{ψm} )^f ) ( α P_ψ(x_1, . . . , x_n)^f ∨ α σ(P_{ψ1} , . . . , P_{ψm} )^t) in I; for every α ∈ D(A) for all subformulae ψ = σ(ψ_1, . . . , ψ_m) of ϕ and all instantiations in D of the free variables x_1, . . . , x_n of ψ,

( α P_ψ (x_1, . . . , x_n)^t ∨ α (Qx)P_{ψ1} (x, x_1, . . . , x_n)^f ) ( α P_ψ (x_1, . . . , x_n)^f ∨ α (Qx)P_{ψ1} (x, x_1, . . . , x_n)^t) in I; for every α ∈ D(A) for all subformulae ψ = (Qx)ψ_1(x, x_1, . . . , x_n) of ϕ and all instantiations in D of the free variables x_1, . . . , x_n of ψ.

The elimination rules for the operators and quantifiers use the correspondence between the operations on S_n2 and the corresponding operations on D(S_n2 ), as showed below.

Lemma 3 For any atomic formulae L, L_1, L_2, . . . , L_n, in any given interpretation I:

(∨, t) α (L_1 ∨ L_2)^t iff α L^t_1 ∨ α L^t_2; (∨, f) α (L_1 ∨ L_2)^f iff α L^f_1 ∧ α L^f_2 . (∧, t) α (L_1 ∧ L_2)^t iff α L^t_1 ∧ α L^t_2; (∧, f) α (L_1 ∧ L_2)^f iff α L^f_1 ∨ α L^f_2 . (S_j , t) α (S_j (L_1))^t iff sj (α) L^t_1; (S_j , f) α (S_j (L_1))^f iff sj (α) L^f_1 . (∼, t) α (∼ (L_1))^t iff g(α) L^f_1 ; (∼, f) α (∼ (L_1))^f iff g(α) L^t_1. (¬, t) α (¬L)^t iff ∀β ≥ α, β L^f ; (¬, f) α (¬L)^f iff ∃β ≥ α with β L^t. (⇒, t) α (L_1 ⇒ L_2)^t iff ∀β ≥ α, β L^f_1 ∨ β L^t_2.

(⇒, f) α (L_1 ⇒ L_2)^f iff max{β | β ≥ α} L^t_1, α L^f_2 , and ∀α_1 ≠ α_2 ≥ α, α_1 L^t_1 ∨ α_2 L^f_2 .

Proof : The cases (∨, t), (∨, f), (∧, t), (∧, f), (S_j, t), (S_j, f), (∼, t), (∼, f), (¬, t), (¬, f), and (⇒, t) follow immediately. We present the case (⇒, f) in detail. We know that α (p_1 ⇒ p_2)^f iff for some β ≥ α, β p^t_1 and β p^f_2 . By distributivity, the formula ⋁ β≥α( β p^t_1 ∧ β p^f_2 ) can be written as ⋀_S 1,S2,S1“S2=; S1∪S2={β|β≥α} (⋁ β1∈S1 β1 p t 1 ∨ ⋁ β2∈S2 β2 p f 2 ) . We then use the fact that, for every α ∈ D(S_n2 ), the set {β | β ≥ α} is finite and totally ordered, hence every non-empty set S_1 ⊆ {β | β ≥ α}, contains a maximal element max(S_1) and every non-empty S_2 ⊆ {β | β ≥ α} contains a minimal element min(S_2), and ⋁ β1∈S1 β1 p t 1 iff max(S1) p^t_1, resp. ⋁ β2∈S2 β2 p f 2 iff min(S2) p^f_2 . Additionally, since S_1 ∩ S_2 = ∅, max(S_1) ≠ min(S_2). Hence, α (p_1 ⇒ p_2)^f iff max{β | β ≥ α} p^t_1 ∧ ⋀_S 1,S2≠∅,S1∩S2=∅ S1∪S2={β|β≥α} ( max(S1) p^t_1 ∨ min(S2) p^f_2 ) ∧ α p^f_2 , iff max{β | β ≥ α} p^t_1 ∧ ⋀_α 1,α2 ≥α, α1≠α2 ( α_1 p^t_1 ∨ α_2 p^f_2 ) ∧ α p^f_2 . 2

For quantifiers we have the following results (for related results we refer to [6]).

Lemma 4 Let I = (D, I, d) be an interpretation of L in O(D(A)). The following hold:

(∀) α (∀xL(x, x_1, . . . , x_n))^t in I if and only if α (L(x, x_1, . . . , x_n))^t in I_{x/d} for every instantiation d ∈ D of x.

(∃) α (∃xL(x, x_1, . . . , x_n))^t in I if and only if α (L(f_ϕ(x_1, . . . , x_n), x_1, . . . , x_n))^t in I (where f_ϕ is a new function symbol).

It is easy to see that for every α ∈ D(A) the branching factor induced by the rules above is 3 in case of ∨ and ∧; 2 for S_1, . . . , S_{n−1}, ∼, and ∀, ∃; O(n) for ¬; and O(n^2) (i.e. linear in the size of the set of truth values) for ⇒.

After this translation, from any formula ϕ we obtain a formula Φ in clause form, containing literals of the form α L^t and α L^f where L is an atom and α ∈ D(S_n2 ), such that ϕ is a theorem iff Φ is unsatisfiable.

Proposition 5 The number of clauses generated from a given formula ϕ is O(n^3l), where l is the number of subformulae of ϕ, and n^2 the number of truth values. If the formula ϕ does not contain the connective ⇒, then the number of clauses generated from ϕ is O(n^2l). If the formula ϕ does not contain the connectives ⇒ and ¬, then the number of clauses generated from ϕ is O(nl).

Proof : The maximal number of clauses is generated by the subformulae of the form ψ = ψ_1 ⇒ ψ_2. In this case, for every α ∈ D(S_n2 ) the number of clauses generated by

( α p^f_ψ ∨ α ψ^t ) is |{β | β ≥ α}|, and the number of clauses generated by ( α p^t_ψ ∨ α ψ^f ) is 2+|{(α_1, α_2) | α_1 ≠ α_2, α_1, α_2 ≥ α}|. Thus, the number of clauses generated from a given formula ϕ has as upper bound 1 + 2lΣ^{n−1}_{i=1} (i + i(i − 1) + 2) = 1 + 4l(n − 1) + l^{(n−1)n(2n−1)}_3 . Hence, the number of clauses generated from a given formula ϕ is O(n^3l). If ϕ does not contain the operator ⇒, then the maximal number of clauses is generated by the subformulae of the form ψ = ¬ψ_1. In this case, for every α ∈ D(S_n2 ) the number of clauses generated by ( α p^f_ψ ∨ α ψ^t ) is equal to |{β | β ≥ α}|; ( α p^t_ψ ∨ α ψ^f ) gives rise to only one clause. The number of clauses generated from ϕ is thus bounded by 1 + 2lΣ^{n−1}_{i=1} (i + 1) = 1 + l(n^2 + n − 2). The estimations for formulae not containing ⇒ or ¬ follow from the fact that the branching factor is constant for ∼, S_1, . . . , S_{n−1}, ∨, ∧, ∃, ∀. 2 For comparison, we point out that the very general structure-preserving methods for translation to clause form that use the algebra of truth values given in [2], the split degree of rules of the type (2, v)^+ induced by a k-ary operator 2, given a truth value v, is at most |W |^{k−1}, if W is the set of truth values. Since in a structure-preserving translation to clause form such rules have to be considered for every truth value v, the clause form of a formula with n occurrences of at most r-ary operators and m occurrences of quantifiers contains no more than n|W |^r + m2^{|W |} + 1 clauses if optimal rules are used (cf. [2]). In the presence of operators that are at most binary, and if the only quantifiers are ∀ and ∃, the number of clauses generated this way is in the worst case quadratic in the number of truth values, and generate O(ln^4) clauses for formulae containing at least one binary operator. This upper bound is actually reached in the case of SHn-logics if the very general rules in [2] are used as presented there. Additional improvements may be achieved by exploiting the particular properties of the algebra of truth values. For linearly-ordered sets of truth values, for instance, it can be shown that by using more refined methods, such as that of Salzer [10], the number of clauses generated by conjunction, disjunction, and Heyting implication is linear in the number of truth values. However, it is not clear to us whether the same holds for sets of truth values which are not linearly ordered.

One of the main advantages of the method we present here is that only elements of the Priestley dual of the set of truth values are used as signs, thus fewer signs have to be taken into account in the process of translation to clause form. Our method proves to be especially efficient in situations when the difference between the number of elements of the algebra of truth values and the number of elements of its Priestley dual is large (this is not the case, for instance, if the set of truth values is linearly ordered).

4.1 Further improvements

The structure of D(S_n2 ) can be used in order to further reduce the number of clauses^2. For this, we use the fact that D(S_n2 ) consists of two branches and that the transformation rules for the operations in {∨, ∧, ¬, ⇒} preserve the branch of D(S_n2 ). For formulae that do not contain the De Morgan negation ∼, all the clauses generated by the renaming of subformulae only contain signs in one of the branches of D(S_n2 ). It is sufficient to give a refutation for the clauses corresponding to one of the branches of D(S_n2 ). For the other branch a similar refutation can be constructed by simply renaming the nodes, and they can be then combined to a refutation by resolution for the clause form of ϕ.

2We thank L. Iturrioz who suggested that it may be possible to further improve the efficiency of automated theorem proving for SHn-logics by exploiting the structure of D(S_n2 ); the remarks below show that this is possible; a more thorough research, also for more general logics, is planned for future work.

The set of signed clauses that would be generated in this case corresponds to the following conjunction of formulae:

↑ (1, 0) P^f_ϕ in I, ( ↑ (i, 0) P_ψ(x_1, . . . , x_n)^t ∨ ↑ (i, 0) σ(P_{ψ1} , . . . , P_{ψm} )^f )

( ↑ (i, 0) P_ψ(x_1, . . . , x_n)^f ∨ ↑ (i, 0) σ(P_{ψ1} , . . . , P_{ψm} )^t) in I; for every i = 1, . . . , n − 1, for all subformulae ψ = σ(ψ_1, . . . , ψ_m) of ϕ and all instantiations in D of the free variables x_1, . . . , x_n of ψ, ( ↑ (i, 0) P_ψ (x_1, . . . , x_n)^t ∨ ↑ (i, 0) (Qx)P_{ψ1} (x, x_1, . . . , x_n)^f ) ( ↑ (i, 0) P_ψ (x_1, . . . , x_n)^f ∨ ↑ (i, 0) (Qx)P_{ψ1} (x, x_1, . . . , x_n)^t) in I; for every i = 1, . . . , n − 1, for all subformulae ψ = (Qx)ψ_1(x, x_1, . . . , x_n) of ϕ and all instantiations in D of the free variables x_1, . . . , x_n of ψ.

In [13], where we focus on theorem proving for sets of signed clauses, we note that the translation to clause form described above is a translation to (many-sorted) classical logic ( α L^t stands for holds(L, α), and α L^f for ¬holds(L, α)). This also explains the fact that the polarity of formulae can be used to further reduce the number of clauses that are generated during the translation to clause form. We think that the number of clauses generated (e.g. by (⇒, f)) can be further reduced by using redundancy elimination rules.

5 Resolution

Satisfiability of sets of signed clauses can be checked by using a signed resolution procedure: C ∨ x L^t D ∨ y L^f C, D provided that x ≤ y.

A version of negative hyperresolution for signed clauses, inspired by the method for regular clauses in [5], is presented below. Soundness and completeness can be proved as in [1, 5].

Negative Hyperresolution { x_1 p^f_1 } ∪ D_1, . . . , { x_n p^f_n } ∪ D_n, { y_1 p^t_1, . . . , y_n p^t_n } ∪ E D_1 ∪ . . . ∪ D_n ∪ E provided that n ≥ 1, y_i ≤ x_i for all i = 1, . . . , n and D_1, . . . , D_n, E are negative.

Alternatively, as shown in [13], the validity of ϕ can be checked by applying classical resolution to the set Φ^c of classical clauses obtained from the signed CNF of ϕ by replacing α L^t with holds(L, α), and α L^f with ¬holds(L, α), to which the set of clauses Her = {{¬holds(x, α), holds(x, β)} | α ≤ β}, expressing the heredity of truth, is adjoined.

6 Conclusions

In this paper we illustrated by one example, namely SHn-logics, an efficient transformation procedure to a signed clause form, and a refutation procedure based on negative hyperresolution for many-valued logics based on distributive lattices with operators. The signed formulae we use, namely α ϕ^t and α ϕ^f , are very similar to the “positive and negative regular formulae” of the form ≥ i ϕ resp. ≤ i ϕ introduced in [5] for regular logics. The only difference is that in [5] totally ordered sets are considered, whereas we consider duals of finite distributive lattices^3. In the particular case of totally ordered

3For the linearly-ordered case, the negation of “ ≥ i ϕ is true” is “ ≤ i − 1 ϕ is true”, in cases when the set of truth values is not linearly ordered this does not necessarily hold.

lattices of truth values, Hähnle’s notions of positive and negative literal are recovered: ≥ i ϕ corresponds to α ϕ^t and ≤ i − 1 ϕ to α ϕ^f , where α =↑ i, which justifies the terminology “literal with positive (negative) polarity” in [5]. A detailed presentation of these ideas for SHn-logics, an extension to a more general framework, and the description of a Prolog implementation can be found in [12]. The detailed presentation of a general method based on these ideas is the subject of an extended paper, currently in preparation [14].

Acknowledgments We gratefully acknowledge the support from MEDLAR II (ESPRIT BRP 6471; financed for Austria by FWF), COST Action 15, and a postdoctoral fellowship at MPII. We thank M. Baaz, R. Hähnle, L. Iturrioz, E. Orłowska, and J. Pfalzgraf for stimulating discussions and for their papers which inspired our own work. We also thank the referees for their helpful comments.

References

[1] R. Anderson and W. Bledsoe. A linear format for resolution with merging and a new technique for establishing completeness. Journal of the ACM, 17:525–534, 1970.

[2] M. Baaz and C.G. Fermüller. Resolution-based theorem proving for many-valued logics.

Journal of Symbolic Computation, 19:353–391, 1995.

[3] B.A. Davey and H.A. Priestley. Introduction to Lattices and Order. Cambridge University Press, 1990.

[4] R. Hähnle. Short conjunctive normal forms in finitely valued logics. Journal of Logic and Computation, 4(6):905–927, 1994.

[5] R. Hähnle. Exploiting data dependencies in many-valued logics. Journal of Applied Non- Classical Logics, 6(1):49–69, 1996.

[6] R. Hähnle. Commodious axiomatization of quantifiers in multiple-valued logic. Studia Logica, 61(1):101–121, 1998.

[7] L. Iturrioz. Modal operators on symmetrical Heyting algebras. In T. Traczyk, editor, Universal Algebra and Applications, Banach Center Publications, Vol. 9, pages 289–303. PWN-Polish Scientific Publishers, 1982.

[8] L. Iturrioz. Symmetrical Heyting algebras with operators. Zeitschrift f. math. Logik und Grundlagen d. Mathematik, 29:33–70, 1983.

[9] L. Iturrioz and E. Orłowska. A Kripke-style and relational semantics for logics based on Łukasiewicz algebras. Conference in honour of J. Łukasiewicz, Dublin, 1996.

[10] G. Salzer. Optimal axiomatizations for multiple-valued operators and quantifiers based on semilattices. In M. McRobbie and J. Slaney, editors, Proc. 13th Conference on Automated Deduction, New Brunswick/NJ, USA, LNCS 1104, pages 688–702. Springer Verlag, 1996.

[11] D.S. Scott. Background to formalization. In H. Leblanc, editor, Truth, Syntax and Modality.

Proceedings of the Temple University Conference on Alternative Semantics, Studies in Logic and the Foundations of Mathematics, Vol. 68, pages 244–273, 1973.

[12] V. Sofronie-Stokkermans. Fibered Structures and Applications to Automated Theorem Proving in Certain Classes of Finitely-Valued Logics and to Modeling Interacting Systems. PhD thesis, RISC-Linz, J.Kepler University Linz, Austria, 1997.

[13] V. Sofronie-Stokkermans. On translation of finitely-valued logics to classical first-order logic.

In H. Prade, editor, Proceedings of ECAI 98, pages 410–411. John Wiley & Sons, 1998. [14] V. Sofronie-Stokkermans. Resolution for certain classes of finitely-valued logics by using the dual of the algebra of truth values. In preparation, 1998.